Math 404 Advanced Linear Algebra  Spring 2007 Exam 2 Feingold
(1) (30 Pts) Let L : Ry — R3 be given by
a—b+c—d

L(la b ¢ d]))=| 2a+b—3c+d
—a+2b+2c+ 3d

Let S be the standard basis of Ry and let T be the standard basis of R3. Let
other ordered bases be

3 1 1
S ={[1234,[1111],/0112,001 —1}andT' =<{ [2],| -1, |2
1 1 0

(a) (5 pts) Find the matrix [L]% representing L from S to T

(b) (10 pts) Find the matrix [L]Z, representing L from S’ to T” without using
transition matrices. (Do it directly.)

(c) (15 pts) Find the transition matrices s Pss and 7Q7s and show that
(L] = (+Qr) ™" [L]§ (sPsr) -

(2) (30 Points) Answer (with brief justification) each question separately.

(a) Let S={[123],[012],[-1 —1 —2]} be a basis of Rz and let v = [819] €
R3. Find the coordinate vector [v]g.

(b) Suppose U and W are subspaces of V with dim(U) = 7, dim(W) = 8 and
dim (V) = 12. What is the most you can say about dim(U N W)?

(¢) Suppose L : V — W with dim(V') = 9 and dim(W) = 5. What is the most
you can say about dim(Ker(L))?

(d) Suppose A € F? and B = P71 AP for an invertible matrix P, and f(t) €
F[t] is any polynomial. What can you say about the relation between f(A)
and f(B)?

(e) What is dim(L(F3,F5))? What isomorphism justifies this?
(f) Suppose L : V. — W with dim(V) = dim(W) finite, and L is injective.

What else can you can say must be true about L? Give as many implied
properties of L as you can.



(3) (20 pts) Determine whether each of the following functions is linear, and give all

work needed to justify your answer.

(a) (10 pts) f: R3 — R3 be{CCZ Z] = [gig ac—db}

) 0 g2 Cibyg | 2| <[ 210 BT L

z+iw —iz—iw
(4) (20 pts) Let L : R3 — R? and K : R® — R? be the linear transformations
a b a+b—c x 9y _
L(L d]): b+c—d and K Y :l _Zy}.
c+2d z 4
Let R, S and T be the standard bases of R2, R? and R?, respectively.
(a) (5 pts) Find the matrix [L]% representing L from R to S.
(b) (5 pts) Find the matrix [K]% representing K from S to T.

a

(c) (5 pts) Use composition of functions to find the formula for (KoL) < [ -

from the formulas for K and L.

b
d

)

(d) (5 pts) Find matrix [K o L]% representing K o L from R to T. What should
be the relationship between the matrices [L]3, [K]L and [K o L]k ? Check

that relationship by direct calculation.
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1 -1 1 -1
1(a) 5Pts) [L]E=1]2 1 -3 is easy to get since S and T are standard.
-1 2 2
1 -1 1
L(rooo)=| 2 |,L(o1oo)=| 1 |, L(oo1o)= | -3|, L(0001]) =
—1 2 2
-1 1001 -1 1 -1
1 |.[T|L(S))=]|0 1 0|2 1 =3 1 | isalready reduced, so the
3 0 0 1]-1 2 2 3
T L(S)
right side is [L]%.
-9 0 -2
1(b) (10 Pts) L([1234)) = | -1|, L(1111)=|1|, L(o112)=| 0 |,
21 6 10
2
L0011 —1)) = | -4
—1
3 1 1(-2 0 -2 2 1 0 0/-66 —-19 —-34 11
Rowreduce [2 -1 2|(—-1 1 0 —-4| to |0 1 0] 87 25 44 —12
1 1 021 6 10 -1 0 0 1109 32 56  —19
T’ L(S") I3 [ngf
1 1 0 O
21 1 0 511 .
1(c) (15 Pts) gPs/ = 3 11 1 and 7Q7p = |2 —1 2| since S and T are
4 1 2 -1 1o
the standard bases.
To get 7/Qr = (7Q7+) ™1, reduce
3 1 111 0 O 1 0 02 -1 -3
2 -1 210 1 0] to |O 1 0]—-2 1 4
1 1 0|0 0 1 0 0 1|-3 2 5)
T T L I3 7 QT
2 -1 =3] [1 -1 1 -1 ; 1 (1) 8
(rQe) LE(sPs) = |—2 1 4| |2 1 -3 1 -
-3 2 ) -1 2 2 3 511
- 4 1 2 -1
3 -9 -1 -—12 ; 1 (1) 8 —-66 —-19 -—-34 11
-4 11 3 15 3 11 1 = | 87 25 44 12| =[L]%
-4 15 1 20 41 92 —1 109 32 56  —19

checks.



(2) (30 Points) Answer (with brief justification) each question separately.

-7 1 0 —-1]8 1 0 0 —7
(a) [v]Js=1] 0 |since |2 1 —1|1| reducesto |0 1 0| O
—15 3 2 =219 0 0 1|-15

(b) Given: dim(U) = 7, dim(W) = 8 and dim(V) = 12. We know U NW is
a subspace of U and of W, so dim(U N W) < dim(U) = 7. We also know
that dim(U + W) = dim(U) + dim(W) — dim(U N W) and dim(U + W) <
dim(V) =12s0 7+ 8 —dim(U N W) < 12, so 3 < dim(U N W). The most
we can say is that 3 < dim(UNW) < 7.

(c) We have L : V. — W with dim(V) = 9 and dim(W) = 5 and we know

dim(V) = dim(Ker(L)) + dim(Range(L)), where 0 < dim(Range(L)) <
dim(W') = 5, so the most we can say is 4 < dim(Ker(L)) < 9.

) If f(¢) z:cztZ then

f(B) = iCiBi = i —1AP) icz AP
=0 =0 1=0
=p! (Emj ciAi> P=Plf(AP.
=0

So the relationship is f(B) = f(P"1AP) = P~ f(A)P

(e) dim(L(R3,Rs5)) = (5)(12) = 60. This is justified by the isomorphism
L(R3 R5) = Rj, sending a linear transformation L : R — Rs to the
matrix [L]% representing L from S to T.

(f) Since L : V. — W with dim(V) = dim(W) finite and L is injective,
dim(Ker(L)) = 0, so the dimension formula dim(V) = dim(Ker(L)) +
dim(Range(L)) says dim(V') = dim(Range(L)) so dim(W') = dim(Range(L))
says L is onto (surjective). Therefore, L is bijective, invertible, and an iso-
morphism.

(3) (20 Pts) Determine linearity.

(a) (10 pts) f : R3 — R3 by f {a Z} = [Zis “- b} is not linear be-

cd
cause for r € R, we do not have f(rM) = rf( ) The formula gives
£ (r a b _ ra rb| |ra+rb ra—r71bd a+b a—2>
c d|) re rd| |rc+rd rerd c+d cd

because of the lower right entry.



(3) (20 Pts) Determine linearity.
2 9 z| | z4+w iz—w
(b) (10 pts) g C* — C3 byg[w} N [z—l—iw —iz —iw

satisfies g(vi +v2) = g(v1)+g(v2) and g(cv) = cg(v) for every vy, ve,v € C2
and c € C.

o[+ ]2]) -o([ata])-[Srm e dase e ]

. 21 + wq iZl — W1 2o + Wo iZ2—U}2 . Z1 z92
o |:Zl+iw1 —iz —iw1:| + |:22+iw2 —iZz—iwg} _g(|:w1:|) t9 (|:w2:|)

A = cz |\ _|cztecw icz—cw _ |t iz—w R
g wl|) "I\ ew!|) T |ez+icw —icz—icw| ” | z4+iw —iz—iw| Y|w

is linear because it

1 0 0|1 1 -1 O 11 -1 O
(a) (5 Pts) 0 1 0/0 1 1 —1]isreducedso[L]z=]0 1 1 -1
0 0 1]0 0 1 2 0 0 1 2
S L(R)
1 012 -1 . r |12 -1 0
(b) (5 Pts) o 1lo 1 1| reduced so [K|g = {O 1 _1]
T K(S)

(c) (5 Pts) (KoL) ([CC‘ ZD =K Z;Eiig ) _ {2(?1)1 bc__ 2)—_(?;; c2;)d)]

_|2a+b—3c+d
- b—3d

012
(d) (5 Pts) iF
T KoL)(R)

(1) is reduced so [K o L% = [

The relationship should be ([K]%)(] = [K o L]E.

2 -1 0 _10_[21—31}

1 1
Check: [ } 01 1 -1 .
0o 1 -1 00 1 9 01 0 -3



