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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

In section, we will consider the funding of insurance products paid
at the time of death and funded continuously. This type of
insurance is called fully continuous.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Whole life annuity

Suppose that an insurance company funds a continuous whole life
insurance with unity payment with payments at a continuous rate
of P while the individual is alive. The loss random variable is

Z(ZX) = VTX — P§ﬁ| = 7X - PVX

Using that Y, = 1=4x

L(ZX):fx_lizX = Zx <1+P>_P:e6TX (1+P>_P.

o o d 4]

The biggest value of the loss is attained when T, =0 and it is
one. The smallest value of the loss is attained when T, = w — x
and it is e %) (1 + £) — £ I(A,) is continuous random
variable taking values on the interval (e %) (1 + £y —£.1).
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

The actuarial present value of the loss is
P P
= A, — Pa, = A, R ———
LA = A~ Pa = A (145 ) = 5
The variance of the present value of the loss is
. P\?. - P\? oo
Var(L(Ay)) = <1 + 6> Var(Zy) = <1 + 5) (2AX — AX2) .

The probability that the loss is positive is

) >0} =P{v'* — Par; >0} =P{v'* > Par }

P{L(Ax)
_p{l }
5?
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Example 1

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments at the rate 125. The force of interest is 0.06.
The force of mortality is 0.01.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 1

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments at the rate 125. The force of interest is 0.06.
The force of mortality is 0.01.

(i) Calculate the expected loss at issue.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 1

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments at the rate 125. The force of interest is 0.06.
The force of mortality is 0.01.

(i) Calculate the expected loss at issue.

Solution: (i) We have that

4 . o001 1
¥ 0.01+0.06 7’

S - P P

E[(1000)L(Ax)] = (1000)A (1 + 5) - (1000)3

1 125 125
== —22 ) - =22 = 3571428571
- <1000+0'06) 006 = ~35-714285
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 1

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments at the rate 125. The force of interest is 0.06.
The force of mortality is 0.01.

(ii) Calculate the variance of the loss at issue random variable.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 1

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments at the rate 125. The force of interest is 0.06.
The force of mortality is 0.01.

(ii) Calculate the variance of the loss at issue random variable.
Solution: (ii) We have that

. 0.01 1

X7 0.01+(2)0.06 13’
2

Var((1000)L(A)) = (1000)? <1 + g) (A« —A2)

125\? [ 1 1\?
— (1000 + === B (e — 82515.69859.
( +0.06) (13 (7))
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 1

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments at the rate 125. The force of interest is 0.06.
The force of mortality is 0.01.

(iii) Calculate the probability that the loss at issue is positive.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 1

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments at the rate 125. The force of interest is 0.06.
The force of mortality is 0.01.

(iii) Calculate the probability that the loss at issue is positive.
Solution: (iii) The probability that the loss is positive is

P{(1000)v ™ — (125)ar; > 0}

—P{ (1000)e(0-00)Tx (125)ﬂ
0.06

(60)e(©09)Tx 195 _ 1256—(0.06)Tx}

(185)e~(000) T 125} — P{1.48 > e(000)Tx}

= {TX < ln(()lcf)} — 1 e (O — 1 (1.48)71/6 = 0.0632514
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Chapter 6. Benefit premiums.

Section 6.4. Benefit premiums for fully continuous insurance

The benefit premium of fund a whole life insurance is funded under
the equivalence principle is denoted by P(Ax). We have that

1-A,

—_ 2 J— J— —
P AX A 2Ax - AX2 2Ax - AX2
<1 + ( )> (2AX _AX2) ’ —
5 (1— A2 (0ax)

and the probability that the loss is positive is

P{L(Z,) >0} =P {ZIX__AAX > o} =P{Z, > A}.

This is the probability that Ay is not adequate.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Theorem 1
Under constance force of mortality 11, P(Ax) = pu.

Proof: We have that
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Example 2

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments. The rate of payments is found using the
equivalence principle. § = 0.06. © = 0.01.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 2

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments. The rate of payments is found using the
equivalence principle. § = 0.06. © = 0.01.

(i) Calculate the rate of benefit premiums.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 2

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments. The rate of payments is found using the
equivalence principle. § = 0.06. © = 0.01.

(i) Calculate the rate of benefit premiums.

Solution: (i) The rate of benefit premiums is

(1000)P, = (1000)(0.01) = 10.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 2

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments. The rate of payments is found using the
equivalence principle. § = 0.06. © = 0.01.

(ii) Calculate the variance of the loss at issue random variable.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 2

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments. The rate of payments is found using the
equivalence principle. § = 0.06. © = 0.01.

(ii) Calculate the variance of the loss at issue random variable.
Solution: (ii) We have that

4 001 1
X7 0014006 7’
—— 0.01 1
X7 0.01+(2)0.06 13’
o 24 _ A2 1 (1)2
Var((1000)L(Ay)) = (1000)>——=—"> — (1000)2 27/
(-4 (1-3)

=76923.07692.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 2

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments. The rate of payments is found using the
equivalence principle. § = 0.06. © = 0.01.

(iii) Calculate the probability that the loss at issue is positive.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 2

An insurer offers a whole life insurance of 1000 paid at the time of
death. To fund this insurance the policyholder must make
continuous payments. The rate of payments is found using the
equivalence principle. § = 0.06. © = 0.01.

(iii) Calculate the probability that the loss at issue is positive.
Solution: (iii) The probability that the loss is positive is

P{(1000)v™* — (10)ar, > 0}

=P { (1000)e(©9)7x > (10) 1— e (09T
0.06

_p {(60)6—(0.06)TX <10 — (10)6_(0'06)TX} —p {e—(o.Oﬁ)Tx > ;}

_p{e000)Tx 71 _p { T |g(()7€3} _ ] (001

=1— (7)"Y/% = 0.2769799736.
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Theorem 2
The cumulative distribution function of L(Ay) is

0 ifu< e_‘s(“_x) — Pgm‘,
FI(ZX)(“) =< 1-Fp, (—% log (%”j,f)) if e 0(w=x) _ Pa— <u<l
1 ifl1<u.

Proof: Consider the function

h (0, 00) — (e o) — pag ) defined by

h(x) = e~ (1 + E£) — £. We have that h is decreasing. If
u=h(x)=e>(1+ )—%,then e“sx:—%“j,f, and

X = %I (55 ) Hence, the inverse function of h is
h=(u) = %In (—%"jﬁ), e 0(w—x) _ Pas— <u<l
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Section 6.4. Benefit premiums for fully continuous insurance.

Chapter 6. Benefit premiums.

Hence, if e 0(w—x) _ PEWTX‘ <u<l,

FZ(ZX)(U) =P{Ly <u}=P{h(T) <u}=P{T> h_l(u)}

1 [Su+P 1 [Su+P
P{TX— 5'”(5+P>} 1 FTx( 5'“(5+P)>

Manual for SOA Exam MLC.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Theorem 3 L
The probability density function of L(Ayx) is

fro(—5 log(557)) o(w—x
)(u) _ 6(5u+P6+P if e 0(w=x) _ Pa—| <u<l,
x 0 else.

d d 1 ou+ P
e ) = o Fry0) =1 o (5 oe (555
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Chapter 6. Benefit premiums.

Section 6.4. Benefit premiums for fully continuous insurance.

Corollary 1

Under constant force of mortality ui, L(A) is a continuous r.v.
with cumulative distribution function

Q"
u+P\? P
I_T(ZX)(U) = ( > )

out” P 1
5+ P g SUs
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Chapter 6. Benefit premiums.

Section 6.4. Benefit premiums for fully continuous insurance.

Proof: Since Fr (t) =1— e #t, if 0 < t < oo; we have that for
—g <u<l,

B 1 ou+PYY\ M ou+ P
Fray(u) =1—Fr, (—5In<5+P>> —exp(éln<5+P>>
Su+P\5
o+P )

L(A) has density

(bu+P)s™t P
o) () = Fiay () =15y s e
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

The 100a—th percentile annual premium for a whole life fully
continuous insurance to (x) is the value P, such that

_ 1
o> P{Z,—PoYy > 0} = P{v/*—Poar; > 0} =P { > P,

P, is a 100(1 — «)-th percentile of gi‘
>
W= T t > 0, is a decreasing function of t. Hence,

P, = Ll where t, € R is a 100a—th percentile of Ty. Indeed,
suppose that P{ T, < t,} = a. Then,

. We have that

P{Z,— P,Yyx >0} = IP’{ ! >71 }:P{Tx<ta}:a.

ST St
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Example 3

An insurer offers a whole life insurance policy with face value of
40000 payable at the time of death to (35). This policy will be
paid continuously while (35) is alive. Assume that § = 0.045 and
death is modeled using the De Moivre model with terminal age 95.
Calculate the 10-th percentile annual benefit premium for this
policy.

Solution: Let ty 19 be such that

to.10

0.10 = P{ T35 < to.10} = 60

i.e. to.10 = (0.10)(60) = 6. Hence,

1 0 0.045

TS SO 1 coomE 1 0.1451779386.

The benefit annual premium is
(40000)(0.1451779386) = 5807.117544.
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Suppose that the funding scheme is limited to the first t years.
The present value of the loss is

Pamln(TX, t)] Z PYX:ﬂ'
The present value of the loss is
Ax — Payg.

The benefit premium which satisfies the equivalence principle is
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Section 6.4. Benefit premiums for fully continuous insurance

n—year term insurance.

The present value of the loss for a n—year term insurance is

— 1 - =1 ~
L(Axﬂ) = vTXI(TX <n)— PW| =Zq—PY

x:n|*

The actuarial present value of the loss for a n—year term insurance
is

—1 —
Ax:ﬁ\ - Pax:ﬁ|'

The benefit premium which satisfies the equivalence principle is

P(AX n|) i

ax.n

)>
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Theorem 4
We have that

—+1 P\? ,1 P2 1 1 P
Var(L(Ax:ﬁ|)) = (1 + 5) ’ 2Ax:ﬁ| + ﬁ ’ 2A><:ﬁ| - <E [L(Axﬁ|)] + 5)

(©2008. Miguel A. Arcones. All rights reserved. Manual for SOA Exam MLC.



Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Proof: We have that

S =1 1—Z,5 P P\ =1 P 1
L(Ax:ﬁ\) = Zx:ﬁ| - PT = _g + <1 + (5) Zx.ﬁ| + SZX:H
and . .

Zom Zym = v (T < n)v"I(n < T,) = 0.
Hence

=E

() @) 2 2]

P\? ,1 P? 27 — =1 P\?
= <1 + 5) ’ Ax:ﬁ| + = 52 AX nl (E [L(Axﬁ|):| + (5) :
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

The present value of the loss for a t—year funded n—year term
insurance is

VTX[(KX < n) — PEmln(KX, O Zx A va:ﬂ'

The actuarial present value of the loss for a t—year funded n—year
term insurance is .
x:n| T

A Pax |-

The benefit premium which satisfies the equivalence principle is

—1
Y X1
tP(Axr) = —
m x|
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Chapter 6. Benefit premiums

n—year pure endowment.

Section 6.4. Benefit premiums for fully continuous insurance

The present value of the loss for a n—year pure endowment is

[ — 1 - —
The actuarial present value of the loss for a n—year term insurance
is

ZX nl Pa,. al-

The benefit premium which satisfies the equivalence principle is

)>\
5~

P(AX n|) -

IY) \
X
El
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Theorem 5
We have that

——= 1 Ps P\? — - —
Var(L(Ax:ﬁ|)) = ? ’ 2Ax:ﬁ| + <1 + 5> ’ 2Ax:ﬁ| - <E [L(Axﬁ|)] + g

Proof: We have that

S 1 1-Zn P P P
L(Ax:ﬁ|) = Zx:ﬁ\ - 'DTl = —g + gZx:m + <1 + 5)

The rest of the proof follows similarly to that of the previous
theorem.
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Section 6.4. Benefit premiums for fully continuous insurance

If a n—year pure endowment is funded only t years where 1 < t < n,
then the present value of the loss for a n—year pure endowment is

v"l(TX>n)—P mn(TX7t)\_ZX”| P?X:ﬂ'

The actuarial present value of the loss for a t—year funded n—year
term insurance is

AX Al Pax |

The benefit premium which satisfies the equivalence principle is

(©2008. Miguel A. Arcones. All rights reserved
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n—year endowment.

The present value of the loss for a n—year endowment is

L(Ax:ﬁ|) = Vmin(n,TX) - PEW\ = 7x:ﬁ| - PVX:W‘

=2,z —P——— = —— 1+ — ) Zq-
x:n| 5 5 + < + 5) x:n|

The actuarial present value of the loss for a n—year term insurance
is

szﬁ\ - Pax:ﬁ|'

The variance of the present value of the loss for a n—year term
insurance is

Var(L{Aa)) = (1 * I;) (A — (Aea)?)
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Section 6.4. Benefit premiums for fully continuous insurance

The annual benefit premium which satisfies the equivalence
principle is

X7l 1- 5§x:ﬁ| _ 6ZX:

When the annual benefit premium is used

Vi (L) 2zx:ﬁ\ - Zx:ﬁ|2
ar = 5.
(1A’
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Section 6.4. Benefit premiums for fully continuous insurance.

The present value of the loss for a t—year funded n—year
endowment is

Vmin(n,TX) - PF—

min( Tx,n)| = Zx:ﬁ\ - Pyx:ﬂ‘

The actuarial present value of the loss for a t—year funded n—year
term insurance is

Z)<:ﬁ| - ng:ﬂ'
The benefit premium which satisfies the equivalence principle is

=Y Ax:ﬁ\
t'D(Ax:ﬁ|) =

ax:ﬂ
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Section 6.4. Benefit premiums for fully continuous insurance

Theorem 6

Proof.
We have that

— Acal Acal Axal = —
—1 7| XAl x|
P(AL,) + P(A = P(A,,
( X n|) + ( X: n|) a, . + E E ( x.nl)
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Theorem 7

Proof.
We have that

S/ 1\~ 7>1<n\ Zx111| Axn\—i_n‘A
'D(Ax:ﬁ\) + P(Ax:ﬁ|)AX+n = A += | — Axin = 3 |
A
= = nP(Ax
5x:ﬁ| ( )
L
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n—year deferred insurance.

The present value of the loss for a n—year deferred insurance
funded continuously at rate P is

L(n|Ax) = v (T > n) = Pag—s = ol Zx = PYx.

The actuarial present value of the loss for a n—year term insurance
is
n|Ax — Pax.

The benefit premium which satisfies the equivalence principle is

B 1A n|ZX
P(nlAx) = 5

X
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Theorem 8
We have that

Var(L(/A)) = o 2A%, ¢ (1 p>z 2, - (B[R] +

52 o

Proof: Using that Z, = 7i:ﬁ| + n|Zx, we get that

Now, the proof follows similarly to that of previous theorems.
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Chapter 6. Benefit premiums. Section 6.4. Benefit premiums for fully continuous insurance.

Plan

Premium

Whole life insurance

n—year term insurance

n —year endowment insurance
h—payment whole life insurance
h—payment n—year endowment insurance
n—year pure endowment

PR = Ada
P_(A_Xl:ﬂ) = ’_4x1:ﬁ\/éx:ﬁ|
P(’f\x_ﬂ) = A_X:ﬁ\/éx:ﬁ\
WPUA) = A3y
EP_(AX:H\) ::4X:E|/§x;ﬂ|
P(Ax:ﬁ\l) = Ax:ﬁ|1/éx:ﬁ|

Table: Benefit premiums in the fully continuous case
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