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1. Introduction

This paper is a sequel to [19] and thus its main goal is to prove the existence of
integral canonical models in unramified mixed characteristic (0, 2) of hermitian orthogonal
Shimura varieties of PEL type. We begin with a review on Shimura varieties of Hodge in
the form needed in the paper. Let S := Resc;r G c be the unique two dimensional torus
over R with the property that S(R) is the (multiplicative) group G,,c(C) of non-zero
complex numbers. A Shimura pair (G, X') consists of a reductive group G over Q and a
G(R)-conjugacy class X of homomorphisms S — GRr that satisfy Deligne’s axioms of [4,
Subsubsect. 2.1.1]: (i) the Hodge Q-structure on the Lie algebra Lie(G) of G defined by
any element h € X is of type {(—1,1),(0,0),(1,—1)}, (ii) no simple factor of the adjoint
group G2 of G becomes compact over R, and (iii) Ad o h(i) is a Cartan involution
of Lie(G%!) in the sense of [9, Ch. III, Sect. 7]. Here Ad : Gr — GLpo(gaa) is the
adjoint representation. The axioms imply that X’ has a natural structure of a hermitian
symmetric domain, cf. [4, Cor. 1.1.17].

The most studied Shimura pairs are of the form (GSp(W,v),S), where (W, )
is a symplectic space over Q and where S is the set of all R-monomorphisms S —
GSp(W,9)r that define Hodge Q-structures on W of type {(—1,0),(0,—1)} and that
have either 2mity or —2miy as polarizations. We assume that the Shimura pair (G, X)) is
of Hodge type i.e., there exists an injective map

[ (G, &) — (GSp(W,¢),S)
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of Shimura pairs (see [3], [4], [11, Ch. 1], [12], and [17, Subsect. 2.4]). To (G, X) it is
associated a number field E(G, X) called the reflex field (see [3], [4], and [11]) as well as
a canonical model Sh(G, X) over E(G, X) (see [14] and [3]).

Let Z(9) be the localization of Z at the prime ideal (2). Let L be a Z-lattice of W
such that v induces a perfect form ¢ : L ®z L — Z i.e., the induced monomorphism
L — L* := Hom(L,Z) is onto. Let L(3) = L ®z Z(z). Let Gz, be the schematic
closure of G in the reductive group scheme GSp(Ls),1). Let Ko := GSp(L s, v)(Z2)
and H2 = G(QQ) N K2 = GZ(Q)(Z2). Let

B :={b € End(L(y))|bis fixed by Gz, }.

Let Gy be the subgroup of GSp(W, ) that fixes all elements of B[3].

Let Z be the involution of End (L)) defined by the identity 1 (b(l1),l2) = ¥(l1,Z(b)(l2)),
where b € End(L(2)) and Iy, Iy € L(z). As B = B[] NEnd(Lz)), we have Z(B) = B. As
the elements of X fix B ®z, R, the involution 7 of B is positive.

Let F be an algebraic closure of the field Fy with two elements. Let W (F') be the ring
of Witt vectors with coefficients in F. Let Ay := y/ ®z Q be the ring of finite adeles. Let

A;Q) be the ring of finite adeles with the 2-component omitted; we have Ay = Qg X A;Q).
Let v be a prime of F(G, X) that divides 2. Let O(,) be the localization of the ring of
integers of F(G, X)) at the prime v.

1.1. Shimura pairs of PEL type. In all that follows we will assume that the following
four properties (axioms) hold:

(i) the W(F)-algebra B ®z, W(F) is a product of matrix W (F)-algebras;

(ii) the Q-algebra B[3] is Q-simple;

(iii) the group G is the identity component of G;

(iv) the flat, affine group scheme Gz ,, over Z) is reductive (i.e., it is smooth and

its special fibre is connected and has a trivial unipotent radical).

Property (ii) is not truly required: it is inserted only to ease the presentation. One
can check that in fact (iv) implies (i). Property (iv) also implies that H is a hyperspecial
subgroup of G(Q2) = Gq,(Q2) (cf. [16, Subsubsect. 3.8.1]) and that the prime v is
unramified over 2 (cf. [12, Cor. 4.7 (a)]). Let G be the derived group of G. Due to
properties (ii) and (iii), there exist three possible cases (see [10, Sect. 7]):

(A) the group GE" is a product of SL,, groups with n > 2 and, in the case n = 2,
the center of G has dimension at least 2;

(C) the group G&* is a product of Sp,,, groups with n > 1 and, in the case n = 1,
the center of G has dimension 1;

(D) the group G&* is a product of SOy, groups with n > 2.

We have G # G if and only if we are in the case (D) i.e., if and only if G is
not simply connected (cf. [10, Sect. 7]). We recall that PEL stands for polarization,
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endomorphisms, and level structures and that the first two of these notions refer to
the fact that the axiom (iii) holds. In the case (D), one often says that Sh(G, X)) is a
hermitian orthogonal Shimura variety of PEL type (cf. the description of the intersection
group Gr N Sp(W ®q R, %) in [14, Subsects. 2.6 and 2.7]). We are in the case (D) if
and only if B®z, R is a product of matrix algebras over the quaternion R-algebra H
(see [14, Subsect. 2.1, (type III)]).

In the cases (A) and (C), Gz, is the subgroup scheme of GSp(L(2),?) that fixes
B. But in the case (D) one encounters the following problem: the subgroup scheme of
GSp(L(2), %) that fixes B is not smooth and its identity component is not Gz, (see [19,
Subsubsect. 3.5.1]). In all that follows we will also assume that:

(v) we are in the case (D).

We refer to each quadruple (f, L, v, B) that satisfies properties (i) to (v) as a hermi-
tian orthogonal standard PEL situation in mixed characteristic (0, 2).

Let M be the Z)-scheme which parameterizes isomorphism classes of principally

polarized abelian schemes that are of relative dimension dim+(w) over Zo)-schemes and
that are equipped with compatible level-l symplectic similitude structures for all odd
numbers [ € N, cf. [13, Thms. 7.9 and 7.10]. We have a natural identification

Sh(GSp(W, ), S)g(c,x)/ K2 = Mg x) as well as an action of GSp(W, ¢)(A§c2)) on
M. These symplectic similitude structures and this action are defined naturally via
(L,v) (see [3, Example 4.16], [12, Sect. 3], and [17, Subsect. 4.1]).

It is well known that we have an identity Sh(G, X)c/Hz = Gz, (Z2))\[X X G(A;Q))]
and that to the injective map f one associates a natural E(G, X')-morphism

Sh(G, X)/Hy — Sh(GSp(W,v),S) g(a,x)/ K2 = Mg x)

which is a closed embedding (for instance, see [19, Subsect. 1.3]). Let N be the schematic
closure of Sh(G, X)/Hs in Mo,,,. Let N™ be the normalization of V.

The goal of this Part II is to prove the following two Theorems.

1.2. Basic Theorem. Let (f,L,v,B) be a hermitian orthogonal standard PEL sit-
uation in mived characteristic (0,2). Then there exists an embedding f : (G,X) —
(GSp(W,4),S) of Shimura pairs and a Z-lattice L of W such that f factors through
an injective map f' . (G',X') — (GSp(W,%),S) in such a way that by defining
L3y := L ®z Z(9) the following three properties hold:

(1) the schematic closure of G in GLE@) is Gz, and the schematic closure G'Z(Q)
of G' in GLE@) is a reductive group scheme over Zy) whose extension (pull-back) to Zs
is a split GSOay,q group scheme for some g € N;

(ii) if B := {b € End(L(y)[b is fixed by Gz}, V' is the prime of E(G',X")
divided by v (under the natural embedding E(G',X') — E(G,X)), and [5” = {b €
End(L9))[b is fixed by G’Z(Q)}, then both quadruples (f,L,v,B) and (f',L,v',B’) are
hermitian orthogonal standard PEL situations in mized characteristic (0,2);
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(iii) the identity component of the subgroup scheme of G’Z(Q) that fizes B is Gz, -

We refer to the quadruple ( f , f’ , f), v) as a hermitian orthogonal relative PEL situa-
tion (it is similar to —though different from-— the relative PEL situations of [17, Subsubsect.
4.3.16 and Sect. 6]). Property (iii) allows us to go around the problem mentioned in Sub-
section 1.1. If Gz, is a split GSOy, group scheme, then the O(,)-scheme N is regular
and formally smooth and thus N' = N™ (cf. [19, Thm. 1.4 (b)]). By combining this
result with the Basic Theorem we prove that:

1.3. Main Theorem. Let (f, L,v,B) be a hermitian orthogonal standard PEL situation
in mized characteristic (0,2). Then the O, -scheme N™ (obtained as in Subsection 1.1)
1s regular and formally smooth.

The locally compact, totally disconnected topological group G(A;Z)) acts on A/
continuously in the sense of [4, Subsubsect. 2.7.1]. Thus N™ is an integral canonical
model of Sh(G,X)/Hs over O, in the sense of [17, Def. 3.2.3 6)], cf. [17, Example
3.2.9 and Cor. 3.4.4]. Due to [20, Cor. 30], N is the unique integral canonical model of
Sh(G,X)/H; over O(,) and thus as in [17, Rmks. 3.2.4 and 3.2.7 4’)] one argues that N™
is the final object of the category of smooth integral models of Sh(G,X)/Hs over O(,;
here the word smooth is used as in [11, Def. 2.2].

In Section 2 we present tools that pertain to group schemes and that are needed
to prove the Basic Theorem in Section 3. In Section 4 we recall few basic crystalline
properties from [19]. In Section 5 we prove the Main Theorem.

2. Group schemes

Let n € N. Let Spec(S) be an affine scheme. We recall that a reductive group
scheme R over S is a smooth, affine group scheme over S whose fibres are connected
and have trivial unipotent radicals. Let R*? and RI" be the adjoint and the derived
(respectively) group schemes of R, cf. [6, Vol. III, Exp. XXII, Def. 4.3.6 and Thm.
6.2.1]. Let Lie(d) be the Lie algebra of a smooth, closed subgroup scheme U of R. For
an affine morphism Spec(S;) — Spec(S) and for Z (or Zg or Z,) an S-scheme, let Zg,
(or Zs, or Z.g,) be Z xg Sy. If S < S is a finite, étale Z-monomorphism, let Resg, g be

the operation of Weil restriction from S to S (see [1, Ch. 7, Sect. 7.6]). Thus Resg/sR
is a reductive group scheme over S such that for each S-scheme Y we have a functorial
group identification Resg, s R(Y) = R(Y x5 5).

If M is a free S-module of finite rank, let M* := Homg(M,S), let GLjs be
the reductive group scheme over S of linear automorphisms of M, and let 7 (M) :=
@s,teNu{o}M®S ®g M*®t. Each S-linear isomorphism i : MM of free S-modules
of finite rank, extends naturally to an S-linear isomorphism (to be denoted also by)
i : T(M)=T (M) and therefore we will speak about 4 taking some tensor of 7 (M) to
some tensor of T(M ). We identify Endg(M) = M ®g M*. A bilinear form Ay on a free
S-module M of finite rank is called perfect if it induces an S-linear isomorphism M —=M*.
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If Ajps is alternating, we call the pair (M, Ays) a symplectic space over S and we define
Sp(M, Ays) := GSp(M, \pr)4°". We often use the same notation for two elements of
some modules (like involutions, endomorphisms, bilinear forms, etc.) that are obtained
one from another via extensions of scalars and restrictions. If E (or E,) is a number
field, let E(9) (or E,(2)) be the normalization of Z,y in E (or Ei).

The reductive group schemes Sp,,, ¢, GLyg, etc., are over S. The Lie groups U(n),
Sp(n,R), SL(n, C), SO*(2n), etc., are as in [9, Ch. X, Sect. 2, 1] (but using boldfaced
capital letters). Let SO3, 5, GSO3, 5, and O3, ¢ be the split SOs,,, GSO,,, and Oy,
(respectively) reductive group schemes over S. We recall that GSO3, g is the quotient
of SO;’n g X5 Gy g by a pyg subgroup scheme that is embedded diagonally.

In Subsection 2.1 we review some general facts on SO;HZ@). In Subsection 2.2 we
study hermitian twists of split SO group schemes and the Lie groups associated to them.

2.1. Split SO,,, group schemes. We consider the quadratic form

Qn(;p) = X1X9 + -+ Top_1T2n defined for z = (1131, e ,Ign) S En = Z%g)

For a € Zsy and z € £,, we have Q,(az) = a?Q,(z). Let D, be the subgroup scheme
of GL,, that fixes ,. Let D, be the schematic closure of the identity component
of f)nQ in D,,. We recall from [19, Subsect. 3.1] that D,, and D,, are isomorphic to
Soé’_nz(z)

to the quotient of a product of two copies of SLoy . by a B2z, subgroup scheme that

and O;nz(z) (respectively). Thus Dj is isomorphic to G,z @)’ D, is isomorphic

is embedded diagonally, and for n > 2 the group scheme D, is semisimple. Moreover we
have a non-trivial, split short exact sequence 0 — D,, — D,, — (Z/2Z)z,, — 0 and D,

is the identity component of D,,. Let
pn : Dy — GL,,

be the natural rank 2n faithful representation. We also recall from [19, Subsect. 3.1] that
pn is associated to the weight w; if n > 4 and to the weight ws of the A3 Lie type if
n = 3 (see [2, plates I and IV] for these weights); moreover py is the tensor product of
the standard rank 2 representations of the mentioned two copies of SLoy . Thus the
representation p,, is isomorphic to its dual and, up to a Gy, (Z2))-multiple, there exists a
unique perfect symmetric bilinear form 9, on £,, fixed by D,, (the case n = 1 is trivial).
In fact we can take ®B,, such that we have B, (u, z) == Q, (v +2) —Q, (u) —Q,(x) for all
u,x € Ly,. Let J(2n) be the matrix representation of %, with respect to the standard
Z5)-basis for L,; it has n diagonal blocks that are (0 1).

10
Let g € N. Let
dp.q : D} — Dy,

be a Z,)-monomorphism such that the faithful representation pq o d, 4 : D} — GL.,,
is isomorphic to a direct sum of g copies of the representation p,; it is easy to see that
dn,q is unique up to Dyq(Z(2))-conjugation.



2.1.1. Lemma. Letr € N be a divisor of q. Let A, 4 : D, — DI be the diagonal
embedding. The composite monomorphism pnqody oAy r.q 1 D) — DL — Dpy — GL.,,
is a closed embedding that allows us to view Dy, as a subgroup scheme of GL., . Let
By,rq be the semisimple Zs)-subalgebra of End(Ly,) formed by endomorphisms of L4
fized by D;,. Then Dj is the identity component of the centralizer of By, rq in Dyy.

Proof: The centralizer C, ;.4 of By q in GLg,, is a GLgnz@) group scheme. As C,, 4 N
DI = Dy, to prove the Lemma we can assume that » = ¢. We identify (L4, Brnq) =
®J_1(Ly,B,,) in such a way that the identity L,,, = ®}_, L, defines d,, ;. Then C, 4.4 =
[1.,GL;, and Cpgq N Dpg = [, Dy, = D. Thus the identity component of the
centralizer of By, 4.4 in Dy is the identity component of DY and therefore it is DI. O

2.2. Twists of D,,. In this Subsection we list few properties of different twists of D,
and of the Lie groups associated to them.

2.2.1. On SO*(2n). Let SO*(2n) be the Lie group over R formed by elements of
SL(2n, C) that fix the quadratic form z? + --- + 22, as well as the skew hermitian form
—21Zn41 + Zn+121 — ** — ZnZon + Z2nZn. It is connected (cf. [9, Ch. X, Sect. 2, 2.4]) and
it is associated to a reductive (semisimple if n > 2) group over R that is a form of D, R.

For s € {1,...,q}, let (z%s), . ,zé‘;)) be variables that define an s-copy of SO*(2n).

The map that takes the 2ng-tuple (2{1), . ,zéi), . ,z@, . ,zgi)) to the 2ng-tuple

(zg), - ,zg), .. .,z@, . ,zfzq),zflﬁl, . ,zé}l), e ,zflqll, . ,zégl)), gives birth to the stan-

dard monomorphism of Lie groups
en.q 1 SO*(2n)? — SO*(2ng).

By composite the diagonal embedding SO*(2n) — SO*(2n)? with e,, , we get:
Sn.q : SO*(2n) — SO*(2ng).

2.2.2. Lemma. The following three properties hold:

(a) we have sy, 40 S1.5 = S1,ng;

(b) the Lie group SO*(2) is a compact Lie torus of rank 1;

(c) the centralizer C1 4, of the image of s1,, in SO*(2n) is a mazimal compact Lie
subgroup of SO*(2n) isomorphic to U(n).
Proof: Part (a) is obvious. It is easy to see that SO*(2) is the Lie subgroup of SL(2, C)

whose elements take (21, z2) to (cos(0)z1 +sin(#)za, — sin(0)z1 +cos(#) z) for some 6 € R.
From this (b) follows.

We check (c¢). Let u, : U(n) — SO*(2n) be the Lie monomorphism that takes
X +iY € U(n) < GL(n,C) to (_Y;;) € SO*(2n) < GL(2n,C), where both X and Y
are real n x n matrices (see [9, Ch. X, Sect. 2, 3, Type D III]). The image through w,, of
the center of U(n) is Im(sy,,). Thus we have Im(u,,) < C; ,,. But the centralizer of the
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image of the complexification of s, in the complexification of SO*(2n) is a GL(n,C)
Lie group, cf. the very definition of sy ,,. Thus C , is a form of GL(n,R). By reasons of
dimensions we get that Cy ,, = Im(u,,)=>U(n). The fact that C, is a maximal compact
Lie subgroup of SO*(2n) follows from [9, Ch. X, Sect. 6, Table V]. Thus (c) holds. O

2.2.3. Hermitian twists. Let Spec(S2) — Spec(S7) be an étale cover of degree 2
between regular schemes that are flat over Z ) and with S integral. There exists a unique
S1-automorphism 7 € Autg, (So) of order 2. Let M; := S?" and My := S3" = M; ®g, So.
We view also 9, (z) as a quadratic form defined for © = (z1,...,x2,) € Ms. Let

95 (z) == x17(21) — 227 (22) + - - + Ton_1T(T2n—1) — T2nT(T2n);

it is a skew hermitian quadratic form with respect to 7 on My = S%”. Let D,, ; be the
subgroup scheme of Resg, /s, Dn g, that fixes ;.

2.2.4. Lemma. We have the following four properties:

(a) the group scheme D,, » over Sy is reductive, splits over Sa, and for n > 2 it is
semisimple;

(b) if So = S1 @ S1, then D, ; is isomorphic to Dy s, and thus it is split;

(c) if S1 — Sz is R — C (thus T is the complex conjugation), then D, (R) is
isomorphic to SO*(2n);

(d) there exist Sy-monomorphisms Dy, ; < Spg, g, such that the resulting rank 8n
representation of Dy r g 1is isomorphic to four copies of the representation pyg, .

Proof: To prove (a) and (b) we can assume that S = S7 & Sy; thus 7 is the permutation
of the two factors S; of Sy. For j € {1,...,2n} we write

x; = (Uj, (—1)j+1vj) €S, =5 @&5;.

Thus we have identities Q,(z) = (u1ug + -+ + U2p—1U2pn, V1V2 + -+ + V2p_1V2,) and
* 2n 2n
9, () = (Zj:l Uujvy, Zj:l u;jvj). Let

(91,92) € Resg, /5, Dnsg,(51) = Dn(S1) X Dp(S1) < GLas, (S1) X GLay, (51)

be such that it fixes 23221 u;v;; here g; and go act on an M; copy that involves the
variables (uq, ..., us,) and (vy,...,ve,) (respectively). We get that at the level of 2n x 2n
matrices we have go = (g¢)~! = J(2n)g1J(2n). Thus the S;-monomorphism D,, , <
Resg, /s, Dng, is isomorphic to the diagonal Si-monomorphism D, g, < Dpg, X5, Dnsg,
and therefore D, ; is isomorphic to D,,,. From this (a) and (b) follow.

We check (c¢). Let i € C be the standard square root of —1 and let w := 7(w),
where w € C. Under the transformation xo;_1 1= z; +i2,+; and xg; 1= z; — izp4; (With
je{l,...,n}), we have

Qn(x) = Z% + Z% + -+ Zgn and ﬁ;(x) = 2Z‘(_len—kl + Zny121 — 0 — ZpZop + anEn)-
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From the very definition of SO*(2n) we get that (c) holds.

For s € N we have standard closed embedding monomorphisms

GLsn52 - Sp2sn52 and ReSSQ/S1 Sp25n82 - Sp4sn51'

Therefore Resg,/s,Dns, is (via Resg, /s, png,) naturally a closed subgroup scheme of
Resg, /s, GLan s, and therefore also of Ress, /5, Spy,, 5, and of Spg,, 5 . Thus (d) holds.l]

2.2.5. The case of number fields. Let F{y be a totally imaginary quadratic extension
of Q in which 2 splits. Let S1 := Z(2) and Sz := Fy(g); thus 7 is the nontrivial Zy)-
automorphism of Fy(2y and the reductive group scheme D,, ; is a form of D,,. As 2 splits
in Fy and as D, ; splits over Fj(2) (cf. Lemma 2.2.4 (b)), D,, ; splits over Z,. Let F} be
a totally real, finite Galois extension of Q unramified above 2 and of degree ¢ € N. Let
Fy := F| ®q Fp; it is a totally imaginary, Galois extension of Q that has degree 2¢ and
that is unramified above 2. We view N; := Ff(’é) as a free Zz)-module of rank 2nq and
Ny := Fg(g) = N1 ®z, Fo2) as a free Fyz)-module of rank 2ng.

See Subsection 2.1 and Subsubsection 2.2.3 for 9, and $. Let 951(2)/Z(2) and

gre/ e e (the tensorizations with F sy over Z) of) Q, and $ (respectively) but
viewed as a quadratic form in 2ng variables on N, and as a skew hermitian quadratic
form with respect to 7 in 2ng variables on Ny (respectively). If we fix an F{o)-linear

isomorphism ¢ : NQQFS(Z?, then for w = (w1, ..., wapnq) € NQQFOQ&(; we have
szl@)/z(z) (w) _ Qn<l‘) and f);leuz)/Z(z) (w) _ f):;(flj'),

where z = (x1,...,%9,) :=w € Fg@) = N is computed via the standard Fys)-basis for
FQQ(’;) By taking co to be the natural tensorization over Fy o) of a Zs)-linear isomorphism

~ 2 . Fyo)/Z
c1: Ny —>Z(g)q, we can also view naturally Dn1(2>/ o

on the Z)-module Nj.

as a quadratic form in 2ng variables

Let Df;;fi)/ 2 b the identity component of the subgroup scheme of Resp, 2/ Z2) GLy,
that fixes both 95" @/*® and ﬁZFlm/z(z); it is a group scheme over Z .

2.2.6. Lemma. The following four properties hold:

FI(Q)/Z(Q) . . . .
(a) the group scheme Dynq.r Fo) 18 isomorphic to an“ﬂ(z)’
(b) the group scheme Df;f?/z(” 15 reductive for n > 1 and semisimple for n > 2;
(c) the group scheme Dféfi)/zm splits over Fyo) and thus also over Za;

d) if (Lo ,”LE 15 a symplectic space over Zyy of rank 8ngq, then there exist Zo)-
(2) (2) (2)
monomorphisms of reductive group schemes

F Z 7 7
(1) R‘eSFl(Q)/Z(z)DanFl(z) — Dn;g)/ CONPIEN Sp(L(2)7w)
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which are closed embeddings and for which the following three things hold:

(i) the Lie monomorphism Respy 5, /20, Pnr (R) — DE;E?/Z(” (R) is isomorphic to
the Lie monomorphism e, , : SO*(2n)? — SO*(2ngq) of Subsubsection 2.2.1;

.. . Fi(2)/Z o :
(ii) the extension of ResFl(Q)/Z(Q)DmFI(Z) — Dn;fi)/ @ to Fy(2y is isomorphic to the

extension of the monomorphism dy q : Di — Dyy (of Subsection 2.1) to Fy);

Fi(2y/Z2)

(iii) the faithful representation Dygqr Fosy Fosy ' isomorphic to four

L~
L2)®z,,
copies of the representation Pna Fy gy -

Proof: As F; and F, are Galois extensions of Q unramified above 2, we have natural
identifications Fy(g) ®z,, Fi2) = qu(Q) and Fyo) ®z,, Fi2) = F2q(2) of Z9)-algebras.
Thus for z = (z1,...,%2,) € N Rz Fi2) = (Fa2) @z F1(2))2n we can speak about
the transformation

T2j—e = (w(2j—2)q—|—2—eaw(2j—2)q—|—4—e7 .- '7w(2j—2)q—|—2q—e) € F2(2) ®Z(2) F1(2) = ng(g)a

where j € {1,...,n}, e € {0,1}, and w := (w1,...,Wanq) € F;&% Thus by considering

the composite isomorphism Ny ®z, Fi(2) = FOQ(’;? @z Fr2) 7 F1(2) ®z s FOQ(% = F;(Z‘i
whose inverse is defined naturally by this transformation, we have the following identities

ng 2nq
Qe /Ze (w) = Zw25—1w25 and @ @/Ze@ (w) = Z(_1)3+1w5(1pl(2) ® 7)(ws).
s=1 s=1

Fi2)/Z
Thus we can redefine Dnéf?/ “ ,, as the subgroup scheme of Resg, , /r, ) (DPng F2<2>)

that fixes §;,,. From this (a) follows. Part (b) is implied by (a) and Lemma 2.2.4 (a).

To check (c), we first remark that we have an identification Fy2) ®z, Foe) =
Fy2) © Fy(9) of Zg)-algebras. Thus, similar to the proof of Lemma 2.2.4 (b) we get

Fi(2)/Z . . : .
that Dn;f?/ ) Fogay 15 isomorphic to the identity component of the subgroup scheme

of C‘rLN2 = GLN1®Z<2)
in 2ng variables on the Fjpy-module Ny = Ny ®z, Fowe). We choose an Fy(z)-
basis {y1,¥2,,---,Y2nq} for No = Ni ®z, Fyo) such that for ¢ € {0,1} the set
{Y2—c;Ya—e, -+ Y2ng—e} is formed by elements of the 2—e-th, ..., 2¢—e-th Fy(2)®z,, Fo(2)
copy of Ny = N1 ®z,,, Fo2) = (Fi(2) @z, Fo2))?". If iy, i2 € {1,...,2nq} are congruent
modulo 2, then we have

Foy that fixes Q@2 byt viewed as a quadratic form

F V/ F V/ F V/ F V/
Bt (g ;) = Q' (i, ) — QO () — Q0O (3s,) = 0.

This implies the existence of an Fyz)-basis {y1, Y2, .-, Ysng—1,Y2ne} for Na = Ny Rz,
Fy(2) that has the following two properties:



(iv) the Fyz)-spans of {y1,y3,..., Y241} and {y],93,..., 5, 1} are equal;
Fi(2)/Z2)

(v) the matrix representation of the bilinear form B @/ defined by Qo
with respect to the Fyo)-basis {41, Y2, - - -, Ysng—1, Yang} for No = N1®z,, Fy(), is J(2nq).

From (v) we get that Dpe@’*®

Fos) is isomorphic to Dy, Focs) and thus it is a split
group scheme. Thus (c) holds.

Fi(2)/Z2)
anET)

We have a canonical Z3)-monomorphism Resp, 2/ Z (2>Dn77 Fi ; more
. . Fi(2)/Z
precisely, Resp, (2y/Z2) Pnr Fis 19 the closed subgroup scheme of Dnéf?/ ' whose group

of Zy)-valued points is the maximal subgroup of Dg;fi)/zw (Z(2)) which is formed by

F(9)-linear automorphisms of Ny = F;&) We take Dféfi)/z(z) — Sp(f)(g), 1/;) to be the
composite of the following five Z,)-monomorphisms

Fl2/Z2 Fl2/z2
D, i@/ DR/ @)

— Resp, ) /2, (Dna,r ) Foa)

;R‘eSFO(Q)/Z(z) anFO(2) — ReSFO(z)/Z(g) Sp4’an0(2) — SpanZ(Z) ;Sp(L(2)7 w)

(cf. (c) for the second one and proof of Lemma 2.2.4 (d) for the third and fourth ones).

Part (i) of (d) follows from the proof of (a): the variables zgl), e zé%) we used
to define the Lie monomorphism e, , are the variables wi, ..., wapy up to a nat-
ural permutation. The extension of ReSF1<2)/Z(2)Dn,TF1(2) to Fyo) is isomorphic to

H
ReSFg(Q)/Fﬂ?)Dn’TFz(z)

D, % and therefore also to D,% _, cf. Lemma 2.2.4 (b).
T a(2) 2(2)
Moreover, the extension of Df}zf?/z(” to Fy(2) is isomorphic to Dngp, (cf. (a) and (c)).

Thus part (ii) of (d) follows easily from constructions. Part (iii) of (d) follows from (c)
and Lemma 2.2.4 (d), cf. constructions. O

3. Proof of the Basic Theorem

In this Section the following list of notations
(Ll) S, f : (G, X) — (GSp(W,’(/)),S), E(G,X),'U, O(v), L, L(g), Gz(,z), KQ, HQ, B, A

will be as in Section 1. In order to prove the Basic Theorem (see Subsections 3.3 to 3.5),
we will need few extra notations and properties (see Lemma 3.1 and Subsection 3.2).
In Subsection 3.3 we use a twisting process to construct using Lemma 2.2.6 the closed
embedding monomorphisms Gz, — G'Z(Q) — GSp(i(g), ). In Subsection 3.4 we show

that indeed we have injective maps (G, X) < (G, X') < (GSp(W, 1)) between Shimura
pairs. The proof of the Basic Theorem 1.2 is completed in Subsection 3.5.

Let n, 7 € N with n > 2 be such that the group G&* is isomorphic to SO;, o, cf.
property 1.1 (v). Let d := w € N. Let B(F) be the field of fractions of W (F).
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Let By be the centralizer of B in End(L(s)). Let G2z, be the centralizer of B in
GLL,,,; thus Gag () 18 the reductive group scheme over Z ) of invertible elements of B;
and Lie(Gagz,, ) is the Lie algebra associated to Bi. Due to the property 1.1 (i), the
W (F)-algebra By ®z,, W(F) is also a product of matrix W (F)-algebras. This implies
that Gay gy is a product of GLy, groups schemes over W (F). For basic terminology
on involutions of semisimple algebras we refer to [19, Subsect. 3.3]. All simple factors
of (B;,Z) ®z, W(F) have the same type which (due to the property 1.1 (v)) is the first
orthogonal type. Thus the W (F)-monomorphism G%S?F)  Gaw () is isomorphic to the

product of r copies of p,yy (g and thus Goy(g) is isomorphic to GLgnW(F).

3.1. Lemma. There exists a totally real number field F' of degree r and a semisimple
group G,p over F such that the following two properties hold:

(i) the derived group G is isomorphic to Resp/QGor;
(ii) the group Gor is a form of SOj,, .

Proof: Let F be the center of B1[3]. Due to the axiom 1.1 (ii), the Q-algebra B;[3] is
simple. Thus F'is a field. As Gayy(g) is isomorphic to GL3,yy (), we have [F': Q] = 7.
Let G35 be the reductive group over F' of invertible elements of (warning!) the F-algebra
Bi[3]. We can identify G5 with Resp qG3s. As G is a subgroup of G such that G&*
is a product of subgroups of the factors of the following product Goc = (Resp/qG3)c =
Hj:F<—>C G3 x  ;C, there exists a subgroup G, of G'3 such that we can identify G9e with

Resp/qGor- More precisely, we have a natural product decomposition F'®q F' = F x Ft
of étale F-algebras and therefore we can identify Gor with G5 xp Resp1  pG3p1; we can

now take G, := Gz N G%er, the intersection being taken inside G . Thus (i) holds.

It is easy to see that each group G,r X ;C is isomorphic to SOs,c. Thus (ii) also
holds. As each simple factor of G' = Respgor/R(Gor X r (F@qR)) is absolutely simple
(cf. [4, Subsubsect. 2.3.4 (a)]), the R-algebra F' ®q R is isomorphic to R". Thus the
number field F' is indeed totally real. 0

3.2. Constructing Gz, — G’Zm — GSp(fj(Q),qﬂ). Let x be the set of primes of F
that divide 2. We have a natural product decomposition

FoqQ:=[][F
JER

into 2-adic fields. Due to Lemma 3.1 (i), we can identify G?Qe; with [[;c,. Resr, /q,Gor; -
Thus we can also identify G%E(YF) with Hjen Rest®QQB(F)/B(F)(GOFj X r; (F; ®q, B(F))).
As Gz,, splits over W(F), the group G%G(YF) is split. Thus the B(F)-algebra F; xq, B(F)
is isomorphic to a product of copies of B(F). Thus each field Fj is unramified over Qg
i.e., F' is unramified above 2. Thus the finite Z3)-algebra F5) (see Section 2) is étale.

As By is a semisimple Zo)-algebra, it is also a semisimple F()-algebra. Let Gsr,
be the reductive group scheme over F5) of invertible elements of the F()-algebra B;. We

11



can identify G2z(2) with RGSF(z)/z(z) GgF(z). Let GOF(Q) be the schematic closure of G,
in G3p, . We can identify G%PE; with ResF<2)/Z(2)GOF(2) and this implies that Gor,,, is a
semisimple group scheme over F{s).

Let O; be the ring of integers of F;. For a later use we point out that we can identify
G%e; with J] jex Reso, /z,Go0;. Thus we can also identify x with the set of factors of

G%e; that are Weil restrictions of semisimple SOs,, group schemes.

3.3. A twisting process. Let D, ; be the form of D,, introduced in Subsubsection
2.2.5 for Fy := F. The Lie group GE¥(R) is isomorphic to SO*(2n)", cf. [14, Subsects.
2.6 and 2.7]. This property implies that each connected component of & is a product of
r copies of the irreducible hermitian symmetric domain associated to SO*(2n) and thus
(cf. [9, Ch. X, Sect. 6, Table V]) we have

dime(X) =d =rn(n —1)/2.

The mentioned property also implies that the semisimple group schemes Gor,, and
Dy~ Fis) become isomorphic under extensions via Z)-monomorphisms F(p) — R, cf.

also Lemma 2.2.6 (i). Thus the class v € H!(F, Aut(G2%.)) that defines the form D,, . .
of G, maps into the trivial class of H'(R, Aut(G2%)) via all embeddings F — R.

We have short exact sequences 1 — Gg‘%@) — Aut(GZ‘%@)) = Pop, — 1 (see [6, Vol.

III, Exp. XXIV, Thm. 1.3]) and 1 — Mop, — Gorpy — Gi%@) — 1. The nontrivial

torsors of py p—(Z/2Z) . correspond to quadratic field extensions of . We easily get that
there exists a smallest totally real field extension Fj, of F' of degree at most 2 and such
that Gop,, and Dy, ;. are inner forms of each other (more precisely, Fi, is the extension
of F defined by the image of y in H'(F, py ). The extensions of Gop,, and D'ﬂ»TF@) via
Zy-monomorphisms F() — W (F) are isomorphic to SO;LW(F). This implies that the
field Fj, is unramified above all primes of F' that divide 2.

Let v € H'(Fy, Gg‘}m) be the class that defines the inner form Dy, - of Gog,
(i.e., the unique class such that the images of 71 and v in H*(F},, Aut(G2%, )) coincide).
Let v2 € H*(Fin, py Fm) be the co-boundary of v; with respect to the second short exact
sequence. Let M(72) be the central semisimple Fj,-algebra that defines ~o; it is either
F}, itself or a nontrivial form of Msy(Fi,). We know that the class ~2 becomes trivial
under each embedding of Fj, into either R or B(F). Thus from [8, Lem. 5.5.3] we get
that there exists a maximal torus of the reductive group scheme of invertible elements
of M(v2) that is defined by a totally real number field extension Fy, of Fi, of degree
at most 2 and unramified above the primes of Fj, that divide 2. Let F; be the Galois
extension of QQ generated by Fiiy,; it is totally real and unramified above 2. The image
of vy in H?(Fy, piy pr, ) is the trivial class and thus we can speak about the class

1 1
70 € H (Fi2), Dnrp,, ) = H (Z2), Resp, ) /205 Dnrp, )

that defines the inner twist G,p, @ of Dy, » Frs”
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Let ¢ := [F} : Q]; we have ¢ € rIN and our notations match with the ones of
Subsubsection 2.2.5 with Fy = F. Let ¢ be the image of vy in Hl(Z(g)7 Sp(fj(g), zﬁ)) via
the Z,)-monomorphisms of (1). We define W= IZ(Q) [1]. We check that the image Joq
of 49 in H'(Q, Sp(W, 1)) is the trivial class. Based on [8, Main Thm.], it suffices to show
that the image of 7o in H' (R, Sp(W ®q R, 1)) is trivial; but this is so as the image of
v in HY(R, (Respl(2)/z(2)Dn7TFl(2))R) is trivial (as we have seen that Dn’TF&) and Gop,,,
become isomorphic under extensions via Z)-monomorphisms F(yy — R). As Jq is
trivial, we that 7g itself is the trivial class. Thus by twisting the Z,)-monomorphisms of
(1) via 7o, we get Zo)-monomorphisms of the form

ReSF1(2)/Z(2)G0F1(2) - G/ng) - SP(L(2)7 ¢)7

where G’Zd(‘zr) is an inner form of D,,q. Using the natural Z,)-monomorphism

der __
GZy = Respy 2, Gore, = Resk )z, Gory )

we end up with a sequence of closed embedding Z,)-monomorphisms

2) Glr o G s Sp(Lia), ),
As in [19, Subsect. 3.5] we argue that the normal subgroup G® := G N Sp(W, ) of
G is connected and thus reductive. Let G%(Q) be the schematic closure of G in Gz -

As in [19, Subsubsect. 3.5.1] we argue that we have G%@) = G%e(g). Thus Gz, is the

flat, closed subgroup scheme of GL Lo generated by G%e(g) and by the center of GL Lo

Let G/z(z) be the flat, closed subgroup scheme of GL Lea) generated by G7¢¢" and by the

Z
2)
center of GL Loy it is a form of GSO;anZ and thus a reductive group scheme. As
)
Fi(2)/Z2)

the group Dhpg. 7 of Subsubsection 2.2.5 splits over Zs (cf. Lemma 2.2.6 (c)) and as
the class v has a trivial image in H!(Zo, ReSF1(2)®z<2>Za/Zzpn,TF1(2)®Z(2)z2) (cf. Lang’s

theorem applied to (ReSF1(2)®Z<2)Zg/Z2D F, and the fact that the ring Z5 is

n’TF1(2)®Z(2)Z2)
henselian), the group scheme G’Zd,jr is split. Thus the extension of G/z@) to Zo also splits

and therefore it is isomorphic to GSO;anQ. Thus the property 1.2 (i) holds.

3.4. The new Shimura pair (G',X’). We define G’ := G’Z<2) Xz Q. Let X' be
the G’(R)-conjugacy class of the composite of any element h : S — Ggr of X with the
R-monomorphism Gr < G%. The Lie monomorphism G{*(R) — G$°(R) can be
identified with the composite of a diagonal Lie monomorphism SO*(2n)" — SO*(2n)?
with the Lie monomorphism e, , : SO*(2n)? — SO*(2nqg) (cf. the constructions of
Subsection 3.3 and Lemma 2.2.6 (d)). As Adoh(i) is a Cartan involution of Lie(G%!) (cf.
beginning of Section 1), the image S, through h of the SO(2) = SO*(2) Lie subgroup of
S(R), is the center of a maximal compact Lie subgroup of SO*(2n)” = G9¢*(R). But all
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maximal compact Lie subgroups of SO*(2n)" are SO*(2n)"-conjugate (see [9, Ch. VI,
Sect. 2]). By combining the last two sentences with Lemma 2.2.2 (c¢), we get that the
Lie subgroup Sy, of SO*(2ng) = G'°*(R) is SO*(2nq)-conjugate to C1 ,y = Im(s1 pnq)-
Thus the centralizer of Sj, in SO*(2nq) = G’4°*(R) is a maximal compact Lie subgroup
of SO*(2nq) that is isomorphic to U(ng), cf. Lemma 2.2.2 (c¢). This implies that the
inner conjugation through h(i) is a Cartan involution of Lie(G) = Lie(GE4), cf. the
classification of Cartan involutions of [9, Ch. X, Sect. 2].

The representation of G&* on 1474 ®q C is a direct sum of standard representations of
dimension 2n of the SO, ¢ factors of G%er. Thus the Hodge Q-structure on W defined
by h has the same type as the Hodge Q-structure on W defined by h and thus it is of
type {(—1,0), (0, —1)}. As G’4*(R) is isomorphic to SO*(2nq), G'*? is a simple Q-group
whose extension to R is non-compact. Based on the last two sentences and on the last

sentence of the previous paragraph, we get that Deligne’s axioms of the first paragraph
of Section 1 hold for the pair (G’, X”). Thus (G’, X”) is a Shimura pair.

3.5. End of the proof of the Basic Theorem. Let 2 be the free Z3)-module of
alternating forms on f)(g) fixed by G’ngr) . There exist elements of 2 ®z, R that define
polarizations of the Hodge Q-structure on ~W defined by a fixed element h € X, cf.
[4, Cor. 2.3.3]. Thus the real vector space 2 ®z, R has a non-empty, open subset of

such polarizations (cf. [4, Subsubsect. 1.1.18 (a)]). A standard application to 2 of the

approximation theory for independent valuations, implies the existence of 7,2’ € 2 that is
congruent modulo 2Z5) to 1 and that defines a polarization of the Hodge Q-structure

on W defined by h € X. As ¢ is congruent modulo 2Z ) to ¥, it is a perfect, alternating
form on E(Q). By replacing ¢ by ¢/, we can assume that ¢ defines a polarization of the
Hodge Q-structure on W defined by h € X.

We get injective maps f:(aq, X) — (GSp(W, 1/;),5) and f' : (G X" —
(GSp(W,4),S) of Shimura pairs. Let L be a Z-lattice of W such that ¢ induces a
perfect alternating form on it and we have Lyy = L ®z Z(2). Let B, B’, and v’ be as in

the property 1.2 (ii). Let Z be the involution of End(z(g)) defined by 1. We check that

the axioms 1.1 (i) to (v) hold for the quadruple (f, f’zvz B). Obviously the axiom 1.1 (v)
holds. We know that the axiom 1.1 (iv) holds for (f, L,v, B), cf. the last paragraph of

der

Subsection 3.3. From Lemma 2.2.6 (ii) we get that the representation of Gwr = G(V)V(F)

on f)(g) Qs W (F) is isomorphic to the direct sum of a finite number of copies of the
representation ppnyy ). As n > 2, the fibres of pyyy () are absolutely simple represen-

tations. From the last two sentences we get that B ®z,, W(F) is a product of matrix
W (F)-algebras. Thus the axiom 1.1 (i) holds for (f, L, v, B).

As G%’ir is a product of groups that are forms of SO;n r, and that are permuted
transitively by Gal(F1/Q), the Q-algebra B[%] is simple. Thus the axiom 1.1 (ii) holds

for (f,L,v). The fact that the axiom 1.1 (iii) holds for ( f,L, v) is a standard consequence
of the fact that G is generated by the center of GL; and by G9¢ and of the description
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of the representation of G%ﬁr(F) on f/@) ®z,, W(F). We conclude that the quadruple

( f,f/,v,l’;’) is a hermitian orthogonal standard PEL situation in mixed characteristic
(0,2). Similarly we argue that (f’, L,v’,B') is a hermitian orthogonal standard Hodge
situation in mixed characteristic (0,2). Thus the property 1.2 (ii) holds. From the
construction of (2) and Lemma 2.2.6 (ii) and (iii) we get:

(i) the natural W (F)-monomorphism G%‘}?F) — G’V?,G(YF) is the composite of a diag-
onal W (F)-monomorphism Djyy, gy — Dy ) with a standard W (F)-monomorphism
dn,qW(F) : D%W(F) - anW(F)5

oo . . /d _ . . . .
(ii) the faithful representation GWe(rF) — GL L(2)®z5) W (F) is isomorphic to the direct

sum of four copies of the representation ppqy, F)-

From (i), (ii), and Lemma 2.1.1 we get that G%{j‘iF) is the identity component of the

subgroup scheme of G"f‘i/e(rF) that centralizes B®z 2 W (F). This implies that the property
1.2 (iii) also holds. This ends the proof of the Basic Theorem. O

4. Basic crystalline properties

We will use the notations of the list (L) of Section 3 and of the new list of notations
(Lg) n,r, d, Bl, GQ, GQZ(Z), B(F), F, GOF, K, ] € R, Fj, F(2)7 GOF(z),Oj

introduced in Section 3. Let (A, A) be the pull-back to N of the universal principally po-
larized abelian scheme over M. Let k£ be an arbitrary algebraically closed field of charac-
teristic 2 and of countable transcendental degree. We fix a Z,)-embedding O, — W (k)
into the ring of Witt vectors with coefficients in k; all pull-backs to either Spec(W (k)) or
Spec(k) of O(,y-schemes, will be via it. Let o be the Frobenius automorphism of W (k).
For a W (k)-morphism y : Spec(k) — Ny (i) let

(A, )\A) = y*((.A, A) XNNW(k))~

Let (M, ¢, 1) be the principally quasi-polarized (contravariant) Dieudonné module over
k of the principally quasi-polarized 2-divisible group of (4, A4). Thus M is a free W (k)-
module of finite rank, ¢ : M — M is a o-linear endomorphism such that we have pM C
¢(M), and 1)y is a perfect, alternating form on M such that we have ¥y (é(x), p(u)) =
20(¢Yp(x,u)) for all z,u € M. We denote also by 1 the perfect, alternating form on
M* induced naturally by .

For b € B, we denote also by b the Z)-endomorphism of A defined naturally by b.
We denote also by b different de Rham (crystalline) realizations of Z,)-endomorphisms
that correspond to b. Thus we will speak about the Z,)-monomorphism B°PP — End (M)
that makes M to be a BPP ®z, W (k)-module and M* to be a B ®z, W (k)-module;
here B°PP is the opposite Zq)-algebra of B. In this Section we recall basic crystalline
properties that are (or are proved) as in [19].
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4.1. Extra tensors. Let (vq)acy be a family of tensors of 7 (W) such that G is the
subgroup of GLyy that fixes v, for all & € J, cf. [5, Prop. 3.1 (c)]. We choose the set
J such that B C J and for b € B we have v, =b € End(W) = W ®q W*.

Let (B, Rz Z3,7T) = ®jex(B;,T) be the product decomposition of (B Rz Z5,7)
into simple factors. Each B; is a two sided ideal of B; ®z = Z; that is a simple Zs-algebra
and whose center is the ring of integers O; of the 2-adic field F;. As T is of first orthogonal
type, it fixes the center of each B;.

As Fj is unramified over Qs (see Subsection 3.2), O; is a finite, étale Zj-algebra.
We can identify B; ®z,,, Z2 with End(V;), where V; is a free Oj-module of rank 2n. Let
s; € N be such that as By Rz, Z>-modules we can identify

(3) L2y @z, Lo = @j@ivjj'

We have s; > 2, as the representation of G‘Zlezr = G%2 on L(z) ®z,, Z2 is symplectic. As
G is a simple Q-group, the product s;[F; : Q2] does not depend on j € . We can
redefine the direct summand V;j of L) DZ s Z-5 as the maximal Zs-submodule that is
generated by non-trivial, simple Reso,z,(Gor,, XF,, O;j)-submodules (we recall that
Reso, 1z, (Gor X Fy, Oj) is a direct factor of GZ introduced in Subsection 3.2).

Let b; be a perfect bilinear form on the Oj;-module V; that defines the involution 7
of Bj, cf. [19, Lem. 3.3.1 (a)]. Thus b; is unique up to a G,,(O;)-multiple (cf. [19, Lem.
3.3.1 (b)]), it is fixed by G3 = G, , and it is symmetric (as (B;,Z) is of orthogonal
first type). Let by := EBje,ibj.j; it is a perfect, symmetric bilinear form on the Zs-module
L2 @z Z- fixed by G%e; = G%Z. The Zy-span of either b; or b is normalized by Gz,.

4.2. Lifts of y. As in [19, Subsect. 4.1] we argue that there exists a compact, open
subgroup Hy of G (A;Q)) such that A is a pro-étale cover of the quasi-projective, normal
O(y)-scheme N'/Hy. The flat, finite type morphism Ny (xy/Ho — Spec(W (k)) has quasi-
sections whose images contain the k-valued point of Ny (x)/Ho defined by y (cf. [7, Cor.
(17.16.2)]). This implies that the W (k)-morphism y : Spec(k) — Ny (x) has a lift

z : Spec(V) — Ny (x),

where V' is a finite, discrete valuation ring extension of W (k). We define (Ay, A4, ) :=
2 ((A, My oy )- Let B(k) == W (k)[3]. As in [19, Subsect. 4.2] we argue that:

(a) for each @ € J there exists a tensor t, € 7(M[3]) that correspond naturally to
v, via Fontaine comparison theory for Ay ;

(b) there exists a B(k)-linear isomorphism jy, : L(z) ®z,, B(k)=>M*[1] that takes
Y to ¥ and takes v, to t, for all o € J.

Let J be the schematic closure in GLj; of the subgroup Jp ) of GLM[%} that fixes

to for all &« € J. Due to the property 1.1 (iii), the group Jge&) is the identity component
of the subgroup of GL 1) that fixes the subset B°PP of End(M [1]) and the involution of

1
2
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End(M|[3]) defined by ¢5s. The existence of j, implies that Jp ) is isomorphic to Gp
and thus it is a reductive group. Let j € k. Each projection of L(s) ®z,, Z2 on a factor
V; of (3) along the direct sum of the other factors of (3), is an element of B ®z,, Zo.
Thus to (3) corresponds naturally a direct sum decomposition

(4) (M7 ¢> = @j€K<Nj7¢)Sj

of Dieudonné modules over k. As the Zs-span of b; is normalized by Gz,, we can speak
about the perfect, symmetric bilinear form c¢; on N; that is the crystalline realization of
b;; it is uniquely determined up to a unit of Za. As V; is an Oj;-module, N; is naturally a
W (k) ®z, Oj-module and ¢; is W (k) ®z, O;-linear. We consider the following condition:

(*) For each j € K, ¢; modulo 2W (k) is a perfect, alternating form on N;/2N;.

4.2.1. Proposition. We assume that the condition 4.2 (*) holds. Then the flat, closed
subgroup scheme J of GLjs is reductive.

Proof: The formula g;(z) := w defines a quadratic form on the W (k) ®z, O;-module
N;. The closed subgroup scheme SO(N;, q;) over W (k) ®z, O; = W (k)[F7:Q2] is isomor-
phic to SOELTLW(k)®Z2 0, (cf. [19, Prop. 3.4 (c)]) and thus it is reductive. This implies that
the schematic closure J of Jge&) in GLM[%] is Hjen Resw(k)@)zzoj/w(k)SO(Nj,qj)
and thus it is a semisimple group scheme over W (k) isomorphic to SO, (we have
Y ienl 1 Q2] = [F: Q] =r). The intersection Z N Jder is a Baw (i) group scheme. Let
J' be the quotient of Z xyy ) J der 1y a diagonal By (k) closed subgroup scheme; it is a
reductive group scheme (cf. [6, Vol. III, Exp. XXII, Prop. 4.3.1]) and we have a natural
homomorphism J' — GLj; whose fibres are closed embeddings. The homomorphism
J" — GLj; is a monomorphism (cf. [6, Vol. I, Exp. VIg, Cor. 2.11]) and thus also a
closed embedding (cf. [6, Vol. II, Exp. XVI, Cor. 1.5 a)]). Thus we can identify J = J';
thus J is a reductive group scheme. 0

4.2.2. Proposition. We assume that the condition 4.2 (*) holds. Then there exists a
cocharacter p : Gy (x)y — J and a direct sum decomposition M = F' @ F° such that
the following two properties hold:

(i) each B € G, (W (k)) acts on F* as the multiplication with 3~ (here i € {0,1});
(ii) the k-module F1/2F* is the kernel of the reduction o modulo 2W (k) of ¢.

Moreover, the normalizer of F*/2F! in the special fibre Ji, of J is a parabolic sub-

. . . . _ rn(n—1)
group Py of Ji and the dimension of dim(Jy/Py) is d = ——5—=.

Proof: We have a direct sum decomposition Ker(y) = @;c.((IN;/2N;) N Ker(yp))® and
each intersection (N;/2N;) N Ker(y) is naturally a k xg, O;/20,-module. Thus there
exists a direct summand Fjl of N; that is a W(k) ®z, Oj-submodule and that lifts
(N;/2N;) NKer(p). Based on Proposition 4.2.1, the rest of the proof of this Proposition
is the same as of [19, Prop. 6.1 and Cor. 6.1.1]. In other words, as in loc. cit. one first
checks that:
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(iii) our hypothesis on ¢; implies that we have cj(Fjl, Fjl) € AW (k) ®z, O; and

(iv) property (iii) and [19, Prop. 3.4 (b)] imply that there exists a direct sum
decomposition Nj = F @ F} of W (k) ®z, Oj-modules such that F; /2F} = F} /2F} and
we have ¢;(F}, F}) = ¢;(F), F}) = 0.

We take F' := ®jec.(F;)% and FO = @jGK(FJQ)Sj and p to be defined by the
property (i). As p acts as scalar multiplication on @jeﬁcjj and as we can identify J9¢ =
Hje;-c Resw(k)(@ZQOj/W(k)SO(Nj, q;) (cf. proof of Proposition 4.2.1 where ¢; is defined),
we easily get that u factors through J. Obviously (ii) holds. O

4.2.3. Proposition. We assume that the condition 4.2 (*) holds. Then there exist
isomorphisms L2y @z, W (k)=>M"* of B®&z, W (k)-modules that induce symplectic iso-
morphisms (L(2) @z, W(k),¥)=>(M*,¢n) and that takes vy to to for alla € J.
Proof: We refer to the B(k)-linear isomorphism j, : L) ®z,, B(k)=>M*[3] of the
property 4.2 (b). Let Ly, := j ' (M*). Tt is a W (k)-lattice of L(3) ®z,, W (k) such that
the following three properties hold:

(i) for all b € B®z,, W (k) we have b(Ly) C Ly;

(ii) the schematic closure of G (k) in GL, is a reductive group scheme j,"'.Jj, over
W (k) (cf. Proposition 4.2.1);

(iii) we get a perfect, alternating form ¢ : L, Q) Ly — W(k).

As in [19, Subsect. 5.2], properties (i) to (iii) imply that there exists an element
g € G°(B(k)) such that we have g(L(3) ®z,, W(k)) = Ly. By replacing j, with j,g, we
can assume that j,(L(2) ®z, W(k)) = j,(Ly) = M*. Thus j, : Loy @z, W(k)=>M*
is an isomorphism of B ®z, W/(k)-modules that induces a symplectic isomorphism
(L(2) ®zy) W(k),1)=(M*,95r) and that takes v, to t, for all a € J. O

5. Proof of the Main Theorem

We will combine Sections 3 and 4 to prove the Main Theorem. We will use the
notations of the lists (L) and (L2) of Sections 3 and 4 (respectively). Also the notations

(Ls) f:(G,X)— (GSp(W.v),S), f: (G',X') — (GSp(W,¢),S), L2y, L, B, B', v/
vgill be as in~ Subgections 3.3 to 3.5. Let thia field £ be as in Segtion~ 4~ Let
K> := GSp(L(2),%¥)(Z2) and Hy := G'(Q2) N Ky = G’Z(2)(Z2). Let NV, (A,A) (resp.

N, (A, ")), and M be the analogues of N, (A, A), and M but obtained working with
the hermitian orthogonal standard PEL situation (f, L,v, B) (resp. (f', L,v’,B")) instead
of with (f, L,v,B). Note that A/ is a closed subscheme of N(’)(U). We know that N’ is

regular and formally smooth over O(,), cf. [19, Thm. 1.4 (b)].
As in [19, Subsect. 4.1] we argue that the E(G, X')-scheme J\N/'E(QX) = Ng@,x) is
regular and formally smooth. We choose Hy such that A is as well a pro-étale cover of

rn(n—1)

the quasi-projective, normal O(,)-scheme N /Hy of relative dimension d = 5
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5.1. Theorem. The O(,)-scheme N is regular and formally smooth.

Proof: As the E(G, X')-scheme /\~/'E(G7X) = NEg(c,x) is regular and formally smooth, to
prove the Theorem it suffices to show that the O,)-scheme N /Hy is smooth at all points
of positive characteristic. Thus it suffices to show that for each point 3 € Nw(k)(k), the
tangent space Ty of § in N is a k-vector space of dimension d.

We denote also by ¢ the k-valued point of ./\N/'W(k) defined by 7. Let (M, ¢, Y yy) be the

principally quasi-polarized (contravarjant) Dieudonné module over k of the principally
quasi-polarized 2-divisible group of (A, A ;) := 7*((A, A) X g N (x))- Let

(5) E(z) UV ARS @j@e]}jj

be the direct sum decomposition that is analogous to (3) (here §; € N\ {1}). This makes
sense as (cf. end of Subsection 3.2) we can identify x with the set of factors of G%e;

that are Weil restrictions of semisimple SOg,, group schemes. Thus we can assume that

the direct factor Reso, z,Gor,, XF,, O; of G acts non-trivially on V;. Moreover, V;

is a free Oj-module of rank 2n and is a GOF(Q) X Fa) Oj-module whose fibres are simple
modules. The representations GOF(Q) X Fa) O; — GLy, and GOF@) X Fa 0; — GLf}j over
Oj are isomorphic. This is so as over W(F) they are isomorphic to p,y gy and as their
fibres are absolutely irreducible (as n > 2). We conclude that:

e The Gczle;—modules (and thus also the Gz,-modules) V; and V; are isomorphic.

Each perfect, symmetric bilinear form fixed by G’Zdjr and obtained in the same way
by was (but working with the G’der—module I/(g) Rz, L2 instead of the G%e;—module
L(3) ®z, Z2), has the property that the isomorphism @jER)};j — @jeﬁv;j* induced

naturally by it maps the direct summand l}f 7 onto the direct summand f/jj “forall j € k.
Based on this, it is easy to see that we can choose the direct sum decomposition (5) so

that for each j € k, the isomorphism f)fﬂ — f)fj* of Ggr-modules we have just obtained
is the one induced by Bj” , Where Ej is a perfect, symmetric bilinear form on ]}j that is
fixed by Gczle; and that is the natural analogue of b;. In other words, we can choose a
perfect, symmetric bilinear form bo = @jeﬁl;jj on E(Q) ®z,, Lo that is the analogue of
by = @je,gb;j of Subsection 4.1 and that is fixed by G’Zdzer as well.

Let (M, q@) = Eng,{(N fj , gz~5) be the direct sum decomposition that is the analogue of
(4). Let ¢&; be the perfect, symmetric bilinear form on N; that is the analogue of ¢; of
Subsection 4.1. Let J (resp. J’) be the flat, closed subgroup scheme of GL; that is the
analogue of .J of Subsection 4.2 and that corresponds to § € Nyy i) (k) (resp. to the point
g € NIﬁv(k)(k‘) defined by 7). We know that J’ is a reductive group scheme isomorphic
to GSO;FHW(M, cf. [19, Subsect. 5.2]. Let ¢y = @jERéij be the perfect, alternating form

on M that corresponds naturally to bo.
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As Gl fixes bo, from [19, Prop. 5.1] applied to the point § € /\7{,[,(,6)(/{:), we get that
¢o modulo 2W (k) is alternating. Thus each ¢; modulo 2W (k) is alternating. Therefore
J is a reductive, closed subgroup scheme of GL N cf. Proposition 4.2.1 applied to

§ € N(k) instead of y € N'(k). Let fi : Grw ) — J and M = F'' & FO be the analogues
of the cocharacter p : Gy (x) — J and of the direct sum decomposition M = F' lg FO
introduced in Proposition 4.2.2.

We have a natural direct sum decomposition into W (k)-modules
End(M) = End(F') @ End(F°) @ Hom(F', F°) @ Hom(F°, F')

as well as a modulo 2W (k) version of it. Let Oy and (’)g,ig be the local rings of ¢’ in /\7"/1,(@
and in /\;IW(k) (respectively). As we have a natural W (k)-epimorphism Og,ig — Oy, the
tangent space Ty of ¢’ in /\7 ! is naturally identified with the tensorization with % of the
image of the Kodalra Spencer map of the natural pull-back of A to Spec(Oy/). In other
words, T is naturally identified with the intersection Lie(J}) N Hom(F'/2F*, F0/2F0)
(cf. [19, Subsect. 6.4 and proof of Prop. 6.7]). Thus the tangent space Ty is a subspace
of the intersection of Lie(.J;) N\Hom(F"' /2F, F°/2F°) with the centralizer of BPP ®z,, F
in End(M /2M). By applying Proposition 4.2.3 to § and based on the property 1.2 (iii),
we get that the identity component of the centralizer of BPP @y, o FinJ J" is J. Thus T;
is a k-vector subspace of the intersection Lie(J;) N Hom(E!/2F", F0/2F0).

Let Py be the parabolic subgroup of Jj, that is the normalizer of F'/2F" in Jk, cf.
Proposition 4.2.2 applied to §. As i is a cocharacter of J, we have an identity Lle(Jk)
Lle(Pk) (Lle(Jk)ﬂHom(Fl/2F1 FO0/2F%)). Thus dimy(Ty) < dimy(Lie(Jy)/Lie(Py)) =
dim(Jy,/Py) and therefore (cf. Proposition 4.2.2 applied to §) we have dimy,(T;) < d. As
we obviously have dim(Ty) > d, we conclude that dim(Ty) = d. O

5.2. Proposition. The natural identification OfNE(G,X) with NE(G x) extends uniquely
to an O(y,)-morphism = ‘N — N,

Proof: To ease notations, let Y := ./\N/'W(k). Let (D, Ap) and (35,/\59) be the principally
quasi-polarized 2-divisible groups of (A, A) N2 and (.,Zl, ]\)f, (respectively). To the de-
compositions (3) and (5) correspond naturally decompositions

@ — @jeﬁ,@;j

and © = @jeni‘i?
(respectively) into 2-divisible groups. The fact that the Gz,-modules V; and )}j are
isomorphic (cf. proof of Theorem 5.1) can be encoded in the existence of a suitable

Zy-endomorphism between the abelian schemes Aps, (v and A Ko OVer N, B(k) = YB(;,C);
this Zs-endomorphism allows us to identify naturally D ;p) with Cé] B(k) as 2- divisible
groups over N2 Bk) = YB(k) Thus we can speak about the 2-divisible group € := @QEKC‘D

9

over Y which extends @Je,.@@ i B(k,) = D p(k); note that € involves the s;” numbers while
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D involves the §;’s numbers. Let g B(k) = AMDp(); it is a principal quasi-polarization
of €pk) = Dp(k). As the O,)-scheme Y is flat and normal, a theorem of Tate (see [15,
Thm. 4]) implies that Ag B(k) extends uniquely to a principal quasi-polarization Ag of €.

Let O be a local ring of Y that is a discrete valuation ring of mixed characteristic
(0,2). Let K be the field of fractions of O. We also view the natural E(G, X)-morphism
Z : Spec(K) — YB(k) as a K-valued point z of NB(k) Thus we can speak about the

abelian variety A : (ANE(k)) over K. As A has a level-l structure for each odd

natural number [, it extends to an abelian scheme fl over O (cf. the Néron-Shafarevich-
Ogg criterion of good reduction; see [1, Ch. 7, Sect 7.4, Thm. 5]). It is easy to see that
each principal quasi-polarization of Az extends to a principal polarization of A (at the

level of isomorphisms between abelian scheme over O this follows from [1, Ch. 7, Sect.
7.5, Prop. 3]). We conclude that there exists an open subscheme U of Y such that:

(i) we have f’B( k) C U and the codimension of U in Y is at least 2;

(ii) the principally polarized abelian scheme (A, A)y = (A, A) N3, extends to a

Yy —
principally polarized abelian scheme (Ag, A4 ) over U.

Tate theorem also implies that the principally quasi-polarized 2-divisible group of
(Ag,Aay) is (€, Ag)y. As the scheme Y is regular, from [18, proof of Prop. 4.1] we get

that the principally polarized abelian scheme (Ag, A4, ) over U extends to a principally

polarized abelian scheme (Ay, A Ay ) over Y whose principally quasi-polarized 2-divisible
group is (&, A\g). The natural level [ symplectic similitude structures of (A, A)YB(k) ex-
tend naturally to level-l symplectic similitude structures of (Ay, A4, ). Thus the natural
E(G,X)-morphism Yp@) — Mp) extends uniquely to a morphism Y — M. This
last morphism factors through a W (k)-morphism Sy : Y — Nélv(k) which is the pull-
back to W (k) of the searched for O,)-morphism = : N — N™ and for which we have
E’{,V(k)(Q) = ¢, cf. constructions. Obviously = is unique. O

5.2.1. Remark. The O,)-scheme V" has the extension property with respect to healthy
regular O(,y-schemes, cf. [17, Defs. 3.2.1 2) and 3.2.3 3), Ex. 3.2.9 and Cor. 3.4.1]. Thus

the existence of = also follows from [20, Cor. 5] which implies that A is healthy regular.

5.3. Lemma. We consider the O,)-morphism =g, : /\~//H0 — N™/Hy whose generic
fibre is a natural identification (isomorphism) and whose natural pull-back is the O(,)-

morphism = : N'— N™. Then =ZH, 18 projective.

Proof: As Zp, is quasi-projective and its generic fibre is an isomorphism, it suffices to
show that for each discrete valuation ring O that is a faithfully flat O(,)-algebra, every
O(y)-morphism Spec(O) — N™/H, factors uniquely through N/H,y. To check this, we
can assume that O is strictly henselian and it suffices to show that each O(,)-morphism
ho : Spec(O) — N™ factors uniquely through N. Let K := O[%] As in the proof
of Theorem 5.1 we argue that the principally polarized abelian variety (A, A)x over K
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extends to a principally polarized abelian scheme over O and that the generic fibre of
ho extends uniquely to a morphism Spec(O) — M which factors through N. Thus
ho : Spec(O) — N™ factors uniquely through N. O

5.4. End of the proof of 1.3. As E;V(k)(@) = ¢ and as D and thus also € is a versal 2-

divisible group (i.e., its Kodaira—Spencer map is injective at all k-valued points of 17), the
morphism Zyy ;) and thus also 2y, has finite fibres. Thus Zp, is a quasi-finite morphism.
From this and Lemma 5.3 we get that Zp, is a finite, birational O,)-morphism. As the
quasi-projective O,,)-scheme N™/Hy is normal, we conclude that Zp, is an isomorphism.
Thus the O,)-morphism = : N — N™ is an isomorphism. Thus the O (v)-scheme N™ is
regular and formally smooth (cf. Theorem 5.1) i.e., the Main Theorem holds. O

5.5. Corollary. Lety € Ny (k). Let (M, ¢p,vn) be as in the beginning of Section
4. Let (Vo)aecg and (to)acs be as in Subsections 4.1 and 4.2 (respectively). Then there
exist isomorphisms L) ®@z ., W(k)=>M* of B&z,, W (k)-modules that induce symplectic
isomorphisms (L(z) ®z,, W(k),¥)=(M*,1n) and that takes vo to to for alla € J.

Proof: As the O(,)-scheme N™ is regular and formally smooth (cf. Main Theorem), there

exists a lift z € Ny ) (W(k)) of y. Let F be the Hodge filtration of M defined by
2" (AN 1y )- The decomposition (4) extends to a decomposition

(M; F7 (b) = EBjGH(Nj7Fj7¢)Sj

of filtered F-crystals over k. For x, u € N; we have c¢;(¢(x), p(u)) = 20(cj(z,u)). If v €

Fj, then c¢j(v,v) = 0 and ¢(v) € 2N;; thus cj~(¢>(2v)7 ¢(2”)) =0. As N; = ¢(N;) + 3¢(Fy),

each z € Nj is a sum 3¢(v) + ¢(u), with u € N; and v € F;. Thus

1 1

¢j(z, ) = 2¢;(9(u), 56(v)) + ¢j(d(u), p(u)) = 2¢;(d(u), 5¢(v)) + 20(c;(u, u)) € 2W(k),

i.e., ¢; modulo 2W (k) is alternating. Thus the Corollary follows from Proposition 4.2.3.0]
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