
Matroids Oriented Matroids Complex Matroids
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s B ⊂ 2E is the set of bases of a matroid if
• B 6= ∅
• If B1, B2 ∈ B, for all e1∈B1 there is e2∈B2

s.t. (B1\e1)∪e2 ∈ B and (B2\e2)∪e1 ∈ B.

χ : Ed → {−1, 0,+1} ⊂ R is a chirotope if
• χ 6≡ 0 and alternating;
• For all x0, . . . , xd, y2, . . . , yd ∈ E, with
P := {χ(x1,.., x̂j ,.., xd)χ(xj , y2,.., yd) | 0 ≤ j ≤ d},
0 ∈ relint convP .

ϕ : En → S1 ∪ {0} ⊂ C is a phirotope if
• ϕ 6≡ 0 and alternating;
• For all x0, . . . , xd, y2, . . . , yd ∈ E, with
P := {χ(x1,.., x̂j ,.., xd)χ(xj , y2,.., yd) | 0 ≤ j ≤ d},
0 ∈ relint convP .
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B∗ := {E \B|B ∈ B}
is the set of bases of the dual matroid.

A chirotope for the dual oriented matroid is given by
χ∗(xσ(d+1),.., xσ(n)) := 0 if χ(xσ(0),.., xσ(d)) = 0,
χ∗(xσ(d+1),.., xσ(n)) := sgn(σ)χ(xσ(0),.., xσ(d))−1 else,
for every total ordering x1,.., xn of E and all σ ∈ Sn.

A phirotope for the dual complex matroid is given by
ϕ∗(xσ(d+1),.., xσ(n)) := 0 if ϕ(xσ(0),.., xσ(d)) = 0,
ϕ∗(xσ(d+1),.., xσ(n)) := sgn(σ)ϕ(xσ(0),.., xσ(d))−1 else,
for every total ordering x1,.., xn of E and all σ ∈ Sn.
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C ⊂ 2E is the set of circuits of a matroid if the
following hold.
• ∅ 6∈ C

• If X,Y ∈ C and e, f ∈ E are such that
e ∈ X ∩ Y and f ∈ (X \ Y ) ∪ (Y \X)
then there is Z ∈ C with
f ∈ supp(Z) ⊆ supp(X) ∪ supp(Y ) \ e.

C ⊆ {−1, 0,+1}E is the set of signed circuits of an
oriented matroid if the following hold.
• (0,.., 0) 6∈ C
• C = −C
• If X,Y ∈ C and supp(X) ⊆ supp(Y ), then X = ±Y .

• If X,Y ∈ C and e, f ∈ E are such that
X(e) = −Y (e) 6= 0 and X(f) 6= −Y (f) 6= 0,
then there is Z ∈ C with
f ∈ supp(Z) ⊆ supp(X) ∪ supp(Y ) \ e.

N Moreover,
Z(g) ∈ {0, X(g), Y (g)} for all g ∈ E.

C ⊆ (S1 ∪ {0})E is the set of phased circuits of a com-
plex matroid if the following hold.
• (0,.., 0) 6∈ C
• For all µ ∈ S1, C = µC.
• If X,Y ∈ C and supp(X) ⊆ supp(Y ), then X = µY

for some µ ∈ S1.
• If X,Y ∈ C and e, f ∈ E are such that
X(e) = −Y (e) 6= 0 and X(f) 6= −Y (f) 6= 0, then
there is Z ∈ C with
f ∈ supp(Z) ⊆ supp(X) ∪ supp(Y ) \ e.

N Moreover, if X,Y are comodular,
Z(g) ∈ {0, [[X(g), Y (g)]]} for all g ∈ E.
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g. For A,B ⊆ E, define A ⊥ B if

|A ∩B| 6= 1.
Then, C ∗ = min⊆ C⊥.

For X,Y ⊆ {−1, 0,+1}E , define X ⊥ Y if
0 ∈ relint conv{X(e)/Y (e) | e ∈ supp(X) ∩ supp(Y )}.
Then, C∗ = minsupp C⊥.

For X,Y ⊆ (S1 ∪ {0})E , define X ⊥ Y if
0 ∈ relint conv{X(e)/Y (e) | e ∈ supp(X) ∩ supp(Y )}.
Then, C∗ = minsupp C⊥.

D
ua

l
pa

ir
s

Two sets C ,D ⊆ 2E are the sets of circuits of
a pair of dual matroids if and only if

• C and D satisfy the circuit axioms for
matroids;

• C ⊥ D .

Two sets C,D ⊆ {−1, 0,+}E are the sets of signed
circuits of a pair of dual oriented matroids if and only if

• {supp(X) | X ∈ C} and {supp(Y ) | Y ∈ D} satisfy
the circuit axioms for matroids;

• C ⊥ D;
• C = −C, D = −D;
• If X,Y ∈ C and supp(X) = supp(Y ), then X = ±Y

(and if X,Y ∈ D with supp(X) = supp(Y ),
then X = ±Y ).

Two sets C,D ⊆ (S1 ∪ {0})E are the sets of signed
circuits of a pair of dual oriented matroids if and only if

• {supp(X) | X ∈ C} and {supp(Y ) | Y ∈ D} satisfy
the circuit axioms for matroids;

• C ⊥ D;
• For all µ ∈ S1, C = µC, D = µD;
• If X,Y ∈ C and supp(X) = supp(Y ), then X = µY

for some µ ∈ S1

(and if X,Y ∈ D with supp(X) = supp(Y ), then
X = µY for some µ ∈ S1).
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