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Non-level premiums and/or benefits.

Let by be the benefit paid by an insurance company at the end of
year k, k =1,2,.... The contingent cashflow of benefits is

benefits ‘ 0 b1 by b3
Time after issue ‘ o 1 2 3

Hence, the APV of the contingent benefit is
> b FP{K =k} =Y bevF il
k=1 k=1

Let m,_1 be the benefit premium received by an insurance
company at the beginning of year k, k =1,2,.... The contingent
cashflow of benefit premiums is

benefit premiums ‘ T W MW T3
Time after issue ‘ 0 1 2 3
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Hence, the APV of the contingent benefit premiums is
o0 [e.@]
ZT(';(Jerk]P){KX > k} = Zﬂ'kvk * kPx-
k=0 k=0

Under the equivalence principle,

o oo

k k
§ byv 'kflquzg TV * kPx-
k=1 k=0
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Example 1

For a special fully discrete 15-payment whole life insurance on (20):
(i) The death benefit is 1000 for the first 10 years and is 5000
thereafter.

(ii) The benefit premium paid during the each of the first 5 years is
half of the benefit premium paid during the subsequent years.

(i) Mortality follows the life table for the USA population in 2004.
(iv) i = 0.06.

Calculate the initial annual benefit premium.
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Solution: Let 7 be the initial premium. Equating benefits and
premiums,

2Fé20:T5‘ — 7Té20:§| = (1000)A20 + (5000) -10E20A30-
The APV of benefits is
(1000)Azo + (5000) - 5E20 - 5Ep5 - Az
=52.456 + (5)(0.743753)(0.743683)(82.295) = 280.0495963.

As to the APV of premiums,

1597250

Ba075) = 420 — 1520 - 335 = 16.740 — (1.06) *° =

—10.2376702,
By0:5| = 320 — 5620 - 5 = 16.740 — (0.743753)(16.514) = 4.457662958
275075 — Ty = ((2)(10.2376702) — 4.457662958)r

—16.01767744.

(15.817)

__ 280.0495963 __
Hence, ™ = 16.01767744 — 17.48378299.
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Example 2

Consider a whole life insurance policy to (40) with face value of
250000 payable at the end of the year of death. This policy will be
paid by benefit annual premiums paid at the beginning of each year
while (40) is alive. Suppose that the premiums increase by 6%
each year. Assume that i = 6% and death is modeled using the De
Moivre model with terminal age 100. Find the amount of the first
benefit annual premium for this policy.
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Solution: We have that

Ago = = 0.2693571284

and the net single premium is

(250000)(0.2693571284) = 67339.28211. Let 7 be the amount of
the first benefit premium. Then, 7, = 7(1.06)K, k =0,1,2,...
The APV of the benefit annual premiums is

59 59 60 — k

> vkm(1.06) kpao = Y (1.06) Fm(1.06)F ——
60

k=0 k=0

60

- k  (60)(61)
— ;1%0 = WW = 31.57.

Hence, 7 = 8733328211 — 2137.754088.
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Often, insurance products guarantee the return of net annual
premiums. Consider a fully discrete unit whole life insurance to (x)
that returns the benefit premiums without interest. Let 7 the
annual benefit premium for this insurance. If (x) dies in the k—th
year, the death benefit is 1 + k. Hence, the APV of benefits is
Ax + m(IA)x. To find 7, we solve wa, = A, + 7(IA)x.
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Example 3

Consider a whole life insurance policy to (40) with pays 250000
plus the return of the annual premiums without interest at the end
of the year of death. This policy will be paid by benefit annual
premiums paid at the beginning of each year while (40) is alive.
Suppose that the premiums increase by 6% each year. Assume
that i = 6% and death is modeled using De Moivre's model with
terminal age 100. Find the amount of the benefit annual premium
for this policy using the equivalence principle.
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Solution: Let 7 be the amount of the benefit annual premium.

Using the equivalence principle, T340 = 250000440 + 7(/A)40 and
— 2500004 ~\\/e have that

as0—(1A)40
aza
Ago = 606‘8'06 — 0.2693571284,
. 1—Am 1-—0.2603571284
340 d (0.06),/1.06) ’
1a)=
(IA)40 = ()g((’)'o'% — 4.253403641,
__ 250000Aq _ (250000)(0.2693571284) _ .o ..

30 — (IA)s0  12.90802406 — 4.253403641
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Consider a fully discrete unit whole life insurance to (x) that
returns the benefit premiums with interest if death happens within
n years. Let 7 the annual benefit premium for this insurance. If
Kx < n, then the insurer returns 71'3'7)("- at time K. The present
value at time zero of this payment is wémr We have that
apcil (K < n) + am)il (Ki > n) = 3 gy SO

E[aK|,/(KX < n)] = éx:ﬁ| - éﬁ|i " nPx-

The APV of the return of the benefit premiums is
(8.5 — 3nli - nPx)- To find 7, we solve

max = Ax+ W(éx:m — ag| - nPx)-
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Example 4

Consider a special whole life insurance policy to (40) with pays
250000 at the end of the year of death as well as the return of the
annual premiums with interest payable at the end of the year if
death happens in the first 15 years. This policy will be paid by
benefit annual premiums paid at the beginning of each year while
(40) is alive. Suppose that the premiums increase by 6% each year.
Assume that i = 6% and death is modeled using De Moivre's
model with terminal age 100. Find the amount of the benefit
annual premium for this policy using the equivalence principle.
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Solution: Let 7 be the amount of the benefit annual premium.
Using the equivalence principle,
Tas = (250000)/440 + 7T(é40:ﬁl — am . 15p40). and

250000440
5100015, + 515, 9P We have that

o
Aso = 6%'8'06 — 0.2693571284,
. 1-Agp 1-0.2693571284
_ _ — 12.90802406,
240 d (0.06)/1.06)
415)0.06

Awos) = —gg = 0-1618708165,

. 1-0.1618708165
20151 = 7 0.06/1.06

= 14.80694891,
60 — 15

315 - 15P40 = (10.20498393) = 7.721237945,

(250000)(0.2693571284)

= = 11565.72671.
"= 12.90802406 — 14.80694891 + 7.721237945
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Consider an n—year deferred life annuity which pays B at the end
of the year of death plus a return with interest of the payments
made if death happens in the deferral period. Let 7 be the amount
of the benefit annual premium. Using the equivalence principle,

7réx:3| =B- n‘éx + W(éx:ﬁ| - %n\ : an)-
Hence, a5 - npx = B - nlax and

B - n|éx . B- nExén—&—x . B - nvanén—i—x .

BV”é,H_X . Béx_t,_n

m =

an| * nPx an| * nPx an| " nPx an| Sh|
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Example 5

A 20—year deferred life annuity on (40) is funded by annual benefit
premiums at the beginning of the first 20 years while (40) is alive.
This insurance pays 250000 at the end of the year of death plus
the return of the annual premiums with interest if death happens
during the deferral period. Assume that i = 6% and death is
modeled using De Moivre's model with terminal age 100. Find the
amount of the benefit annual premium for this policy using the
equivalence principle.

Solution: We have that

o
Ago = 42'8'06 — 0.3761574218,

, _1-As _1-0.3761574218
0= g~ (0.06)/1.06)
S5 = 38.99272668,

__ Bl _ (250000)(11.02121888)
N 38.99272668

= 11.02121888,

= 70662.01711.
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