Math 222 Calculus 2 Fall 2005 Practice Exam 2

INSTRUCTIONS: Show all necessary work for each problem. Partial credit is possible if
work shows some understanding. Numerical answers should be expressed as exact mathe-
matical expressions rather than decimal approximations.

(1) (30 Points, 6 Points each) Evaluate the following integrals.

(a) /0083(511) sin®(z) dx (b) /tan3(;z;) sec3(z) da
(c) /@%%@dx (@ /x?+ﬁ+ﬁm+3

d
(22 + 3)x? v

(e) / _ dz
RN
dx
1+ 42
(3) (10 Points) Evaluate /4 Qdim
1 z°+x—6
(4) (10 Points) Use the Comparison Theorem to determine whether the following improper
integral converges or diverges. DO NOT COMPUTE THE EXACT VALUE OF THE
INTEGRAL, but show all work needed for the Comparison Theorem.

(2) (10 Points) Evaluate/
1

oo
1
—dx
/1 Vb +x+1
(5) (10 Points) Determine whether each sequence {a,}22; converges or diverges, and if it
converges, then find its limit.

(a)an:n2< ! ! ) (b a, = 2o+ 1L

n+l n+3 T 3n2+42

(6) (15 Points) Determine whether each series converges or diverges. Explain the reasons

for your answer. If the series converges, find its sum.

= 267 > In(n + 1) e 1
(a) ; 3G CP M e () nz::l prse

(7) (15 Points) In each part determine whether the series converges or diverges. Explain all
details of the test for convergence you used.

o0

- 1 1
(a) ;n(ln(n))Q ®) 2 5w

n=1



Math 222 Calculus 2 Fall 2005 Practice Exam 2 Solutions
(1) (30 Points)
(a) [cos®(x) sin*(z) dx = [ cos?(z) sin*(z) cos(z)dz and after the substitution u = sin(z)
with du = cos(x)dz, this gives

5 7 -5 .7
/(1 —w?)utdu = /(u4 — u®)du = % -2 Lo— 51115(93) B sm7(x) )
b) [tan®(z) sec®(z) dx = [(sec?(x) — 1) sec?(x)tan(z)sec(z)dr and the substitution

u = sec(x) with du = tan(z)sec(x)dz gives

5 3 5 3
/(u2 — Duldu = /(u4 —u?)du = % - % +C = sec5(a:) — secg(x) +C.

(¢) From the half-angle formula, we get

/COS4({E>da'} = % /(1 + cos(2z))?dx = i /(1 + 2cos(2z) + cos?(2x))dx

_x  sin(2z) 1 _x sin(2z) 1 sin(4x)
=117 +8/(1—|—cos(4a:))dx—4—l— 1 8(:(: 1 )

3z sin(2x)  sin(4w)
=gty T tC

23+ 224+ 62+ 3 _Az+B C D
= — + —. Th
(22 + 3)x? x?+3 * x + o

+C

(d) Using partial fractions we can write

23422 4-62+3 = (Ar+B)r* +C(2*+3)x+D(2*+3) = (A+C0)2* +(B+D)2* +3C2+3D

which gives the equations A+ C =1, B+ D =1,3C=6,3D =3s0 A=-1, B=0,
C=2,D=1. Then

/x3+x2+6x+3 / —zdx /2dw dac
dx =
(22 4 3)z? z2 43

-1 1
= —Injz? +3|+2Inz| - - +C.
2 x

(e) Use the trig substitution = tan(f) and dz = sec?(#)df, and get

/ 1 / sec?(6)do sec?(6)d0
.’Ezm tan ( \/133117 taHQ(Q) Sec(@)
sec(0) R R
= do = do = | = _ 0
/ tan?(6) / sin(6) 2 (using v.=sin(6) )
/2

sm(@) x



* d
(2) (10 Points) Evaluate/l szz

Solution: This integral is improper since the upper bound is infinity. We find the
indefinite integral, by the substitution u = 2z, so du = 2dzx.

d 1 d 1 1
/Hﬁ =3 / 1_1_71;2 =5 arctan(u) = 3 arctan(2z) + C.

The improper integral we want is then

<g — arctan(Q)) :

N | —

1
lim i(arctan(Qt) — arctan(2)) =

t—o0

4
dx
3) (10 Points) Evaluate —_.
) (10 Points) Bratuate [ S
Solution: This integral is improper since the denominator of the integrand equals (x +
3)(x —2), which is zero at x = 2. Use partial fractions to write m =15 - x%rg) S0

the indefinite integral is %ln ’i—;g‘ + C. We must break up the improper integral into two

pieces, from 1 to 2 and from 2 to 4, and if either one diverges, the whole integral diverges.

The improper integral diverges since
1

— lim In
5 t—2—

t—2
t+3

1—1
—In|—| — —o0.
1 00

(4) (10 Points) Use the Comparison Theorem to determine whether the following improper
integral converges or diverges. DO NOT COMPUTE THE EXACT VALUE OF THE
INTEGRAL, but show all work needed for the Comparison Theorem.

& 1
— dx
/1 vVt +x+1
Solution: Since z° 4z 41> 2° > 0 for = > 0, we have V/z% + z + 1 > Va® = 252 so

1 1
< .
VaS+z+1 2/

We know that the integral floo xipd:z: converges for p > 1, and in this case p = g > 1. So

0<

by the Comparison Theorem, the given integral converges.



(5) (10 Points) Determine whether each sequence {a,}22; converges or diverges, and if it
converges, then find its limit.

1 1
(a) (5 Points) a, = n? <n+ . n+3)

Solution: The sequence converges to 2 because as n — oo we have

5 1 1 o M+3)—(n+1) 2n? 2 5
n —_ =N — — — .
n+1 n+3 n?+4n+3 n?+4n+3 1+4/n+3/n?
(b) (5 Points) a, — 2 1
oints) a, = ———
3n2 + 2
Solution: Let f(z) = giji; so that f(n) = an, and use L’Hospital’s rule for type ==.
222 + 1 . 4z 4 2
lim ——— im —=-=-.
z—o0 3x2 + 2 z—oo b 6 3

(6) (15 Points) Determine whether each series converges or diverges. Explain the reasons
for your answer. If the series converges, find its sum.

> 9(3n)
(a) (5 Points) Z FED)
n=1
Solution: Writing % = g—: = (%)n we see this is a geometric series with ratio 0 <
8 < 1 and first term &, which converges to 8_/ 9% = 9§—8 =38.

_ = In(n+1)
b) (5 Points —_—
() (5 Potuts) 3 7057

Solution: This series diverges by the Test for Divergence because by L’Hospital

(z+1) o g 2?42 142/ ]

— S N i e )
z—oo In(z? +2) z—oo wgiQ s 2z(x +1) oo 2 +2/x 2 7

(c) (5 Points) Z +2
n(n

1 1 1
Solution: Since

1
—— == - = , this is a telescoping series whose partial
nn+2) 2\n n+2
k

1 1 1 1/1 1 1 1
S:—E - — = _ (24— _
sums are Sg 2n:1< > ( +2

so the series converges
n n+2 2 \1 k+1 k+2

. 3
to lim S, = 1

k—oo



(7) (15 Points) In each part determine whether the series converges or diverges. Explain all

details of the test for convergence you used.

(a)

= 1 =1
712_:2n(1m(n))2 (b) 7;5n(3/2)

(10 Points) Let f(z) = 5, 80 f(n) is the n'" term of the series. To use the

-
z(In(z))

Integral test we must check that f(z) is positive, continuous, and decreasing on
some interval [V, 00). It is clearly postive and continuous for any = > 1. We have
the derivative

—1

= 2@ [1 * 1n<2x>}

which is negative when 1 + > 0. This is certainly true if In(x) > 0, which

2
In(z)

happens for all x > 1, and we may take N = 2. Then the convergence of the series
is equivalent to the convergence of the improper integral

00 ) t 1
/2 f(z)dx = tli)rglo ; de.

After the substitution u = In(z), du = dx/x, we find the indefinite integral

/mdx = /quu =—u = ln_(i) +C

-1 -1 1
so the improper integral is li)rglo (i ) () = o @ which is finite, so the series
converges.
5 Points) Si L ! QI Itiple of t i
(5 Points) Since Z =G — & Zl @2 18 @ multiple of a convergent p-series
n=

with p =3/2 > 1 the series converges by the p-test.



