
Goal

Count unions of disjoint cycles

in directed graphs of certain types

by taking a determinant of small order.

Terminology

Cycle System: Unions of vertex-disjoint cycles.

Hamburger Graph: H consists of two acyclic graphs

G1 and G2 connected by an edge set E3.

• G1 has k distinguished vertices {v1, · · · , vk}.

• Only if i < j may a path from vi to vj exist.

• G2 has k distinguished vertices {wk+1,· · ·, w2k}.

• Only if i>j may a path from wk+i to wk+j exist.

• E3 connects vi to wk+i and vice versa.

(see visualization at right.)



A Hamburger Graph



Method

Given a hamburger graph H, we encode its

combinatorial information in a determinant.

From G1, create a k×k matrix A = (aij) where aij

counts the number of paths from vi to vj in G1.

From G2, create a k×k matrix B = (bij) where bij

counts the numberofpaths fromwk+i towk+j inG2.

Create H’s hamburger matrix: MH =

[

A Ik

−Ik B

]

.

Given a cycle system C in H, define

• ` = # of edges in C that travel from G2 to G1.
• m = # of cycles in C.

Define the sign of a cycle system C to be (−1)`+m.

Let c+ be the number of positive cycle systems.

Let c− be the number of negative cycle systems.

Theorem: detMH = c+ − c−.



(Compare to Gessel-Viennot)

Recall: The (Lindström)-Gessel-Viennot method

counts the number of vertex-disjoint path systems

in a directed graph with k sources si and k sinks tj.

Given an acyclic directed graph G, we encode its

combinatorial information in a determinant.

Create a k×k matrix M = (mij) where mij counts

the number of paths from si to tj.

Given a path system P in G, define

• the permutation σ, where paths in P travel

from si to tσ(i).

Define the sign of a cycle system P to be sgn(σ).

Let p+ be the number of positive path systems.

Let p− be the number of negative path systems.

Theorem: detM = p+ − p−.



Example
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1 1 2 1 0 0
0 1 1 0 1 0
0 0 1 0 0 1

-1 0 0 1 0 0
0 -1 0 1 1 0
0 0 -1 2 1 1
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

There are 17 cycle systems and detM = 17.



Remarks

• H need not be planar nor bipartite.

• All cycle systems are positive when G1 and G2

are both planar, so detMH = c+.

• The Schur Complement decreases this 2k×2k

hamburger matrix to a k×k reduced hamburger

matrix.

◦ In the example, R =







2 1 2
-1 2 1
-1 -1 2







• This method allows us to count the number of

domino tilings of generalized Aztec pillows.



Application: Aztec Diamonds

Domino tilings of an Aztec diamond ADn

are in one-to-one correspondence with

perfect matchings of its dual graph G.

The symmetric difference of any perfect matching

M and the natural matching N is a union of cycles.

Orienting the edges in G induces cycle systems.

Contracting N ’s edges yields a hamburger graph H

where cycle systems have retained their structure.



ADn’s Hamburger Matrix

This implies that the number of tilings of ADn

can be calculated using the Hamburger Theorem.

For example, when n = 6, the matrix A = BT is

A =















1 2 6 22 90 394
0 1 2 6 22 90
0 0 1 2 6 22
0 0 0 1 2 6
0 0 0 0 1 2
0 0 0 0 0 1















.

(Notice the large Schröder numbers!)

So thedeterminantof thereduced hamburger matrix














2 2 6 22 90 394
−2 2 2 6 22 90
−2 −2 2 2 6 22
−6 −2 −2 2 2 6

−22 −6 −2 −2 2 2
−90 −22 −6 −2 −2 2















gives the number of tilings of AD6. (= 221)

For Aztec diamonds, a similar matrix was found

by Brualdi and Kirkland in 2003.



Idea of Proof (I)

Key Idea: Non-disjoint unions of cycles cancel in

permutation expansion of detMH in families.

Step 1: If two general cycles intersect or one cycle

has a self-intersection, the first point of intersec-

tion is the basis for a family that cancels.



Idea of Proof (II)

Warning: One edge cycle may appear multiple times.

(1364) (12364)
MINIMAL NOT MINIMAL

Step 2: If some 2-cycle intersects a general

cycle or a general cycle is not-minimal, the set

of violations is the basis for a family that cancels.

1 2 3 4

5 6 7 8

1 2 3 4

5 6 7 8

1 2 3 4

5 6 7 8

1 2 3 4

5 6 7 8

(13485)

(14875)

(134875)

(1485) (37)

Only vertex-disjoint and minimal cycles remain. �



Generalized Aztec Pillows

An Aztec pillow is a region with steps of length 3.

A generalized Aztec pillow has steps of odd length.

For the Aztec pillow above (AP6), we count its
number of tilings using the Hamburger Theorem


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









1 1 2 5 16 57
0 1 2 5 16 57
0 0 1 2 6 21
0 0 0 1 2 6
0 0 0 0 1 2
0 0 0 0 0 1


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




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.

AP6’s resulting reduced hamburger matrix is














2 1 2 5 16 57
−2 2 2 5 16 57
−2 −2 2 2 6 21
−5 −2 −2 2 2 6
−5 −2 −1 −2 2 2
0 0 0 0 −1 2















.

Its determinant is #AP6 = 13357 = 192 · 37.



Counterexample to Extensions

Q: Can we extend the Hamburger Theorem?

A: No. The following graph is a counterexample.

The most logical hamburger matrix for this graph is














1 1 1 1 0 0
0 1 1 0 1 0
0 0 1 0 0 1
-1 0 0 1 0 0
0 0 -1 1 1 0
0 -1 0 1 1 1















Although detMH =−5, there are 10 cycle systems!

No sign convention for C can fix issues with parity.


