Math 222 Test 2 October 23, 2006

1. (9 points) /6 sin?(3z) do =
0

Solution: Use the half angle formula (also known as the double angle formula):

/ " Gin?(3a) di = I "3 ontoa) d

0 0 .
-1 [ _ ésmmx)]j (+)
SR

1 1
The step flagged with (%) used the substitution u = 6x, x = éu, dx = G du to get

1 1 1
/cos(ﬁa:) dx = G /cos(u) du = 6 sin(u) + C = 6 sin(6x) + C

2. (9 points) /tan3 zsec’ z dr =

Solution:

/tan3 zsect xdr = /tan3 zsec? xsec? x dx
= /tan3 z(tan? z 4 1) sec® z dx using sec’ z = tan?z 4 1
= /u3(u2 +1)du substitute v = tanz, du = sec? x dx
= /(u5 + u?) du

Ll 1y
—6u—|—4u+0

1 1
=3 tan® 2 + 1 tan*z + C replace u with tanx

3. (9 points) /9 o _
| P 2 \/$—2_

Solution: First, calculate the indefinite integral using the substitution u = x — 2, du = dx:

7%— jl/—%—/u_l/QdU—2u1/2—|—C—2\/ﬂ+C—2\/:):—2+C

1



Now

9 d 9 d
/ Y — lim < it’s improper at the lower endpoint
2 VI —2 a—2t J, Vx —2
9
= lim [2\/&3 — 2]
= lim_[2v7 - 2Va 2]
a—2
= N7

1 poms) [ s =

Solution: First complete the square: 2 + 6z + 10 = 22 4+ 62+ 9 — 9+ 10 = (x + 3)*> + 1. Now this is
of the form “variable squared + constant squared”, so a tangent substitution is called for:

x+3=tanu, dr=secudu, secu=vVtan2u+1=+/(z+3)2+1=+22+6x+10
Making this substitution,

sec? udu

/\/:c2+6:c—|—1 / secu

= /secudu

=In|tanu +secu| + C

:1n‘x+3+\/x2+6x+10‘+0

1
5. (9 points) /tan_l(a:)d:v:
0

Solution: First calculate the indefinite integral:

integrate by parts:

tan"!(z)dr = ztan "tz — u=tan"" z, dv = dz;
1422 dx
du = —5, V=
1+«
1 dZ 1
= rtan~ :c—§ subst1tutez-1+:c dz = 2x dx, xd:c—gdz
z

1
= rtan 'z — an]zH-C'

:a:tanfla:—%ln(l—FxQ)—FC

Now put in the limits:
! 1 1 1 Nk 1 1 1 1
/ tan™ " (x) dr = [mtan_ xr — —ln(l +z )} =1-tan" (1) — §ln2 — |0-tan™"(0) — §ln1
0 0
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% “In2-[0-0] =



. dx
6. (9 pOlHtS) /m =

Solution: Use a trig substitution:

x =3sinu, dxr=3cosudu, \/9—302 \/9 9sin?u = 3V 1 —sin®u = 3cosu

So you get:
/ dz _/3cosudu B 1/ du l/seCQUdu
(9—22)3/2 | (Bcosu)3 9/ cos?u 9

1 1 sinz 1 1y

=_t C=-. C=- - —32—+C
9 anu 9 cosxjL 9 %./9_332+

X

=———+C

9v9 — 22
7. (9 points =
(9 points) /2 z? 44

Solution: First, calculate the indefinite integral using the substitution z = 2u, dx = 2 du:

dx 2du 2 du 1 1
e = [ o= b ()
/332—1—4 /4u2—|—4 4/u2+1 gten” (W) +C=gtan™ (5)+C

Now

(o]
/ 22+ 4 4 b / 2244 it’s improper at the upper endpoint
2 X —>oo x
b
x
g [pe 3
boo [2 o 2/,
1 b 1 2
=t [ (5) =3 3)

17

=55-31 since 5 X and xllrgotan_l(x) = g
oo
-8

8. (9 points) / L d
. oints —dx =
P Va(r —1)
Solution: Make the substitution © = vz, so & = u? and dz = 2u du:
1 2u du 2
— dr = = d
/\/E(a:—l) v /u(w2—1) /u2_1 “

This integral can be handled by a trig substitution (either secf or sin#), but it is easier to use partial
fractions:

2 2 A B
w2—1 (u—1)(u+1) :u—1+u—|—1
2=A(u+1)+B(u—1) cross multiply
2=24A = A=1 pluginu =1

2=-2B — B=-1 plug in u = —1
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So now finish the integral:
1 2
S Y . S
/\/E(af—l) v /uQ—lu
A B
_/(u—1+u+1) du
1 1
_/<u—1_u—|—1> du
=Inju—1]—Inju+1|+C
=In|yz—1|-In|yz+1|+C plug in u = /x

9. (9 points) /x2e3x dex =

Solution: Double integration by parts, using several times / e dr = %6333 +C:

2 3x
2 3% 5. _ u=z* dv=e*dx;
/ace d = du:2xdx,v:%e3x
Ly, 2 3z u=z, dv=e*dx;
—3v e _§/$e dz du:dl‘,vzéegw
1 2|1 1
— gx263ac _ g |:§x€3a: o g/GSxdx]
1 211 1 1
_ gm2e3m o g |:§.’E63x o g §e3m:| +C
1 2 2
:§$263m—§l‘63m+2—763m+0
. . . . . 3+ 2 .
10. (9 points) Find the partial fraction expansion for m You must determine the
x?(x

unknown constants, and show your work. Do not integrate anything.

Solution: The bottom is already fully factored, since z + 1 is irreducible. So

?+2 A B Ca+D

2222 +1) =z 22 2241

2?4+ 2= Azx(2® +1) + B(z* + 1) + (Cx + D)a? cross multiply

23+ 2= Ax® + Az + Ba® + B + C2® + Da? multiply out

2 4+2=(A+C)*+(B+D)2*>+ Az + B collect powers of x
1=A+C coefficients of &3
0=B+D coefficients of 2
0=A coefficients of x

2=0B constant terms
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The last four lines, reading from the bottom, give B =2, A =0,2+D =0 = D = -2, and
04+C =1 = C =1, so the partial fraction decomposition is

x>+ 2 _A B C’x—I—D_2 r—2

2(@2+1) =z 22 2241 2?2 a2+1

11. (10 points) The curve C is given by 2 = 1 4 ¢* for 0 < y < 2. In each part, give your
answer as an integral involving only one variable.

Do not try to do any of the integrations.

(a) What is the length of the curve C?7

d
Solution: d_a; = 3y so the arc length is
Y

2 | 2 2
L:/ 1+<Z—;> dy:/ V14 9ytdy
0 0

(b) What is the area of the surface which is obtained when C' is rotated about the X-axis?
Solution: The radius of the circle traced by a point on the curve is given by ¥, so the surface

area is )
S—27r/ yv 1+ 9ytdy
0

(c) What is the area of the surface which is obtained when C' is rotated about the Y-axis?
Solution: The radius of the circle traced by a point on the curve is given by = 1 + y2, so the

surface area is )
S = 27r/ (1+y3)V/14 9yt dy
0



