MIDTERM EXAM

1. (5 pts) Give the definition of In(x) for x > 0.

SOLUTION: In(z) = | 1dt.

1

2. Solve for z:
(a) (10 pts) 107 = ¢*”
SOLUTION: 10° = ¢ = In(10%) = In(e*")

= 21n(10) = 2? = 2? — 21n(10) = 0

= z(z —In(10)) =0 = 2 =0 or x = In(10).

(b) (10 pts) log, 8 = —3
SOLUTION: log,8 = 3=z *=8=1=8"13= 1.

3. Calculate the derivatives of the following (you need not simplify):

(a) (8 pts) f(z) = cosh(z) — tan™!(z)
1

SOLUTION: f/(x) = sinh(z) — =t

(b) (8 pts) g(x) = (sinh(z))(tan(z))
SOLUTION: ¢'(x) = (cosh(z))(tan(x)) + (sinh(z))(sec?(x)).

(c) (8 pts) h(x) =

(e* 4+ 1)zt +In(z)e”
(e T 17

SOLUTION: i/(x) =

(@) (8 pts) i(x) = 27507

SOLUTION: #/(z) = 275 (@) In(2) (sin‘l(w) + ﬁ)



(sin?(z))(z® + 1)7

(you may leave M(x) in
e sec?(x)

4. (15 pts) Calculate the derivative of M(z) =

your answer).

() (2 + 1)”)

SOLUTION: In(M(z)) = In <(Sin2 o
Therefore, In(M (z)) = 2In(sin(z)) + 7 In(2® + 1) — ;ln(em sec?(z))
: 2 1 T 1 2
=2In(sin(z)) + wIn(z” + 1) — 5 In(e®) — 5 In(sec®(z))

= 2In(sin(z)) + rIn(z® + 1) — ;x — In(sec(x))

Taking the derivatives of both sides, we get

1 g — cos(x) - 2¢c 1 sec(z) tan(z)
M@ =2 TTER T 2T secln)

, 2mx 1
M'(z) = M(x) (2 cot(a) + 1w — 5 = tan(:z:)).

5. Calculate the following:

(a) (4 pts) sin(arcsin(—3)) = —3



(b) (4 pts) cos(arcsin(—3))

SOLUTION: Using the picture, let § = arcsin(—3).

Then cos(arcsin(—3)) = ¥

(c) (4 pts) cos™"(cos(})) = ]

(d) (4 pts) tanfl(tan(%ﬂ))

/3 1
-1 /3

SOLUTION: Using the picture, we see that tan(Z) = —/3.

Also, from the picture, we see that tan~!(—/3) = —T.



6. Evaluate the following limits:

t
(a) (10 pts) lim arctan(z)
T— x

arctan(z) 0

SOLUTION: hII(l) ~ so we use L’Hospital’s rule to get

T

I arctan(z) _ T _q

z—0 T z—0 1

. cosh(x)
b) (10 pt |
(b) (10 pts) lim —2
h Tre ™ 243
SOLUTION: lim &) _ pp, e 245 5
x—In(2) e* z—In(2) 2e” 2-2 8

si — 0
in(x) — cos(z) et so we use L’Hospital’s rule to get

SOLUTION: lingT —

T .CE—Z

sin(z) — cos(z)

cos(z) + sin(x) /3.

lim — = lim =
r—7 €T — 1 z—7 1

(d) (10 pts) lim zl/VE

SOLUTION: lim z'/V* — °, so we let y = lim 2'/V.

T— 00 Tr—0o0

1
Therefore, In(y) = lim In(z'/¥%) = lim n(z) o0

T—00 r—00 \/E o0
In(x 1
So we use L’Hospital’s rule to get, lim (z) = lim -+

NG

= lim
T— 00 :C
1
= lim — =0

r—00 €T

Thus, In(y) =0, so y = lim z/V® = ¢ = 1.

T—00



o dx
10 pt /
(e) ( 1E>S)ﬁl+$2
s d tod
SOLUTION: [~ % [ 9%
V3 1+ 22 t—oo J\/3 1 + 22

V3
o —1py T
= lim (tan (t) 3)
_rT_7T
2 3
_r
6

7. Evaluate the following integrals:

(a) (10 pts) /exln(x)dx
1
SOLUTION: Using integration by parts with u = In(z), dv = zdz,

du =% and v = 127, we get

/lexln(x)dx = <1m2 In(z) — ;/xdx>

e

€

\)

1

2% In(z) — 1$C2>

Il
I/~
N | —

1



(b) (10 pts) /\/mxexzdx

1
SOLUTION: Using u-substitution with v = 22 and du = 2xdz and changing

the bounds to u = (1) =1 and u = (1/In(3))* = In(3), we get

\/1n(3) 9 1 rIn(3)
/ ze® dx = 3 / e“du
1 1

1 . In(3)
=5 ()],
1
=5B—¢)
_3—6
2
dx
1 -
(d(Opmf/ﬂ—ax—w
SOLUTTON&/ du :ﬂ/ dr
2?2 —2x—15 (x —5)(z +3)

[Gorais)®
r—5 x+3

/A(m+3)+B(aj—5)d

T
(x —5)(x + 3)
Ifx:5,thenweget1:8A¢A:§

If 2 = —3, then we get 1 = -8B = B = —3

_1/ dx _1 dx
- 8J -5 8J x+3

=ilnjz—5—ftInjz+3|+C



(d) (10 pts) / (43629:1)2@

SOLUTION: Using u-substitution with u = 422 + 1 and du = S8xzdx, we get

x 1 9
/(4a:2+1)2d$_8/“ du
1

(e) (10 pts) /sing(zr) cos® (z)dx

SOLUTION: We can use u-substitution with either u = cos(z) or u = sin(z).
The better choice is u = cos(z), so du = — sin(z)dz, and we get
/sin3(x) cos®(z)dx = —/sin2(:v)u5du
sin(z) = 1 — cos?(x), so we get
= — /(1 —u*)uldu

=— /(u5 —u")du
= — (éuﬁ - §u8) +C

= —4cos®(z) + 3 cos®(z) + C

(f) (10 pts) / secl(z) tan(z)dz
SOLUTION: Using u-substitution with v = sec(z) and du = sec(x) tan(z)dzx, we get
/seclo(af;) tan(z)dr = /ugdu
= su'?+C

= (g sec'®(z) + C



(g) (10 pts) /sin4(x)dx

SOLUTION: We use the identity sin*(z) = £(1 — cos(2z)) to get
.4 1 2
/sm (x)dx = ) /(1 — 2cos(2x) + cos”(2x))dx

Now we use the identity cos?(2z) = 1(1 + cos(4z)) to get
1 1
= 1/ <1 — 2cos(2x) + 5(1 + 005(435))) dx

- / (: — ;COS(2$) + ; COS(4$)) dx

= 3u — 7sin(2z) + g5 sin(4x) + C

SOLUTION: We need to complete the square in the denominator.

(> +22)+2=(*+2r+1)—-1+2=(x+1)*+1

So we ha e/ du —/ du
VERE v 2er 22 T ) (w12 412

2
x+1) +1 x+1

0

Using trig substitution, we have ((z + 1)? + 1)3/2 = sec®(0), z = tan(f) — 1, and dx = sec?(0)d6.

du [ sec®(6)do
Thus, / ((x+1)2+1)3/2 _/ sec3(0)

= /cos(@)d@
=sin(f) + C

1
:L—FC

(x+1)2+1



8. Let C be the curve given parametrically by x(t) = e’ and y(t) = % for 0 <t < 2.

d
(a) (6 pts) Find d—y as a function of t.
T

dy_%i’_%

T dz T ot
dx o e

SOLUTION:

(b) (6 pts) Find the equation of the line tangent to the curve at the point where ¢t = 1.

d 2
SOLUTION: When t =1, then z = e, y = 1, and d—y = —.
r e

So the equation of the line is y — 1 = 2(x — e).

e

d2
(c) (6 pts) Calculate d—lz as a function of ¢.

SOLUTION: ¥ _ i ()

2 dx
dx pn

(d) (6 pts) [Set Up Only| Set up the integral for the arc length of C.

2
SOLUTION: L — / Ve 1 42dt
0

(e) (6 pts) [Set Up Only]| Set up the integral for the surface area of the surface generated
when C' is revolved about the y-axis.

2
SOLUTION: A = 21 / /et A2t
0



213 4 pm1/2

9. (15 pts) Evaluate / S5 o161+ 1d:v

SOLUTION: Let u = ¥/x, so u® = x = 6u’du = dx.

Also, 713 = (u8)™Y3 = w72, 272 = (u®) "2 = 473, and 2'/3 = (u®)'/? = w2

(6udu)

G134 /2 u? 4 ud
xl/3 —221/6 41 x_/u2—2u+1

6/ ud + u?
= du
u2 —2u+1

Using long division of polynomials, we get

Therefore, we get /

u+3
w-2u+ll o+’

3 2
—u+2u” —u

3u’ —u
— 36+ 6u -3

Su -3

ud + u?
So, 6/u2—2u+1 du =6

5 2
— d
’ u+3+u—1+(u—1)2> ¢
u? 2
=6 +3u+51n|u—1\—>+6’
2 1
12
=3Yx+18Y2 +30In |z — 1| — i 1+C

10



