Math 304 Linear Algebra Spring 2008 Exam 1 Feingold

(1) (25 Points) Let L4 : R* — R* be the linear function La(X) = AX associated
with the matrix

1 1 -1 -1
1 2 0 1
A= -1 1 3 )
2 3 -1 0

(a) Find all the vectors in Ker(L4) = {X € R* | L4(X) = 0} in terms of some
free variables.

(b) Find all the vectors in Range(La) = {Y = La(X) € R* | X € R*} in
terms of a consistency condition on the entries of Y = [y;].

(¢) Determine whether L is injective and whether L is surjective.

(2) (15 Points) Let L : R3 — R3 be the function L [CCL Z] = {2 CCL]

(a) Show that L is a linear transformation.
(b) Find formulas for the compositions L? = LoL, L3 = LoL?, and L* = LoL3.
What does this tell you about L* for k > 57?

(3) (20 Points) Answer each question separately

(a) If A€ R, B € Ry, and C € R} are matrices such that the associated
functions L4 : R — R™, Lg : RP — R", and L¢g : RP — R™ satisfy
LaoLpg = L¢, then what is the relationship between the matrices A, B
and C?

(b) If a nonzero matrix A € R} row reduces to B in RREF having r leading
ones, what are the possible values of r?

(¢c) For A € R} what relation between m and n would guarantee that the
homogeneous linear system AX = 0 has nontrivial solutions?

(d) What condition on the rank of A € R]" is equivalent to the inhomogeneous
linear system AX = B being consistent for any choice of B?

(e) For A, B,C € R write a formula for (ABC)T in terms of AT, BT and
CcT.

(4) (20 Points) For A € R}, let L4 : R™ — R™ be the linear function L4(X) = AX.
Let e1,es, - ,e, be the standard basis vectors in R™ and let fy,f5,--- , f,, be
the standard basis vectors in R™.

(a) Write a list of vectors guaranteed to span Range(L ).
(b) If L, is injective then what is the most you can say about the relation

between m and n?

(¢) If L, is surjective then what is the most you can say about the relation

between m and n?

(d) If rank(A) = m what does that tell you about L7

) If rank(A) = n what does that tell you about L4?

d
(e

4
Find A € R3 such that L = L4, and check that L(X) = La(X) = AX for all
X e R~

(5) (20 Points) Let L : R?> — R? be linear with L(e;) = [H and L(es) = [_3}_
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1. (a) (10 Points) To find Ker(L) we must solve a linear system by row reducing

1 1 -1 —-1]0 1 0 -2 =310 1 = 2r 4+ 3s
1 2 0 1 10 0O 1 1 2 10 To = —1 — 28
to SO .
-1 1 3 5 10 0O 0 O 0 (0 z3=r€eR
2 3 -1 0 10 0O 0 O 0 10 s =s€R
2r + 3s
Ker(L) = - ; 28 eR'|rseR

s
(b) (10 Points) Y = [y;] € Range(L) iff the following system is consistent:

1 1 -1 -1y 1 0 -2 -3 2y1 — Ys is consistent iff

1 2 0 1|y o1 1 2 —y1 + 2 0=3y1 —2y2 + y3
-1 1 3 5 |ys 0 0 O 0 [3y1 —2y2 +ys and '
2 3 -1 0 Iy 00 0 01 yity2—wya 0=y1+y2—va

(c) (5 Points) L is not injective since by (a) more than one vector is sent to
the zero vector, and L is not surjective since by (b) not all vectors of Ry are in
Range(L).

c d b ¢
(a) (10 Points) To show that L is a linear transformation we check both:

(e alele 2]) - (lare aii))

aral=ln al+ln )= a) (s 2)

) Al sl )=l = (e )
(e ) == (2 2) == 7]
el al) = (e a)-=(0 3]
e (le )=l (e a]) =6 2]

This means LF = O is the zero transformation for k > 5.

2. (15 Points) L : R3 — R3 is the function L [a b} = lo .

- 0
C b1+ by



3. (20 Points, 4 points each)

()

The relationship is AB = C, so C'is the matrix product of A and B.

If A € R} is not the zero matrix, the number of leading ones in its RREF
could only be 1, 2, 3 or 4 since each leading one occupies a column, and
there is at least one.

The relation n > m guarantees that the homogeneous linear system AX =
0 has nontrivial solutions.

The inhomogeneous linear system AX = B is consistent iff the rank of A
equals m.

(ABC)T = CTBT AT,

4. (20 Points, 4 points each)

(a)

Range(L4) consists of all vectors AX = A3 7, zje;) = > 7 xjAe; =

Z;.Lzl xjLa(ej) for all x; € R. So Range(L 4) is spanned by the n vectors
L4(ej) = Aej for 1 < j < n, which are the column vectors of matrix A.
If L4 is injective then n < m since more variables than equations would
guarantee free variables.

If L4 is surjective then m < n since more equations than variables would
guarantee a row of zeros in the RREF of A, giving a consistency condition
for AX = B.

If rank(A) = m then Ly is surjective since m leading ones in the RREF
means no zero rows so AX = B is always consistent.

If rank(A) = n then L4 is injective since n leading ones in the RREF means
a leading one in each column and there are no free variables.

5. (20 Points) Let L : R? — R? be linear with L(e;) = [ﬂ and L(es) = [_3}_

4

The A € R3 such that L(X) = La(X) = AX for all X € R? would have to

satisfy Ae; = B] and Aey, = [

SOA:|:

4 ], but Ae; = Coli(A) and Aey = Coly(A),

; _43] . This works for all X € R? because L is linear, so
L(X) =L |:§1:| = L(xle]_ + .%’282) = le(e:l) + sz(e2>
2

IR [



