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Abstract

We discuss the large and moderate deviations of a type of empirical processes whose
finite dimensional distributions do not satisfy the Cramér condition. Nonstandard speeds

and rate functions appear.
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1 Introduction

We consider the large and moderate deviations of a particular type of empirical processes
whose finite dimensional distributions do not satisfy the Cramér condition. The speed and
rate functions in the large and moderate deviations of these empirical processes are different
from the usual ones. The large and moderate deviations of empirical processes in the standard
situation were considered by Wu (1994) and Arcones (2001b).

Given a sequence of r.v.’s {U,} with values in a metric space S, a sequence of positive
numbers {¢, }7°; such that ¢, — 0, and a function [ : S — [0, o0], it is said that {U,,} satisfies
the LDP with speed ¢! and with good rate function I if:

(i) For each 0 < ¢ < 00, {z € [(T) : I(2) < ¢} is a compact set of S.

(ii) For each set A € I.(T),

—I(A°%) < liminfe, log(Pr{U, € A})

and
lim sup €, log(Pr{U, € A}) < —I(A),

where I(B) = inf{I(z) : = € B}.

General references on large deviations are Bahadur (1971), Varadhan (1984), Deuschel
and Stroock (1989) and Dembo and Zeitouni (1998). Given a sequence of nondegenerate
iidrvs {X;}2°, such that E[e?*] < oo for some A > 0, n 71320 X;, n > 1, satisfy
the large deviation principle with speed n and rate I(z) = sup,cp (Az — E[e**1]) (Cramér,
1937, and Chernoff, 1952). The moderate deviations principle says that in the situation
above, for any sequence of positive real numbers {a,} such that a, — oo and n~Y%q, — 0,
a;'n723"% (X; — E[X]), n > 1, satisfy the large deviation principle with speed a2 and
with rate function I(z) = 27'0722% (Petrov, 1965; see also Petrov, 1996, Theorem 5.23)

It is known (see for example Nagaev, 1978 and Mikosch and Nagaev, 1998) that if the
Cramér condition fails other speeds and rate functions appear in the large and moderate
deviations of sums of r.v.’s. We give an example of this for empirical processes. We present

the following result:

Theorem 1.1 Let {&;;}75_; be a double sequence of symmetric i.i.d.r.v.’s with Pr{[§; ;| >
u} = e, for each u > 0, where 0 < p < 1. Let {b,}>°, be a sequence of positive numbers
such that bi%p — 0. For each t € T, let {x;(t)}32, be a sequence of real numbers such that
> 2y |(z(1)]? < 0o. Then, the following conditions are equivalent:

(a.1) (T, d) is totally bounded, where d(s,t) = sup;s |;(s) — z;(t)].

— n 00 Pr
(a.2) by ' supyer | Do, Zj:l zj(t)&.;] — 0.



() {6, 320, D02 ()i« t € T} satisfies the LDP with speed U, and rate funtion

1nf{z |y |P sz vi = 2(t) for each t € T'}.

If b, =n and 0 < p < 1, the previous theorem presents an empirical process for which the
large deviations hold with speed n?. This speed n” is slower than the usual one n. If {b,}
is a sequence of positive numbers such that bii_p — 0 and %" — 0, then previous theorem is
considering the moderate deviations of certain empirical processes. The speed of the standard
moderate deviations is n~'b%. The speed of the LDP in the previous theorem is b7, for
0 < p < 1, which is of smaller order of magnitude than n~'b2. These speeds are so, because
the considered empirical processes do not satisfy the Cramér condition.

The condition in Theorem 1.1: for each t € T, 377, |(z;(t)|* < oo, is needed. By the three
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j-173(t) < oo (see for example

series theorem Y °, x;(t)&1; converges a.s. if and only if > >°
Theorem 4 in Chow and Teicher, 1978).

Stochastic processes similar to the ones in Theorem 1.1 have been studied by several
authors (see for example, Talagrand, 1991, 1994).

Theorem 1.1 is related with the moderate deviations of sums of i.i.d.r.v.’s with values in a
separable space B. Chen (1991), Ledoux (1992), Wu (1994) and Arcones (2001b) have studied
this problem. The conditions imposed in these papers to obtain the moderate deviations in
this papers are not satisfied. In particular, Ledoux (1992) assumed that there are ¢ > 1 and

M > 0 such that for each u > 0,
(1.1) nb, ?log (Pr {||X|| > ub,}) < — M *u?

In the situation considered in Theorem 1.1,

lim A7 log | Pr< sup | ij(t)f”| >\ = —(supsup |$j(t)|p)_1
A—00 teT T j

teT j2>1

(see for example Theorem 3.11 in Arcones, 2001c). So, under the conditions in Theorem 1.1,
(1.1) does not hold:

lim nb,?log(n Pr{iujl? | ij(t)fi,ﬂ >b,}) =0.

¢ will denote an universal constant that may vary from line to line. Given a sequence of

real numbers a = {a;}, we denote |a|, = supys; |ax.



2 Proofs.

First, we consider the one dimensional case:

Theorem 2.1 Let {X;}52, be a sequence of symmetric i.i.d.r.v.’s. Let0 <p < 1. Let {b,}72,
" 0 and 22 — 1. Let a > 0. Then, the

b?f” bnt1

be a sequence of positive numbers such that

following conditions are equivalent:
(a) lim;_ o tPlog(Pr{|X| > t}) = —a.
(b) {1 >77_, X} satisfies the LDP with speed W, and rate function I(t) = alt|?.

Proor. Without loss of generality, we may assume that a = 1. We only consider the case
0 < p <1, the case p =1 is similar.
Suppose (a). It suffices to prove that for each ¢ > 0,

(2.1) lim 0,7 log(Pr{| Y X,| > th,}) = —¢".

J=1

By the contraction principle (see for example Theorem 4.4. in Ledoux and Talagrand,
1991)

Pr{|X| > tb,} < Pr{| > X;| > th,}.
j=1
Hence,
(2.2) lim inf b,” log(Pr{| Y * X;| > th,}) > —1".
j=1

Given 0 < A <=t and 1 > § > 0, we have that, for n large enough,

(23) Pr{| 225 X5l = thn}
nPr{|X| > tb,} + Pr{| X7, X;I(1X,] < tb,)| > tb,}

ne— (1=t 26—Atng[€Abﬁ‘l ¥y le(|Xj\§tbn)]

IA

IN

— nef(lfc;)tpbﬁ + 267)\tbﬁ+nlogMn
where M, = E[e?h ' XI(XI<th)] We claim that

(2.4) b, ’nlog M,, ~ b, ’n(M, — 1) — 0.



By a change of variables,

M, = [° Pr{e’\bp_IXmXKtb >uldu= [T Pr{A® X > u, |X| < th,}e" du
= [P Pr{IX| < thayetdu+ [0, Pr{th, > X > AL Pulet du
-I—ft)‘b"P {tb, > X > N\ "Pu}e* du
= Pr{|X] < th}e ™ + [° o, € du
—/° o Pr{X < A0l Pulet du — [° i\t Pr{X > tb,}e" du
ft)‘b”P {X > X1 Pute du — t/\b"P {X > tb,}e" du
= Pr{|X] < thyte M 4 (1 — o) 4 [ Pr{X > ATl Pu) (et — ev) du
—Pr{X > tb,}(e?h — ¢~tA0h)
= I+ I11+1I1—-1V.

Given 1 — At™P > € > 0, we have that for n large enough,
b, ’nl < bie_t’\bg — 0,

bPnlIT — 1] < b2e ™ — 0,

and
b PnIV < bpe(1mIREIAR _ q,

By the change of variables, ub.™? = x, we also have that

bPnlll <271 pnft’\b” —(1=APh et —e ) du
- 92— 1b Ly t)‘bn —(1 AT p:c”( bl _e—bﬁ 196) du

—17—-1 —(1—€e)A"PzP bp_la: —bfl_lx
= b, nfo )\b ) (e e 1)dav
tA\by, p— _ap—
+27 10 1n plp € (1=eA™PaP (ebn @ _ o=bn ") dy
Db
chb; 1nf0 ~(=A P2 gy dy + 2710 n bip (1=OAPaP+61 " g

VANRVAN

tA\b _ 1-pyl—
enbP=2 + 27 1b nfl n e~ (1=)ATPaP+tI7PA pmpda:—>0.

(2.4) follows from the previous estimations.
It follows from (2.3) and (2.4) that

lim sup b, ? log(Pr{| ZXJ-] > th,}) < =)t

n—oo

j=1
Letting A — t?~!, we get that
(2.5) limsup b,,? log(Pr{| ZX]‘| > th,}) < —tP.



(2.2) and (2.5) imply (2.1).

Suppose (b). By the arguments in Lemma 2.1 in Arcones (2001b), given ¢ > 0 for each
>4 >0,
(2.6) limsup b, ”log (n Pr{|X| > (t + 0)b,}) < —(t* —9).

n—oo

This implies that for ¢t > 0,
limsupb,,? log (Pr{|X| > tb,}) < —t*.

By the contraction principle (see for example Theorem 4.4. in Ledoux and Talagrand, 1991),
for each t > 0,

Pr{X] > 1) < Pr{| YO = 1),
i=1
we have that for each t > 0,
(2.7) lirlgiorc}f b,? log (Pr{|X| > tb,}) > —t".
(2.6) and (2.7) imply (a). O

Under the conditions in (a) in Theorem 3.1, by Theorem 3.6 in Arcones (2001c),
{n=1 3772 2i(1)&1;  t € T} satisfies the LDP with speed n? and rate funtion

I(z) = inf{z |yilP in(t)% = z(t) for each t € T'}.
i=1 i

i—1

This implies that for each t € T,

(2.8) lim u?log (Pr{| E z; ()& 5] > u}) = —uP/sup |z;(t)[F.
Jj=1
So, the processes which are considering satisfy (a) in Theorem 3.1.

We will need the following lemma:

Lemma 2.2 Let {X,}22, and {Y,} be two sequences of r.v.’s. Let {e,}>2, be a sequence of
positive numbers such that e — 0. Suppose that

(i) Suppose that for each n > 1, X,, and Y, are independent.

(i1) { X}, satisfies the LDP with speed {€,}5°, and good rate function I.

(1i1) {Yn}o2, satisfies the LDP with speed {€,}>° | and good rate function Is.

(iv) For each i = 1,2, I; is continuous in {x : I;(x) < co}.

Then, {(X,,Y,)}52, satisfies the LDP with speed {€,}°°, and good rate function I(u,v) =
I (u) + Ix(v).



PROOF. Let F be a closed set of IR%. Let ¢ = inf{I(u,v) : (u,v) € F}. Let C =
Fn{(u,v): L(u) <c Ix(v) <c}. Cisacompact set. Given 6 > 0 and 0 < t < ¢, let

U= {(u,v): [1(u) >t —0,1(v) >c—1t—0d}.
Then, €' C Up<i<U;. By compactness, there are ¢1,. .., ¢, such that C' C UJ,U;;. Hence,
F C{(u,v) : Ii(u) > ey U{(u,v) : I(v) > c} UUL Uy,
This implies, using hypotheses (i)—(iv), that

limsupe, log Pr({(X,,Y,) € F}) < —

n—oo

It is obvious that for each open set U,
liminf €, log(Pr{(X,,Y,) € U}) > —inf{I(u,v) : (u,v) € U},
and that [ is a good rate function. [

PROOF OF THEOREM 1.1. Assume (a). We use Theorem 3.1 in Arcones (2001a). Next,
we obtain the LDP of the finite dimensional distributions. We need to prove that for each

ty,...,tm €T,
(bQIZij(tl)@,j, e szj )&ii)-

i=1 j=1 i=1 j=1

satisfies the LDP with speed b? and rate function

(2.9) I(uy, ..., u 1nf{z |7:|? : sz t1)vi = w for each 1 <1 <m}.

To do that, we use Lemma 2.2 in Arcones (2001c) with

n k k
ka = (b;122$j<t1)£i7j,...,b;1 Zx]<tm)£z,])

i=1 j=1 i=1 j=1

and
n

= (bgl ij t ézjv s 7br:1 ij(tm)gi,j)'

i=1 j=1 i=1 j=1
By Theorem 2.1. and Lemma 1.2,

(b, me, N Zfzk;)
i=1 :



satisfies the LDP with speed b2 and rate function I(vq,...,v) = Z?Zl |7;P. Hence, by the
contraction principle for each k > 1, {X,,,x}>2, satisfies the LDP with speed 0¥ and rate

n

function

k k
(2.10) I(ur, ) = if0> l? 0> i)y = w for each 1 <1 < m}.

Hence, condition (i) in Lemma 2.2 in Arcones (2001c) holds. By Theorem 2.1 and (2.8), given
T >0,

b;Plog (Pr{| Xpx — Xi| > 7}) < b7 log (Zpr{\b Z Z zi(t)E| > T/m}>

i=1 j=k-+1

—(r/m)"

— , as n — 00.
maxi<i<m SUPky1<; |z (t) P

So, condition (ii) in Lemma 2.2 in Arcones (2001c) holds. We have that

inf{l(uy,...,ug) : |ug,...,ug)|eo > m}=mP/ 112%311@?3%’% ()P,

where [, is as in (2.10). This implies condition (iii) in Lemma 2.2 in Arcones (2001c). To end
the proof of the LDP for the finite dimensional distributions, we need to prove that
lim lim inf 7 (Boo (w1, -« -y um), 0)) = L(ug, ..., Up),

6—0 k—oo

where I is as in (2.9) and I is as in (2.10). First we prove that

(2.11) lim liminf I (Beo (U1, - - - s Um),0)) > (U1, ..oy Upy)-

0—0 k—oo

We may assume that the left hand side of (2.11) is finite. Suppose that {agkj) 1 <i <kl
satisfies that for each 1 <1 < m, Z k3) x;(t;)) — u; as j — oo and

zlz

Z ]a(k P — hm hmlnf I (Boo(u1, - - - s upm), 6)).

There is a finite constant ¢ such that Zf 1 |a§kj ) [P < ¢ for each j > 1. By taking subsequences,

(k)

we may assume that for each ¢ > 1, a, 7" — a; for some a,;. By the Fatou’s lemma

Z la;|P < lim iminf I} (Boo (41, - -« , U, ), 0)).
=1

0—0 k—oo



To end the proof of (2.11), it suffices to show that for each 1 <1 < m,

k; 00
(2.12) ST awi(t) =Y agi(h).
=1 =1

Given € > 0, there exists a positive integer ig such that > °°
|z:(t1)| < €/(3c?). Then, for k large,

imioq 1P < €/3 and for i > g

10

|§:a§kj) Za,xz (t)] < €/3.
i=1

=1

We also have that

1/p

k; k; k;
D2 an) < (/Be) Yo a1 < (/G | Y0 P <
i=ig+1 i=ig+1 i=ig+1
and
kj
| > ami(t) < e€/3
i=19+1
Hence, (2.12) follows.
We also have that
(2.13) I(uy, .. uy) > (l;irr(l)ligninffk(Boo(ul, cey Upy), 0)).
We may assume that I(ug,...,u,) < co. Given a sequence {a;}°, such that

Yoo awi(ty) = w, for each 1 <1 < m, we have that for each 1 <1 < m, Z¢:1 a;x;(t) — uy,
as k — o0o. So, (2.13) holds. Therefore, by Lemma 2.2 in Arcones (2001c), the large deviation
principle of the finite dimensional distributions hold with the claimed rate.

To get tightness, we apply Lemma 2.5 in Arcones (2001b). By Theorem 3.6 in Arcones
(2001c), {n~" =72, x;(t)&1; « t € T} satisfies the LDP with speed n” and rate funtion

1nf{z |y |P sz Vi ) for each t € T'}.

This implies that for each v > 0,

Hm SUp,, o 057 10g(Pr{SUP o) _a(t) oo < | 22521 (25 () — 25() &1, = bout
= —inf{3 7 [ylP 2o @ity = 2(8), 2202, wils) v = 2(s),

and SUD (5)—a (1) <n 12(8) — 2()] > u}



Now, given u > € > 0, if |z(s) — 2(t)]|oo < n and u — € < |z(s) — z(t)|, then

w—e <32 (i(s) = xi(t)wl < la(s) — a(t)|oo (25 [lP)VP < n(332y Tl P,
So,
inf {327 [lP e 225 @)y = 2(8), 222, i(s)vi = 2(s),
and SUp|, () —o(n)<n 12(8) — 2(1)| = u} > (u/n)?
This implies that for each v > 0,
limsup b7 log (Pr{ Y, > b,u}) < —(u/n)?,

where
o

VW= sup D (i(s) — wi(1)Enl.

j2(s)-a(le<n <
Hence, condition (i) in Lemma 2.5 in Arcones (2001b) holds. To prove condition (ii) in Lemma
2.5 in Arcones (2001b), we need to prove that for each 0 < A\, M < oo,

lim lim sup nb;pE[(e’\?FlYl(m 1)I(Mb, > Y ) > bl )] = 0.

=0 pnooo

Take 7 > M'~P)\ and 7 such that
limsupt~7? log(Pr{Yl(”) >t} < —
t—o00

ppt

By the change of variables 1 + u = e’ *, for n large enough,

nbPE[(eXh " 1)I(Mb >y, > bl‘p)]
s Pr{e’\bp —1>wu, Mb, >Y >b1 p}du
nby? [ Pr{AY,\" >z, Mb, > V" > blPlet ppldy

< b Pr{Y" > bl-P} 4 nb? fAbAb”P IVl >x}e‘”b "1 d
< nb—Pek—sz(l >+7Lb ]\/IIM;;VL 6—7'>\ p:vp-l-zbl pd$
= n n Sl
1—
< nb;pe/\—fbﬁ( P) + b AJ\bilAl;n o (TATP=MI=PAL=PYP gy

Condition (iii) in in Lemma 2.5 in Arcones (2001b) holds by symmetry. Condition (iv) in
Theorem 2.5 follows from (a.2) and the Hoffmann—Jgrgensen inequality. We claim that

(2.14) supzrr

tET

We have that sup,er |72, 7;(t)61;] = Op(1). By the contraction principle for sums of
Rademacher r.v.’s (see for example Theorem 4.4. in Ledoux and Talagrand, 1991),

sup| 3 ;11,1 (1€155(8)] < 1)] = O,(D).
SON

10



Now the Hoffmann—Jgrgensen inequality (see for example Proposition 6.8 in Ledoux and
Talagrand, 1991) implies that

SUP|Z% Ve (|25 (H)é ;] < DP] <

teT

Let a = sup;ep sup,>; |2;(t)|. Hence,

SUPZJI Bl I(al&a] €1)] < SUPZE (&L ([€1525(1)] < 1)] < 00

tET

and (2.14) holds. (2.14) implies condition (v) in Lemma 2.5 in Arcones (2001b).

Assume (b). Since for each 7 > 0,
inf{/(z) : sup|z2(t)| > 7} = 77,

(a.1) holds. Theorem 3.1 in Arcones (2001a) implies that for each k& > 0, (¢, px) is totally
bounded, where
di(s,t) = inf{|ug —wq| : I (ur, ue) <k}

It is easy to see that

) = nf (Y (i) = 2,0 D Il < k) = fals) = a(t)| ok

So, (a.2) follows. [J
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