
CHAPTER 5

Non-linear systems in two dimensions

5.1. A predator-prey model

Here is a further modification of the “rabbit island” models from chapter 2.
We will use y to represent the number of rabbits on the island. Then a very simple

first approximation to modelling their population is the equation
dy

dt
= ry where r

is a positive parameter, representing the net growth rate of the rabbit population.
This was covered in Example 2.1; we find that y(t) = erty0, so any positive initial
population will grow exponentially fast.

On similar grounds, suppose we represent the number of foxes on the island as
x. If there is nothing edible on the island (except, perhaps, carrots) then we would
expect the foxes to die off. As a first approximation to this we can use a differential

equation like
dx

dt
= −sx where s is a positive parameter. Here −s represents the

net growth rate of the fox population, and it is negative since we expect that the
death rate will be larger than the birth rate. Solving the differential equation leads
to x(t) = e−stx0, so any initial population of foxes will die off exponentially fast.

Now suppose both rabbits and foxes are present on the island. In this case we
need to model their interactions: foxes will now find something edible on the island,
so we would expect the net growth rate for foxes to rise. Of course, at the same time
we would expect the net growth rate for rabbits to fall. More specifically, we replace
the net growth rate r for rabbits by r − βx where β is a positive constant. That is,
the net growth rate for rabbits should decrease if foxes are present, and this decrease
should be proportional to the number of foxes. On the other hand, we replace the
net growth rate −s for foxes by −s+ αx, where α is a positive constant, so the net
growth rate for foxes will increase, and the amount of the increase is proportional to
the number of rabbits.

Putting everything together we have the following model. This model was first
proposed in the 1920’s (independently) by Volterra and Lotka, and this and similar
models are known as Lotka-Volterra systems.
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Example 5.1. Let z =

[
x
y

]
. Then the predator-prey system is

dz

dt
= f (z) =

[
(−s+ αy)x
(r − βx)y

]
.

Here x and y represent populations of the predator (foxes) and the prey (rabbits);
r,s,α,β are positive parameters.

It is not possible to solve this system of equations using elementary functions.
We will instead try to find out as much as possible about the phase portrait of the
system.

The first thing to do is to locate the equilibrium points. To do this we set f(z) = 0

and solve for z. Using z =

[
x
y

]
and the definition of f(z) in Example 5.1, we get






(−s+ αy)x = 0

and

(r − βx)y = 0





which is equivalent to






x = 0 or y =
s

α
and

y = 0 or x =
r

β






Since the combinations x = 0 with x =
r

β
and y = 0 with y =

s

α
are impossible,

there are only two equilibrium points:

(0, 0) and

(
r

β
,
s

α

)
.

In fact, we can learn more from this calculation. Looking just at the x variable,

we have
d

dt
x(t) = (−s + αy(t))x(t). Then, by inspection, x(t) = 0 for all t is a

solution, and it doesn’t matter what y(t) is. In other words, if a solution starts
on the y axis (meaning x(0) = 0) then it will stay on the y axis (meaning x(t) =
0) for all time. On the other hand, if x(t) = 0 for all t then the equation for y

becomes
d

dt
y(t) = (r − αx(t))y(t) = ry(t), and this has the solution y(t) = y0e

rt.

So we have found the solutions that start on the y axis, (x(t), y(t)) = (0, y0e
rt).

Hence the positive and negative y semi-axes are trajectories, directed away from the
origin. Similarly, the solutions that start on the x axis stay there, and have the form
(x(t), y(t)) = (x0e

−st, y), so the positive and negative x semi-axes are trajectories,
directed toward the origin.

We have now found six trajectories of the system (the two equilibria and the four
semi-axes). It is always important to locate the equilibrium points, as we shall see,
but the semi-axes are orbits only because of special features of this system. Namely,
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we needed the fact that any orbit that starts on the y axis stays on the y axis, and

this was a consequence of the fact that
dx

dt
= xg(x, y) where g(x, y) is a function

of x and y. We record this as a fact that is useful in some systems, especially in
population models.

Proposition 5.2. If
dx

dt
= f(x) is an m-dimensional differential equation and

the jth component of f(x) has xj as a factor then any solution that starts on the
hyperplane defined by xj = 0 stays on that hyperplane for all time.

The pattern of straight line solutions through the origin is just like what we found
for a saddle equilibrium, as in Figure 4.2. However, our predator-prey system is non-
linear and we can’t expect the same phase portrait as for a linear system. In fact,
we know that the phase portrait is different, since our system has two equilibria, but
a linear hyperbolic system has only one equilibrium.

However, we can look at the equilibrium point at the origin as follows. First,
rewrite f(z):

(5.1) f (z) =

[
(−s+ αy)x
(r − βx)y

]
=

[
−sx
ry

]
+

[
αxy
−βxy

]
=

[
−s 0
0 r

]
·

[
x
y

]
+

[
αxy
−βxy

]
.

That is, we have written f(z) as the sum of two terms. The first has the form Az

where A is the constant matrix

[
−s 0
0 r

]
; it is called the linearization of f at the

origin. The second term involves only “higher powers” of x and y. If x and y are
“small enough” then the entries in this second term, αxy and −βxy, will be much
smaller than the entries −sx and ry in the linearization Az. In this case it is natural

to compare the solutions of the non-linear differential equation
dz

dt
= f(z) to the

solutions of the linearized equation
dz

dt
= Az. We will see, in the next section, a

general theorem which says, in case A is hyperbolic, that the solutions “near” an
equilibrium of the non-linear system “look like” the solutions of the linearized system
near the origin.

In our case the matrix A =

[
−s 0
0 r

]
has eigenvalues −s and r, so, since neither of

these has zero real part, the matrix is hyperbolic. So, near the origin, the trajectories
of the predator-prey system are approximately the same as the trajectories of the

linearized system
dz

dt
=

[
−s 0
0 r

]
· z near the origin, and this linear system has a

saddle equilibrium at the origin. Hence its trajectories consist of the origin, the x
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and y semi-axes, and “hyperbola-like” curves asymptotic to the axes, similar to the
trajectories in Figure 4.2.

In Figure 4.2 the curves shown were true hyperbolas, and we verified this by
eliminating t in the parametric equations for the orbits to obtain equations for the
orbits in the form xy = C. We can do the same for our linearized system, but it is
more instructive to work as follows. Consider one trajectory; we know that it has the
parametric form x = x(t), y = y(t) where (x(t), y(y)) is a solution of the differential
equation. In most cases we should be able to eliminate t between these equations
to obtain an equation y = h(x) for the trajectory. Using the chain rule we find a
differential equation for y as a function of x:

dy

dx
· dx
dt

=
dy

dt
chain rule

dy

dx
=
dy/dt

dx/dt
division

dy

dx
= −ry

sx
since

d

dt

[
x
y

]
=

[
−s 0
0 r

] [
x
y

]
, so

dx

dt
= −sx, dy

dt
= ry.

Now we can solve the equation
dy

dx
= −ry

sx
using the method of Chapter 2. We will

modify this method slightly:

(1) Write in differential form: dy = −ry
sx

dx.

(2) Separate the variables:
dy

ry
= −dx

sx
.

(3) Write the equation so that 0 is on the right hand side:
dx

sx
+
dy

ry
= 0.

(4) Integrate, putting the constant of integration on the right hand side, and simplify
to taste:

∫
dx

sx
+

∫
dy

ry
= C1

1

s
ln |x| +

1

r
ln |y| = C1

r ln |x| + s ln |y| = rsC1 = C2 multiply by rs

ln (absxr · absys) = C2 properties of the log

|x|r|y|s = eC
2 = C exponentiate

We have left the equation in the form |x|r|y|s = C for several reasons.
First, this is also satisfied by the origin, and by the x and y semi-axes, with

C = 0.
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Second, this is recognizable as being “hyperbola-like”; in fact, if r = s then we
can take rth roots of both sides to get the form |x| |y| = C1/r = C0, which represents

the hyperbolas y = ±C0

x
. If, for example, r = 2s then we would have curves like

y = ±C0

x2
, which have the same general appearance as hyperbolas.

Third, we can see this as a special case of the form ϕ(x, y) = C, where ϕ(x, y), in
this case, is given by ϕ(x, y) = |x|r|y|s. Our analysis can be summarized as saying
that the function ϕ is a conserved quantity or constant of the motion. This means
that the value of ϕ(x(t), y(t)) is constant along any trajectory of the system, and
that is just what we found above. Conversely, if we have a constant of the motion ϕ
and ϕ(x0, y0) = c then phi(x(t), y(t)) = c holds for all t, if (x(t), y(t)) is a solution of
the differential equation passing through (x0, y0). In other words, the orbit through
(x0, y0) must lie in the level curve defined by ϕ(x, y) = c. It is not always possible
to find a useful constant of the motion, but if you do find one then you have a good
description of all the orbits of the system.

Let us try to apply the above technique to find a constant of the motion for the
predator-prey system:

dy

dx
=
dy/dt

dx/dt

=
(r − βx)y

(−s+ αy)x
since

d

dt

[
x
y

]
=

[
(−s+ αy)x
(−s+ αy)x

]

dy =
(r − βx)y

(−s+ αy)x
dx write in differential form

−s+ αy

y
dy =

r − βx

x
dx separate variables

(
− r

x
+ β

)
dx+

(
−s
y

+ α

)
dy = 0 0 on the right

( r
x
− β

)
dx+

(
s

y
− α

)
dy = 0 multiply by − 1

r ln |x| − βx+ s ln |y| − αy = C1 integrate

er ln|x|−βx+s ln|y|−αy = eC1 = C exponentiate

er ln|x|e−βxes ln|y|e−αy = C properties of exponents

|x|re−βx|y|se−αy = C using ea ln b =
(
eln b

)a
= ba

So we have found a constant of the motion: ϕ(x, y) = |x|re−βx|y|se−αy.
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Figure 5.1. Example 5.1 with r = .1, s = .2, α = .0001, β = .001.
Time is measured in months.

The first thing we notice about ϕ is that it is zero exactly on the x and y axes, and
we have already seen that the origin and the 4 semi-axes are orbits. We concentrate
on the first quadrant (which is all that is relevant in a population model). For x > 0
the function xre−βx is non-negative; it approaches 0 as x → ∞; and it has only

one critical point, at x =
r

β
, where it has its maximum. The function yse−αy has a

similar description, with a maximum when y =
s

α
. The conserved quantity ϕ(x, y) is

the product of these two functions, so it has a strict maximum in the first quadrant

at

(
r

β
,
s

α

)
. If we write M for the maximum value of ϕ in the first quadrant then

we have just shown that the level set ϕ(x, y) = M is a single point, so this point is

an orbit of the dynamical system. Of course, we already knew this, since

(
r

β
,
s

α

)
is

the second equilibrium point.
The rest of the first quadrant is covered by the level curves ϕ(x, y) = c with 0 <

c < M . It should be clear that these are closed curves surrounding the equilibrium

at

(
r

β
,
s

α

)
: Think of the graph of z = f(x, y); over the first quadrant this surface is

a “hill”, and our level curves ϕ(x, y) − c can be thought of as “slicing” this surface
by a horizontal plane.
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The various features of the phase portrait in the first quadrant are illustrated in
Figure 5.1. Since the orbits corresponding to ϕ(x, y) = c for 0 < c < M are closed
orbits they correspond to periodic solutions. However, unlike the periodic orbits in
the linear case, Example 4.7, the periods depend on the orbit. It is easy to see that
this must be so, since as c gets closer to 0 the orbit must pass very close to the
origin. However, the vectors f(x, y), for (x, y) near the origin, are very small, and
so the point (x(t), y(t)) moves very slowly while it remains near the origin. There
is no expression for the period in terms of c, but in the next section we shall see

some evidence that the period should be approximately
2π√
rs

for orbits close to the

equilibrium point

(
r

β
,
s

α

)
.

5.2. Linearization

The first step in analyzing a phase portrait is usually to find and classify the
equilibrium points. Suppose the differential equation is written in the vector form
dx

dt
= f(x). It is relatively straightforward to find the critical points: we just write

f(x) =

[
f1(x, y)
f2(x, y)

]
and solve the two equations f1(x, y) = 0, f2(x, y) = 0 simultane-

ously.
Graphically, the equations f1(x, y) = 0 and f2(x, y) = 0 define curves in the xy

plane, and the equilibrium points are the intersections of these curves. These curves
are called nullclines and are often useful in understanding the geometry of the phase
portrait. The first, with equation f1(x, y) = 0, is the set of points where the the
vector field f(x, y) has zero x coordinate; these are the points where the solution
curves have a vertical tangent. Hence this is called the vertical nullcline. Similarly,
f2(x, y) = 0 defines the set of points at which the solution curves have a horizontal
tangent, so this set is called the horizontal nullcline. A more general type of curve
is an isocline; this is a curve where the solution curves all have a given slope.

As an example of finding and classifying equilibria we start with a modification to
the predator-prey system of Example 5.1. In that system the rabbits population, in
the absence of predators, will grow exponentially. This is unrealistic, and we already
saw, in Example 2.4, a more reasonable one-species model, in which the population
growth is modified by a “crowding term”. We add this idea to our predator-prey
system, so that the net growth rate for the prey population is reduced not only by a
linear term proportional to the number of foxes but also by a linear term proportional
to the number of rabbits:
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Example 5.3. Let z =

[
x
y

]
. The modified predator-prey system is

dz

dt
= f (z) =

[
(−s+ αy)x

(r − βx− δy)y

]
.

Here x and y represent populations of the predator (foxes) and the prey (rabbits);
r,s,α,β,δ are positive parameters.

We shall assume that

(5.2)
r

δ
− r

α
> 0

Exercise 5.10 describes the situation when this condition is not satisfied.

We start our investigation of this system by drawing the nullclines. The vertical
nullcline is defined by setting the x component of f(z) to zero, so (−s + αy)x = 0.
Since the right hand side is 0 the only way that this can happen is if one of the
factors on the left is 0, and this leads to x = 0 or y = s/α. Thus the horizontal
nullcline is the union of the two straight lines with these equations. Similarly the
horizontal nullcline is defined by (r − βx − δy)y = 0, so it is the union of the two
straight lines with equations y = 0 and βx+ δy = r.

We can find the equilibria by solving the equations for the nullclines simultane-
ously, as we did for Example 5.1. There are four possibilities for solutions, since
each nullcline is the union of two straight lines. The pair of lines x = 0 and y = 0
determines the equilibrium at the origin, O = (0, 0). If x = 0 and βx + δy = r we

find that y = r/δ, and this gives the second equilibrium, C =
(

0,
r

δ

)
. If we solve

y = s/α and βx + δy = r we find x = r/β − sδ/(αβ), so a third equilibrium is at

S =

(
r

β
− sδ

αβ
,
s

α

)
. The x coordinate of S can be factored as

δ

β
·

(r
δ
− s

α

)
, and

this is positive by the condition (5.2). Hence S is in the first quadrant. The fourth
combination is y = 0 and y = s/α, and these lines do not intersect.

Figure 5.2 shows the nullclines and the equilibria, for a typical choice of param-
eters. With these parameters C = (0, 5000) and S = (60, 2000). The point (0, 2000)
is not an equilibrium point since it is not an intersection point of the two nullclines:
it is on the vertical nullcline, but it is not on the horizontal nullcline. Similarly, the
point (100, 0) is not an equilibrium point.

We have shown horizontal and vertical arrows along the nullclines. The directions
of the arrows are determined from the vector field f . For example, on the x axis,

which is part of the horizontal nullcline, we have y = 0 so
dx

dt
= (−s+ βy)x = −sx.

This is negative for x > 0 and positive for x < 0, so the field points to the left
for x > 0 and to the right for x < 0. In general, along a nullcline the direction
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Figure 5.2. Nullclines for Example 5.3, with r = .1, s = .2, α =
.0001, β = .001, δ = .0002.

of the arrows can only change at the equilibrium points. For example, along the
horizontal nullcline the direction of the vector field is determined by the sign of
its x component, and, by continuity, this sign can only change at points where the
x component becomes 0. Hence, to determine the direction of the arrows along a
nullcline it is only necessary to divide it into pieces by cutting it at the equilibrium
points, and then to check one point on each piece.

Warning: The nullclines are not, in general, solution curves. In Figure 5.2 the
x and y axes are unions of trajectories, as is the equilibrium point S, but at other
points on the nullclines the solutions cross the nullclines.

Our next step in analyzing the phase portrait is to consider the linearization of
the vector field near each equilibrium. We did this in the last section using equation
(5.1), which exhibits f(z) as a linear function plus terms of “higher order”. We need
a more systematic way of doing this. This is provided by the Linear Approximation
Theorem from multi-variable calculus; see Theorem A.6.

The procedure is as follows: For the vector differential equation
dz

dt
= f(z) we first

calculate the matrix derivative Df . Then, at each equilibrium point p we calculate
the eigenvalues of Df(p). Then we can apply the following two theorems, which will
be discussed later in this chapter.
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Theorem 5.4 (Hartman-Grobman). Suppose f is C1. If p is an equilibrium

point of
dz

dt
= f(z) and A = Df(p) is hyperbolic then, for some positive r, there is

a change of variables w = h(p), defined for ‖v − p‖ < r, which transforms orbits of
the system z′ = f(z) to orbits of the linearized system w′ = Aw.

Precisely, if z(t) is the solution of z′ = f(z) satisfying z(0) = z0 and w(t) is
the solution of w′ = Aw satisfying w(0) = h(z0) then w(t) = h(z(t)) as long as
‖z(t) − p‖ < r.

Because of this theorem it is common to declare an equilibrium point p to be hy-
perbolic if the derivative matrix Df(p) is hyperbolic. In two dimensions the theorem
guarantees the following behavior of orbits near a hyperbolic equilibrium point.

(1) If all eigenvalues of Df(p) have negative real part then p is a sink. That is, if z0

is near enough to p then the solution z(t) of z′ = f(z), z(0) = z0 converges to p
as t→ +∞, and, for some t < 0, it moves outside the disk of radius r around p.

(2) If all eigenvalues of Df(p) have positive real part then p is a source. That is, if z0

is near enough to p then the solution z(t) of z′ = f(z), z(0) = z0 converges to p
as t→ −∞, and, for some t > 0, it moves outside the disk of radius r around p.

(3) If one eigenvalue is a positive real number and the other is negative then there
are two solutions starting near p which converge to p as t→ +∞, and there are
two which converge to p as t → −∞. These are called the stable and unstable
curves at p. If z0 is near enough to p and is not equal to p and is not on a stable
or unstable curve then then the solution z(t) of z′ = f(z), z(0) = z0 leaves the
the disk of radius r around p at some positive time and also at some negative
time. In this case the equilibrium is called a saddle point.

In the case of a sink or source we expect to see spiralling behavior if the eigenvalues
are non-real. In the case of a saddle point we expect that the stable and unstable
curves will have the same direction, at p, as the eigenspaces. These are both, in fact,
true, but they do not follow from Theorem 5.4, since the change of variables h is, in
general, not differentiable at p. We will discuss this further in a later section.

We now apply the linearization procedure to the system of Example 5.3. We

first calculate Df . The first column of this matrix is
∂f

∂x
and the second is

∂f

∂y
.

Differentiating

[
(−s+ αy)x

(r − βx− δy)y

]
=

[
−sx+ αxy

ry − βxy − δy2

]
with respect to x and y gives

Df(x, y) =

[
−s+ αy αx
−βy r − βx− 2δy

]
.

Next, we consider each equilibrium point:
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The first equilibrium is at the origin. Plugging (0, 0) into the formula for Df

gives Df(0, 0) =

[
−s 0
0 r

]
. This has eigenvalues −s and r, so this equilibrium point

is a hyperbolic saddle. The corresponding eigenvectors are

[
1
0

]
and

[
0
1

]
, so we expect

that the stable and unstable curves at the origin will be tangent to the x and y axes.
In fact, we already know that the x and y axes are unions of orbits.

The second equilibrium is C = (0, r/δ), so

Df(C) = Df
(

0,
r

δ

)
=

[
−s+ α · r/δ 0
β · r/δ r − 2r

]
=

[
−s+ α · r/δ 0
−β · r/δ −r

]
.

The eigenvalues are λ1 = −s + α · r
δ

= α
(r
δ
− s

α

)
and λ2 = −r. Condition (5.2)

implies that λ1 is positive, so C is another hyperbolic saddle. The second eigenvector

is v2 =

[
0
1

]
, and this is consistent with the fact that the y axis is a union of solutions.

The eigenvector corresponding to λ1 is messier: v1 =

[
1

−rβ/ (rδ + (rα− sδ))

]
. It

follows from (5.2) that the slope of this vector is less than 0 and greater than −β/δ,
which is the slope of the line βx + δy = r. Thus we expect the unstable curve at C
in the first quadrant to start at C at a negative slope, but greater than the slope of
the horizontal nullcline passing through C.

The third equilibrium is S =

(
r

β
− δs

αβ
,
s

α

)
, so

Df(S) =

[
−s+ α · s/α α (r/β − δs/(αβ))
−β · s/α r − β (r/β − δs/(αβ)) − 2δ · s/α

]

=

[
0 (αr − δs)/β

−βs/α −δs/α

]

The 1, 2 entry in this matrix may be written as
αδ

β

(r
δ
− s

α

)
, so, by condition (5.2), it

is positive. Hence this matrix has negative trace and positive determinant, and, using
exercise 4.5, we conclude that both eigenvalues have negative real part. Therefore S
is a hyperbolic sink. Further calculation shows that the sink is a spiral sink as long

as
r

δ
− s

α
>

sδ

4α2
.

Figure 5.3 shows the phase portrait in the first quadrant, with the same param-
eters as in Figure 5.2; the scale has been changed to accommodate more orbits. In
the figure the sink at S is obvious. The stable and unstable curves corresponding
to the saddle at the origin lie on the x and y axes, and any orbit that passes close
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Figure 5.3. Example 5.3, with r = .1, s = .2, α = .0001, β =
.001, δ = .0002. Time is measured in months.

to the origin has a “hyperbola-like” shape. For example, points starting in the first
quadrant near (100, 0) will move to the left, tracking the orbit on the stable curve
on the x axis, and will slowly rise as they get near the origin. Eventually they will
come close enough to the y axis that they will begin to track the unstable curve on
the y axis. However, the curve will not continue to approach the y axis, since it
will eventually come under the influence of the sink or the saddle at C = (0, 5000).
Points close to C will similarly track one of the stable curves at C, which converge to
C along the y axis from above or below. When they get close enough to C they will
start moving away from C, tracking the unstable curve at C. This unstable curve is
indicated on the Figure: It starts at C in the direction given by the eigenvector of the
linearized system which corresponds to the positive eigenvalue at C, and eventually
it spirals toward the sink S.

The figure illustrates another feature of this example. Any orbit which starts in
the open first quadrant converges to the sink S as t → +∞. It requires some work
to prove this, because it is necessary to explain why orbits that start with a large
y coordinate will move far to the right, but will eventually move back towards the
origin with a y value less than the y value at the sink. Skipping this argument, we
formalize this picture with a definition. If p is a sink of a dynamical system then we
define the basin of attraction of p to be the set of all points (x, y) which approach p as
t→ +∞. By the Hartman-Grobman Theorem we know that every point sufficiently
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Figure 5.4. The pendulum.

near p is in the basin, but the basin is usually much more extensive. In this case the
basin is the entire open first quadrant.

It is also interesting to ask where points came from. In this example, almost all
points in the open first quadrant “go to ∞” as t→ −∞. In fact, in most cases these
orbits blow at a finite negative value of t. The only exceptions are the sink S, which
stays fixed for all t; and the points on the unstable curve of the saddle C, which
converge to C as t→ −∞.

5.3. Conservation of energy and the pendulum problem

A classic physics problem is the simple pendulum. This system is confined to a
vertical plane. A mass m is attached to a massless, rigid rod of length L; the other
end of the rod is attached to a fixed point and is free to pivot about this point. There
is no friction, and the only force acting on the mass is gravity. Then the mass is
constrained to move in a circle of radius L centered at the pivot point. See Figure
5.4.

We use the angle x as the position variable, and notice that the tangential com-
ponent of the gravitational force (0,−mg) has magnitude mg sin x. From this we
derive, by a suitable variation of Newton’s Second Law, the following model:

Example 5.5. The ideal pendulum: The motion is governed by the equation
d2x

dt2
= −a2x where a2 =

g

L
. The initial value problem for this equation is x(0) =
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x0,
dx

dt
(0) = v0 where x0 is the initial angular displacement and v0 is the initial

angular velocity.

As we did in the spring example 4.7, we replace this second order equation with
a system of first order differential equations, by introducing the angular velocity

v =
dx

dt
as a second variable. Then

dv

dt
=
d2x

dt2
= −a2 sin x, so the system version of

this model is

(5.3)
dx

dt
= v,

dv

dt
= −a2 sinx.

It is not possible to find the solution curves of this system in terms of elementary
functions of t.

We start analyzing this system by examining its equilibrium points. Since
dx

dt
= v

the vertical nullcline is defined by v = 0, so this is just the x axis. Since
dv

dt
=

−a2 sin x the horizontal nullcline is defined by sin x = 0. This corresponds to infin-
itely many vertical lines, defined by x = nπ where n is an integer. Hence the equi-
libria are at the points (nπ, 0). When n = 0 this is just the origin, so x = 0, v = 0.
This makes physical sense, since it corresponds to the pendulum hanging straight
down (the angle x is 0) and at rest (the angular velocity v is 0). The points (2kπ, 0)
correspond to the same physical situation, since an angle of 2kπ also describes the
pendulum hanging straight down. The equilibria of the form ((2k + 1)π, 0) corre-
spond to the physical situation where the pendulum is pointing straight up, and the
angular velocity is 0. This makes some physical sense: remember that the shaft of
the pendulum is rigid, so it is possible, although very unlikely, for it to balance in
this position and remain there for all time.

We can calculate the linearization of the system at these equilibria. Writing

f(x, v) =

[
v

−a2 sin x

]
we obtain Df(x, v) =

[
0 1

−a2 cosx 0

]
, so

Df(2kπ, 0) =

[
0 1

−a2 0

]
, Df((2k + 1)π, 0) =

[
0 1
a2 0

]
.

At the even multiples of π the eigenvalues are ±ai, with zero real part, so these
equilibria are not hyperbolic and the linearization process is not applicable. Accord-
ing to ??? the solution curves near these equilibria must cycle around the origin,

approaching a rotation with period
2π

a
, but the linearization cannot tell us whether

the orbits are closed.
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At the odd multiples of π the eigenvalues are a and −a, so these equilibria are

saddles. The corresponding eigenvectors are

[
1
a

]
and

[
1
−a

]
, so the unstable curves

at these equilibria will have slope a, while the stable curves will have slope −a.
We need more information before we can describe the behavior near the other

set of equilibria. In fact, we can get a full picture of the phase portrait by finding a
constant of the motion.

Most idealized models of simple physical systems have a particular constant of
the motion, which is known in physics as the total energy of the system. In our case
this can be defined as ϕ(x, v) = 1

2
v2 − a2 cosx. In physical terms this is the sum of

the kinetic energy K = 1
2
v2 and the potential energy V = −a2 cosx, and these are

related to the differential equation by
dx

dt
=
∂K

∂v
and

dv

dt
= −∂V

∂x
. If we ignore the

physical meaning of these quantities we can simply verify

(5.4)
dx

dt
=
∂ϕ

∂v
,

dv

dt
= −∂ϕ

∂x
.

But these equations immediately imply that ϕ is a constant of the motion, since

d

dt
ϕ(x(t), v(t)) =

∂ϕ

∂x

dx

dt
+
∂ϕ

∂v

dv

dt
=
∂ϕ

∂x

∂ϕ

∂v
+
∂ϕ

∂v

(
−∂ϕ
∂x

)
= 0.

So each orbit of the system lies in a single level curve, of the form ϕ(x, y) = c.
To analyze these level curves, first note that − cosx ≥ −11 and v2 ≥ 0 so ϕ(x, v) =
1
2
v2 − a2 cosx ≥ 0 − a2(1) = −a2. So −a2 is a lower bound for ϕ; moreover, it is

the minimum value of ϕ since ϕ(2kπ, 0) = −a2 cos(2kπ) = −a2. Hence the level set
defined by ϕ = −a2 consists only of the points (2kπ, 0), so each of these points is a
single orbit. We already knew this, since each of these is an equilibrium point.

Since −a2 is the minimum value of ϕ the level sets ϕ = c for c < −a2 are empty.
Suppose now that c > −a2. Then a2 cos(x) + c > 0 so the equation ϕ(x, y) =

1
2
v2 − a2 cosx = c can be solved for v in terms of x, as

(∗) v = ±
√

2a2 cos(x) + 2c.

If c > a2 then 2a2 cos(x) + 2c > 2a2(−1) + 2c > 0 for all values of x, so the level
curve ϕ = c consists of two components, each defined for all x, one above the x axis
and one below. Thus each of these components is an orbit.

If −a2 < c < a2 then the functions in (∗) are not defined for all x. To see this, let
xc = cos−1

(
− c

a2

)
. This is defined since |c/a2| < 1, and is in the interval (0, π). Since

the cosine function is even and is decreasing on (0, π) we have 2a2 cos(x) + 2c > 0
for |x| < xc and 2a2 cos(x) + 2c < 0 for xc < |x| ≤ π. Then we can describe the
level curve as follows. First, there is a closed loop which starts at (−xc, 0), follows
the graph of the positive function in (∗) until it hits the x axis again at (xc, 0), and
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Figure 5.5.
dx

dt
= v,

dv

dt
= −a2 sin(x), with a = 2.

then returns to the point (−xc, 0) along the graph of the negative function in (∗). By
periodicity, this same picture is repeated infinitely often, so there are closed loops
surrounding (2kπ, 0) for all k. Each of these closed loops is a closed orbit of the
system.

There is one more case: c = a2. In this case we use the trig identity 1 + cosx =
2 cos2(x/2) to simplify (∗):

v = ±
√

2a2 (cos(x) + 1) = ±
√

4a2 cos2
(x

2

)
= ±2a

∣∣∣cos
(x

2

)∣∣∣ .

The saddle points ((2k + 1)π, 0) are on this level set, since cos ((2k + 1)π/2) = 0. If
we cut the level set by taking out these points we are left with arcs of cos(x/2) and
− cos(x/2) for x between consecutive odd multiples of π. Hence each such arc is an
orbit of the system, and the orbit converges to saddle points as t→ ±∞. Hence each
such arcs represents, simultaneously, a stable curves of one saddle and an unstable
curve of another saddle. Curves which are simultaneously stable and unstable curves
of saddles (or of the same saddle) are called saddle connections.

All these features of the phase portrait are illustrated in Figure 5.5. The closed
orbits correspond to the pendulum swinging back and forth periodically. The non-
closed orbits, like the one through (0, 5), correspond to the pendulum swinging en-
tirely around the pivot, and continuing periodically. The orbit through (0, 4) con-
verges to (π, 0) in forward time, so it is one of the unstable curves for the saddle at
(π, 0). In backward time is converges to (−π, 0) so it is one of the stable curves of
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the saddle at (−π, 0). The forward orbit starting at (0, 4) corresponds to the motion
of the pendulum if it starts at its rest position, x = 0, with an angular velocity
v = 4. This is exactly enough velocity so that the pendulum will approach (π, 0)
as t → +∞. Physically, the pendulum swings counterclockwise, slowing down as it
approaches the balanced position where the shaft points straight up, with zero an-
gular velocity. As t → −∞ the orbit approaches (−π, 0). This is the same physical
position, but the pendulum is approaching it clockwise.

Notice how the stable and unstable curves separate the phase portrait into dif-
ferent regions: Closed inside inside, non-closed outside. This is often true, and, for
this reason, a stable or unstable curve is often called a separatrix.

Like the spring model (Example 4.7), this model ignores any dissipative forces,
like friction. As in Example 4.8 we can add a generic dissipative force which opposes
the action, so is in the direction opposite to v. This leads to:

Example 5.6. The pendulum model with friction: The modified equation of

motion is
d2x

dt2
= −a2x− rv where a2 =

g

L
and r > 0.

As before, we treat this as a system of equations:

dx

dt
= v,

dv

dt
= −a2 sin(x) − rv.

For equilibrium points we need v = 0 and −a2 sin(x) − rv = 0. Plugging v = 0 into
the second equation leads to sin(x) = 0, so x = nπ, just as in the original model.

We now have f(x, v) =

[
v

−a2 sin(x) − rv

]
, so Df(x, v) =

[
0 1

−a2 cos(x) −r

]
. At the

equilibria this becomes

Df(2kπ, 0) =

[
0 1

−a2 −r

]
, Df((2k + 1)π, 0) =

[
0 1
a2 −r

]
.

At the odd multiples of π the derivative matrix has determinant −a2 < 0. Since
the determinant is the product of the eigenvalues we must have one positive and
one negative eigenvector. Thus the points ((2k + 1)π, 0) are still saddles. At the
even multiples of π the derivative matrix has determinant a2 > 0 and trace −r < 0.
It follows from Exercise 4.5 that the points (2kπ, 0) are sinks. Further calculation

gives the eigenvalues as 1
2

(
−r ±

√
r2 − 4a2

)
. The eigenvalues are non-real if r < 2a,

so in this case the trajectories spiral toward the equilibrium point. For r ≥ 2a the
eigenvalues are real, so the trajectories do not spiral.

Figure 5.6 shows a number of orbits for a choice of a and r for which the sinks
show spirals. Consider one orbit, for example the one passing near (0, 4). Here is a
physical interpretation of this orbit: The pendulum starts at its rest position, with
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Figure 5.6.
dx

dt
= v,

dv

dt
= −a2 sin(x) − rv, with a = 2 and r = 0.7.

angular velocity v ≈ 4, so it starts moving counterclockwise. The pendulum never
reaches does not have enough velocity to carry it to, or beyond, the vertical position
corresponding to the saddle at (π, 0). Instead it reaches approximately a horizontal
position with v = 0, then starts swinging clockwise. The pendulum will continue to
swing back and forth, but, unlike in the idealized model, the motion does not repeat.
It will, instead, oscillate around the rest position and steadily converge to the rest
position.

A physical explanation for this decay of the motion is that the pendulum loses
energy. We can see this mathematically, using the energy function from the idealized
model, ϕ(x, v) = 1

2
v2 − a2 cosx. We calculate the time derivative of ϕ along orbits

of the modified system to get

dϕ

dt
=
∂ϕ

∂x

dx

dt
+
∂ϕ

∂v

dv

dt
= a2 sin(x) · v + v · (−a2 sin(x) − rv)

= −rv2

This is less than 0 if v 6= 0, so ϕ decreases as t increases, unless the orbit is one of the
equilibrium points, where ϕ is constant. We therefore expect any orbit to converge
to one of the minima of ϕ, and these are the sinks (2kπ, 0). The only exceptions are
the equilibria and the stable curves that converge to the saddles.
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Figure 5.7. The separatrices in Figure 5.6.

In Figure 5.7 we show just the separatrices for a number of saddles, on a somewhat
larger scale. Notice that the stable curves form the boundaries of the basins of
attraction for the sinks. For example, the points on the Y axis between approximately
(0,−5) and (0, 5) converge to the sink at (0, 0) as t → +∞. However, the points
between approximately (0, 5) and (0, 10) converge to the sink at (0, 2π), and those
just above this interval converge to the sink at (4π, 0).

Physically, an orbit starting at (0, 7) corresponds to the following physical motion:
The pendulum starts at its rest position with an angular velocite v = 7. This is
fast enough that the pendulum will swing counterclockwise through an entire circle,
returning to its rest position, which is now represented by x = 2π, but with a smaller
angular velocity. At this velocity it will not be energetic enough to complete another
full circle, so it will oscillate back and forth around its rest position, eventually
converging to the rest position. Similarly, an orbit starting at about (0, 12) will
correspond to the pendulum being energetic enough to complete two full circles
before converging to its rest position, which is now represented by x = 4π.

5.4. Limit cycles

Here is a basic tool that is only available for analysing differential equations in
R2:

Theorem 5.7 (Poincaŕe-Bendixson). Suppose
dx

dt
= f(x) is a differential equa-

tion defined for x in some region of the plane R2. Suppose that S is a non-empty,
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bounded, closed, forward invariant subset of the domain of f . Then S contains an
equilibrium point or a closed orbit.

The proof of this theorem requires some topology, and we will not attempt to
describe the proof. However, we need to explain the hypothesis, and then show how
it is used.

A set S in Rk is bounded if the norms ‖x‖ for the elements of S have an upper
bound; that is, there is a constant R so that ‖x‖ ≤ R for all x in S. Equivalently,
the set S lies inside or on the circle of radius R around the origin. This condition is
usually easy to check. For example, the square with vertices at (0, 0), (1, 0), (0, 1),
and (1, 1) is bounded since it lies inside or on the circle centered at the origin of
radius

√
2. (Draw a picture.)

A set S in Rk is closed if it contains all its limit points. This means that if xn

is a sequence of points in S which converges to a point x∗ in Rk then x∗ must lie
in S. An equivalent formulation is that if x is a point which is not in S then it is
impossible to find points of S arbitrarily close to x; in other words, for some positive
radius r there are no points of S within r of x. The value of r usually depends on x.

Most sets S that we will be interested in will be described by a finite number
of conditions which are equalities or “weak” inequalities (using ≤ or ≥ instead of
the stronger versions, < or >). If these conditions involve only continuous functions
then the set is closed. This is just because if a sequence of points xn satisfies such
conditions and xn → x∗ then functional values f(xn) converge to f(x∗) (since the
functions involved are continuous) and equalities and weak inequalities are preserved
by limits. For example, the set described by x2 + y2 ≤ 4 and xy ≥ 1 is closed.

There is an important topological property of sets called compactness, and a
subset of Rk is compact if and only if it is both closed and bounded. We will
occasionally use the term “compact” instead of “closed and bounded”.

The last condition in the Poincaré-Bendixson Theorem is that S must be “forward
invariant”. This is only meaningful in terms of a particular differential equation,
which determines the flow F t. Then we say that a set S is forward invariant if every
point of S stays in S in future time: that is, if x0 is any point in S then F t(x0) lies in S
for all t ≥ 0. We can also, of course, define backward invariant sets. The unmodified
term invariant sometimes means “forward invariant” and sometimes “forward and
backward invariant”, depending on the context.

It is sometimes difficult to verify that a set S is forward invariant. However,
there is a common situation that is relatively easy to analyze. If we can determine
the “boundary” of a set S and we can verify that solutions that touch the boundary
must move into the interior of S, then no sloution can move out of S, so S is forward
invariant. In this case we often say that the vector field f “points into” S. As a
general procedure to check this, suppose that a part B of the boundary of S is defined
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by the level curve ϕ(x, y) = c, and the interior S lies on the side of the curve where

ϕ(x, y) < c. Then we calculate
dϕ

dt
at points of B. If this derivative is negative at a

point p of B then ϕ decreases along the solution curve that starts at p, at least for a
small range of positive t values. This means that the solution starts on the boundary,
where ϕ = c, and moves into the interior, where ϕ < c. In other words, the set S

will be invariant if
dϕ

dt
< 0 at all boundary points where ϕ = c and S satisfies ϕ ≤ c.

If one of the inequalities defining S has the form ψ ≥ c then you need to change the

sense of the inequality, so the condition becomes
dϕ

dt
> 0.

Note: It sometimes happens that
dϕ

dt
= 0 at an isolated point p on the boundary,

but
dϕ

dt
< 0 at all nearby points of the boundary, so they move into S. If the

trajectory starting at p does not enter S then, by continuity of the flow, the same
would be true for the trajectories starting on the boundary at points close to p, a
contradiction. Hence p must also move into S.

Here’s an example. Suppose
d

dt

[
x
y

]
= f(x, y) =

[
−2x+ cos(y)
−2y + sin(x)

]
, and let S be

the closed disk of radius 2 centered at the origin. Then S is closed and bounded. It
is also forward invariant. To see this, let ϕ(x, y) = x2 + y2. Then S is described by
ϕ(x, y) = x2 + y2 ≤ 4, and the boundary of S is the circle of radius 2 centered at the
origin, with equation ϕ(x, y) = x2 + y2 = 4. At points of the boundary,

dϕ

dt
=

d

dt

(
x2 + y2

)

dϕ

dt
= 2x

dx

dt
+ 2y

dy

dt
= 2x (−2x+ cos(y)) + 2y (−2y + sin(x))

= −4(x2 + y2) + 2x cos(y) + 2y sin(x)

= −16 + 2x cos(y) + 2y sin(x) since x2 + y2 = 4

≤ −8 since 2x cos(y) ≤ 2 |x| ≤ 4

and 2y sin(x) ≤ 2 |y| ≤ 4

Hence the vector field points into S, so S is forward invariant. Then the Poincaré-
Bendixson Theorem guarantees that there is either an equilibrium point or a closed
orbit (possibly both, and possibly more than one) in S. In fact, according to Theorem
5.10 there is an equilibrium point in S. This equilibrium point can be found by solving
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f(x, y) = 0, but this cannot be solved without using numerical methods. Maple gives
(x, y) ≈ (.486, 0.234).

The next example was discovered by van der Pol in 1920. He found it while
experimenting with vacuum tubes; we do not give the derivation, which requires
knowledge of electrical circuits. It exhibits an isolated periodic orbit, so it is very
different qualitatively from the examples that we have seen so far. This feature has
made the system useful in other applications, for example in an influential model of
neuron excitation due to FitzHugh and Nagumo in the early 1960’s.

Example 5.8. The van der Pol equation is
d2x

dt2
+ µ(x2 − 1)

dx

dt
+ x = 0, where µ

is a positive parameter.

We can recast this as a system by introducing the variable v = fderivxt as in
the pendulum model; this leads to

dx

dt
= v,

dv

dt
= −µ(x2 − 1)v − x.

We shall study a different conversion, which is easier to analyze. We first introduce
the auxiliary function F (x) = µ

(
1
3
x3 − x

)
, which is an antiderivative of the factor

µ(x2− 1) in van der Pol’s equation. In terms of this function we define a new variable

y =
dx

dt
+ F (x), so

dx

dt
= y − F (x). Also,

dy

dt
=

d

dt

(
dx

dt
+ F (x)

)
=
d2x

dt2
+ F ′(x)

dx

dt
=
d2x

dt2
+ µ(x2 − 1)

dx

dt
,

which matches the first two terms in van der Pol’s equation. Hence van der Pol’s

equation becomes
dy

dt
+x = 0, or

dy

dt
= −x. We summarize our convertied system as

(5.5)
dx

dt
= y − F (x),

dy

dt
= −x, F (x) = µ

(
1
3
x3 − x

)
.

We start analyzing this system by identifying the nullclines. The horizontal
nullcline is given by −x = 0, so it is the y axis. The vertical nullcline is given by
y − F (x) = 0, so it is the cubic curve with equation y = F (x) = µ

(
1
3
x3 − x

)
.

The cubic intersects the y axis only at the origin, so this is the only equilibrium

point. The derivative matrix for the vector field

[
y − F (x)

−x

]
is

[
−F ′(x) 1
−1 0

]
. Plug-

ging in the origin and remembering that F ′(x) = µ(x2 − 1), we get

[
µ 1
−1 0

]
. The

eigenvalues of this matrix are 1
2

(
µ±

√
µ2 − 4

)
. These are non-real with positive real
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Figure 5.8. The invariant set S for the van der Pol system (5.5),
with µ = 1.

part 1
2
µ if 0 < µ < 2. If µ ≥ 2 then they are real and positive, since

√
µ2 − 4 < µ.

Hence the origin is a source, and it spirals if µ < 2.

The general features of the phase portrait are similar for any positive value of µ.
For convenience we fix µ = 1 for the rest of the analysis.

We shall apply the Poincaré-Bendixson Theorem to the set S illustrated in Figure
5.8. This set is bounded on the outsice by a hexagon and on the inside by the circle
of radius

√
3, centered at the origin. Precisely, the set S is defined by the inequality

x2 + y2 ≥ 3, together with inequalities corresponding to the six sides of the hexagon.
In counterclockwise order these are:

x ≤ 4; y ≤ 4; y ≤ x+ 4; x ≥ −4; y ≥ −4; y ≥ x− 4.

Hence S is closed, and clearly it is bounded. We must show that it is forward
invariant.

First we examine the circle x2 + y2 = 3. Define ϕ(x, y) = x2 + y2 and calculate

dϕ

dt
=

d

dt

(
x2 + y2

)
= 2x

dx

dt
+ 2y

dy

dt
= 2x (y − F (x)) + 2y (−x) = 2xy − 2xF (x) − 2xy

= −2xF (x) = −2x
(

1
3
x3 − x

)
= −2

3
x2(x2 − 3)
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Now on the circle x2 + y2 = 3 each coordinate, in absolute value, is no greater

than the radius,
√

3. Hence x2 − 3 ≤ 0, so
dϕ

dt
≥ 0. At points where

dϕ

dt
> 0 the

vector field points in the direction of increasing ϕ, so it points into S. The same
applies to the two isolated points (0,±

√
3) on the circle where the derivative of ϕ is

zero.
Next we consider the sides of the hexagon:

On the side where x = 4 we have
dx

dt
= y − F (x). Since x = 4 and y ≤ 4, this

is y − F (4) = y −
(

1
3
· 64 − 4

)
≤ 4 − 52/3 = −40/3 < 0 so the vector field points

toward decreasing x values, into S.

On the side where y = 4 we have
dy

dt
= −x and x ≥ 0. Hence

dy

dt
< 0 and

the vector field points toward decreasing y values, into S. The same is true at the

isolated point (0, 4) where
dy

dt
= 0.

On the side where y = x + 4 we have −4 ≤ x ≤ 0. Let ψ(x, y) = y − x, so this

side corresponds to ψ = 4. We compute
dψ

dt
=
dy

dt
− dx

dt
= −x − y + F (x). Plug in

y = x+ 4 and this becomes
dψ

dt
= −x− (x+ 4) +F (x) = 1

3
x3 − 3x− 4. We need the

maximum value of this derivative, so we take its derivative with respect to x and set
it equal to 0:

d

dx

(
1
3
x3 − 3x− 4

)
= x2 − 3 = 0, so x = ±

√
3.

So the maximum value of
dψ

dt
on the interval −4 ≤ x ≤ 0 occurs at x = −4 or at

x = −
√

3 or at x = −0. The values of
dψ

dt
at these three points are

x = −4
dψ

dt
=

1

3
· (−64) − 3(−4) − 4 = −40

3
< 0

x = −
√

3
dψ

dt
=

1

3
· (−3

√
3) − 3(−

√
3) + 4 = −2

√
3 + 4 ≈ −.536 < 0

x = 0
dψ

dt
=

1

3
· 0 − 3 · 0 − 4 = −4 < 0

Since the maximum value of
dψ

dt
, for −4 ≤ x ≤ 0 is negative we conclude that

dψ

dt
is negative at all points of the edge where y = x + 4, so the vector field is pointing
toward decreasing ψ values, into S.

The other three sides of S are handled similarly.
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Figure 5.9. Orbits of the van der Pol system (5.5), with µ = 1,
together with the cubic curve y = F (x).

We can now apply the Poincaré-Bendixson Theorem to this example: There must
be an equilibrium point or closed orbit in S. The only equilibrium point of the system
is at the origin, and this is not in S. Hence there is a closed orbit of the system inside
S. More detailed analysis shows that there is only one closed orbit, and that all other
orbits (except the equilibrium point) spiral towards this closed orbit as t → +∞.
This is illustrated in Figure 5.9.

From the graph it seems that orbits that cross the cubic y = F (x) at points where
|x| >

√
3 must follow close to the cubic until it crosses the x axis. This behavior is

verified in Exercise 5.12. Similar analysis shows that any orbit that starts far from
the origin must eventually cross the cubic, as illustrated.

Here are a few facts related to the Poincaré-Bendixson Theorem that were dis-
cussed in class, but I don’t have time to discuss them carefully now:

Theorem 5.9. Suppose
dx

dt
= f(x) is a differential equation defined for x in

some region of the plane R2. Suppose that S is a non-empty, bounded, closed subset
of the domain of f , and that S does not contain an equilibrium point or closed orbit.
Then any orbit that enters S at some time t0 must leave S at some time t1 > t0.
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Theorem 5.10. Suppose that
dx

dt
= f(x) is a differential equation defined for x

in some region of the plane R2. Suppose that S is a non-empty, bounded, closed,
forward invariant subset of the domain of f , and that the boundary of S is a simple
closed curve. Then S contains an equilibrium point.

A simple closed curve is a closed curve without self-intersections. Theorem 5.10
applies in the special case that S consists of a closed orbit plus its interior.

5.5. Stability

There are several distinct notions of stability in dynamical systems. We will give
two of them:

The first definitions refer to a fixed dynamical system. If C is a non-empty
compact invariant set we say that C is stable if all orbits that start near C stay near
C for all t ≥ 0, and we say that C is asymptotically stable if, in addition, all orbits
that start near C converges to C as t→ +∞.

To make this precise, let F t be the flow of the system. Define dC(x) to be the
distance of a point x to the set C; this is the minimum distance from x1 to a point
in C. Then C is stable if there are two positive numbers δ and r so that if d(x1) < δ
then d(F t(x1)) < r for all t ≥ 0. If, in addition, there is some positive number δ0 so
that lim

t→+∞
dC(F t(x1)) = 0 whenever dC(x1) < δ0 then C is asymptotically stable.

If C consists of a single equilibrium point x0 then the definition of asymptotically
stable is the same as the definition of a sink. For an example of an equilibrium point
that is stable, but not asymptotically stable, see the origin in the spring example,
Figure 5.5.

If C consists of a single closed orbit then the definition of asymptotically stable
is the same as the definition of two-sided limit cycle. On the other hand, each closed
orbit surrounding the origin in Figure 5.5 is stable, but not asymptotically stable.

In higher dimensions we will see other examples of stable invariant sets.
The main idea for this notion of stability is that perturbations of stable features

of the phase portrait stay near those features, or converge to them.

The second definition is concerned with the idea that features of the phase por-
trait will persist when the dynamical system itself is perturbed. There is a formal
definition for an entire dynamical system to be structurally stable, but we will in-
stead concentrate on features of the phase portrait. We say that a dynamical system
is structurally stable near a compact invariant set C if every nearby system has a
compact invariant set C ′ near C, and the orbits near and on C correspond to orbits
near and on C ′. The precise definition requires a fair amount of analysis, so we will
content ourselves with some simple special cases.
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The main tool in almost all structural stability analysis is the following, which is
simple enough that we can give a self-contained proof.

Theorem 5.11 (Banach Contraction Principle). Suppose that S is a non-empty
closed subset of Rk and that the function F satisfies the following:

(a) S is F -invariant: If x ∈ S thwn F (x) ∈ S.
(b) F is a contraction: There is a constant α so that 0 < α < 1 and ‖F (x) − F (y)‖ ≤

α ‖x− y‖ for all x and y in S.

Then there is a unique x∗ in S which is a fixed point for F , and, for any x0 in S,
the iterates F n(x0) converge to x∗ as n→ +∞.

Proof. First we check that F cannot have more than one fixed point. Suppose
that x1 and x2 are two different fixed points of F , so F (x1) = x1 and F (x2) = x2

and x1 6= x2. Then

‖x1 − x2‖ = ‖(x1) − F (x2)‖ ≤ α ‖x1 − x2‖ .

Subtracting α ‖x1 − x2‖ from both sides and simplifying gives (1−α) ‖x1 − x2‖ ≤ 0.
But this is impossible since 1 − α > 0 and ‖x1 − x2‖ > 0. Thus it is impossible for
F to have two different fixed points.

Next, notice that F is continuous. To see this, suppose that ε is a positive number
and define δ = ε. If ‖x1 − x2‖ < δ then

‖F (x1) − F (x2)‖ ≤ α ‖x1 − x2‖ < αδ = αε ≤ 1 · ε = ε,

using δ = ε and 0 < α < 1. This is the definition of continuity at the point x1 (and
is also the definition of uniform continuity on all of S).

Suppose that x0 is in S. Then x1 = F (x0) is in S, so we can repeat to define
x2 = F (x1) = F 2(x0). Continuing, we see that the sequence xn is well defined by
the rule xn = F (xn−1) and that xn is in S for all n; by iterating F we can also write
xn = F n(x0). We need to see that the sequence xn has a limit. To do this we use
a “telescoping series” trick to convert the limit of this sequence into the limit of a
series:

xn = (xn − xn−1) + (xn−1 − xn−2) + · · · + (x1 − x0) + x0
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so xn =
n∑

k=0

(xk − xk−1) + x0. Hence lim
n→∞

xn exists if and only if the infinite series

∞∑

k=0

(xk − xk−1) converges. To check this we first calculate

‖xk − xk−1‖ = ‖F (xk−1) − F (xk−2)‖ ≤ α ‖xk−1 − xk−2‖
= α ‖F (xk−2) − F (xk−3)‖ ≤ α2 ‖xk−2 − xk−3‖
. . .

≤ αk−1 ‖x1 − x0‖ .
Now we can check that the series converges using the absolute convergence criterion
and comparison to the geometric series:

∞∑

k=0

‖xk − xk−1‖ ≤
∞∑

k=0

αk−1 ‖x1 − x0‖ =
1

1 − α
‖x1 − x0‖ <∞.

[This is an argument involving a series of vectors, but these calculations show that
each component of the series converses, since the absolute value of one component
of a vector is no greater than the length of the vector.]

Finally, since S is closed, the limit point x∗ is also in S. Using continuity of F
and the recursion relation F (xn) = xn+1,

F (x∗) = F
(

lim
n→∞

xn

)
= lim

n→∞
F (xn) = lim

n→∞
xn+1 = lim

n→∞
xn = x∗.

Hence x∗ is a fixed point of F . �

For applications we need a simple way to check that a function is a contraction.
In the one dimensional case the Mean Value Inequality, Lemma 2.10, is very useful.
This is also true in higher dimensions, but some definitions are required. First, we
need a way to measure the size of a matrix. There are many ways to do this, but
the most convenient is perhaps the hardest to calculate in practice. We define the
operator norm of a real matrix A by the rule

‖A‖ = the maximum value of ‖Ax‖ under the condition ‖x‖ = 1.

If A is an m× n matrix then x is a vector in Rn, so ‖x‖ is the usual length of an n
dimensional vector. Also, Ax is a vector in Rm, so ‖Ax‖ is the usual length of an m
dimensional vector. What is new here is the definition of ‖A‖. Here are the basic
properties:

Proposition 5.12. Suppose A is a real m× n matrix. Then
(a) ‖Ax‖ ≤ ‖A‖ · ‖x‖ for any x in Rn.
(b) ‖AC‖ ≤ ‖A‖ · ‖C‖ for any m× p matrix C.
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(c) The norm properties are satisfied:
(i) ‖A‖ ≥ 0 and ‖A‖ = 0 if and only if A = 0.

(ii) ‖cA‖ = |c| · ‖A‖ if c is a scalar.
(iii) ‖A+B‖ ≤ ‖A‖ + ‖B‖ if B is also m× n.

There is a corresponding notion of norm for complex vectors and matrices, but
we will only consider the real case.

It is not easy to calculate ‖A‖ except in very simple cases. Here is one:

Lemma 5.13. If Λ is a real diagonal matrix with entries λk on the diagonal then
‖Λ‖ = max { |λk| }.

Proof. Let r = max { |λk| }. Then, if ‖x‖ = 1, we have

‖Λx‖2 =
n∑

k=1

λ2
kx

2
k ≤ r2

n∑

k=1

x2
k = r2 ‖x‖2 = r2,

so ‖Λx‖ ≤ r. On the other hand, r = |λj| for some j and if x = ej is the corresponding
unit vector then ‖x‖ = 1 so ‖Λ‖ ≥ ‖Λej‖ = ‖λjej‖ = |λj| = r. Putting the
inequalities together gives ‖Λ‖ = r. �

Most of the time the exact value of ‖A‖ is not needed. Here is a way to estimate
the size of a matrix which is close to a diagonal matrix:

Lemma 5.14. Suppose A and B are n×n real matrices and δ is a positive number.
(a) If |Bjk| < δ for all j, k then ‖B‖ < nδ.
(b) If |Ajk| < δ for j 6= k and |Ajj| ≤ λ for all j then ‖A‖ ≤ λ+ nδ.

Proof. Part (a): Suppose ‖x‖ = 1. The Cauchy-Schwartz inequality, applied
to the vectors u = (1, 1, . . . , 1) and z = (|x1| , |x2| , . . . , |xn|), shows that

∑

k

|xk| =
∑

k

ukzk ≤ ‖u‖ · ‖x‖ =
√
n · 1 =

√
n.

Hence

|(Bx)j|2 ≤
(

∑

k

|Bjkxj|
)2

≤
(

∑

k

δ |xk|
)2

= δ2

(
∑

k

|xk|
)2

≤ δ2
(√

n
)2

= nδ2.

Adding this up for the n components of Bx gives ‖Bx‖2 ≤ n · nδ2 = n2δ2, so

‖B‖ ≤
√
n2δ2 = nδ.

Part (b): Write A = Λ + B where Λ is diagonal with diagonal entries Ajj and
B has the same entries as A off the diagonal and has zeros on the diagonal. Then,
using Lemma 5.13:

‖A‖ = ‖Λ +B‖ ≤ ‖Λ‖ + ‖B‖ = max |Ajj| + ‖B‖ ≤ λ+ nδ. �
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Finally, here is the generalization of Lemma 2.10:

Theorem 5.15 (Mean Value Inequality). Suppose that F is a C1 function and
that K is a convex subset of the domain of F . Suppose that M is a constant and
‖DF (x)‖ ≤M for all x in K. Then

‖F (x) − F (y)‖ ≤M · ‖x− y‖
for all x and y in K.

Now, putting all these results together, we can give a simple criterion for the
existence of a sink:

Proposition 5.16. Suppose that G is a C1 discrete dynamical system defined
on a subset of Rn. Suppose that x0 is a point, r is a positive number, and all points
within distance r of x0 are in the domain of G. Moreover, suppose that α is a
constant less than 1, and
(a) ‖DG(x)‖ ≤ α for all x with ‖x− x0‖ ≤ r.
(b) ‖G(x0) − x0‖ ≤ (1 − α)r.
Then G has a unique fixed point x∗ satisfying ‖x∗ − x0‖ ≤ r, this fixed point is a
hyperbolic sink, and and all points within distance r of x0 are in the basin of attraction
of x∗.

Proof. Let B be the closed ball of radius r0 centered at x0: That is, B is defined
by ‖x− x0‖ ≤ r0. This is a closed convex set. Hence the Mean Value Inequality
shows that ‖G(x) −G(y)‖ ≤ α ‖x− y‖ for all x, y in B. Now if x ∈ B then

‖G(x) − x0‖ = ‖G(x) −G(x0) +G(x0) − x0‖ since −G(x0) +G(x0) = 0

≤ ‖G(x) −G(x0)‖ + ‖G(x0) − x0‖ by the triangle inequality

≤ α ‖x− x0‖ + (1 − α)r since ‖G(x) −G(y)‖ ≤ α ‖x− y‖
and ‖G(x0) − x0‖ ≤ (1 − α)r

≤ α · r + (1 − α)r = r since ‖x− x0‖ ≤ r

Thus G(x) ∈ B. Now the hypotheses of the Banach Contraction Principle are
satisfied, and this provides x∗ with the required properties. �

We can now derive a prototype structural stability result for C1 discrete dy-
namical systems. Suppose that x0 is a hyperbolic sink of F and DF (x0) is a real
diagonal matrix. Then α0 = ‖DF (x0)‖ is less than 1. Let δ0 = (1 − α0)/3. This
is a positive number so, by continuity of DF , there is a positive number r so that
‖DF (x)‖ ≤ α0 + δ0 whenever x is in the closed ball B of radius r centered at x0. Let
α = α0 + 2δ0 and define δ to be the smaller of δ0 and (1−α)r. Notice that α < 1 so
δ is positive.
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Now supposeG is δ close to F onB in the C1 sense. This means that ‖F (x) −G(x)‖ ≤
δ and ‖DF (x) −DG(x)‖ ≤ δ both hold, for all x ∈ B. We then have

‖DG(x)‖ ≤ ‖DF (x)‖ + ‖DF (x) −DG(x)‖ ≤ α0 + δ0 + δ ≤ α0 + 2δ0 = α,

and ‖G(x0) − x0‖ = ‖G(x0) − F (x0)‖ ≤ δ ≤ (1 − α)r

These are the hypotheses for Proposition 5.16, so G has a unique fixed point x∗ in
B, and x∗ is a hyperbolic sink. This is exactly what is meant by structural stability.

We need to extend this argument. First we need to remove the restrictions that
DF (x0) is a real diagonal matrix; and then we need to consider other types of fixed
points. For a discrete dynamical system defined by the transition rule F we say a
fixed point x0 is hyperbolic if all eigenvalues λ of the derivative matrix DF (x0) satisfy
|λ| 6= 1. After considerably more work we find the following.

Theorem 5.17. Suppose F is an invertible C1 discrete dynamical system. Then
any hyperbolic fixed point of a C1 discrete dynamical system F is structurally stable.

Now we want the same kind of result for continuous dynamical systems. This is
facilitated by the following connection between equilibrium points of a differential
equation and fixed points of the flow:

Proposition 5.18. Suppose F t is the flow of the differential equation
dx

dt
= f(x).

If f is C2 then F t is C1. Moreover, if f(x0) = 0 then DF 1(x0) = eDf(x0).

It follows that the eigenvalues of DF 1(x0) are given by eλk where λk are the
eigenvalues of Df(x0). Now

∣∣ea+bi
∣∣ = |ea(cos(b) + i sin(b)| = ea

√
cos2(b+ sin2(b)) = ea.

Hence the eigenvalue eλk of DF 1(x0) has absolute value equal to 1 if and only if the
eigenvalue λk of Df(x0) has real part equal to 0. In other words, x0 is a hyperbolic
equilibrium point of the differential equation if and only if x0 is a hyperbolic fixed
point of F 1. Using this plus a little more analysis, we can convert Theorem 5.17 into

Theorem 5.19. Suppose f is C2. Then any hyperbolic equilibrium of the differ-

ential equation
dx

dt
= f(x) is structurally stable.

5.6. Bifurcations

Suppose a dynamical system depends on a parameter α. If the dynamical system
is structurally stable for some value of α, say α = α0, then small changes in α will
cause only small changes in the phase portrait, and will not change the qualitative
features of the system. For example, suppose that x0 is a hyperbolic equilibrium
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point for the system when α = α0. Then there will still be a unique hyperbolic
equilibrium point near x0 when α is near α0, and this point will be of the same type
(source, sink or saddle) as x0. Similarly, hyperbolic limit cycles (see the definition in
the next chapter) will persist.

On the other hand, the phase portrait may be different for other values of α. For
example, when α = α1 the system might also be structurally stable, but there may
be a different number of equilibrium points than when α = α0 or their type (source,
sink or saddle) might be different. In such a case there must be some value of the
parameter, say α = α′, so that the phase portraits do not change qualitatively for
α0 ≤ α < α′, but so that the phase portrait for α′ is different. Such a parameter
value is called a bifurcation value.

The system cannot be structurally stable for α = α′, since there are values of
α arbitrarily close to α′ for which the phase portrait is different from the phase
portrait for α = α′. In simple cases the phase portraits for α′ < α ≤ α1 will
not change qualitatively, so that the phase portrait for α = α′ represents the only
transitional form between α = α0 and α = α1. However, the bifurcation picture
can be much more complicated, with many – possibly infinitely many – bifurcation
values between α0 and α1.

Our next example is taken from a bio-engineering paper: T. Gardner, C. Cantor,
J. Collins, Construction of a genetic toggle switch in Escherichia coli, Nature 403

(2000), 339–342.
This system models the behavior of two genes, which we call GU and GV , inserted

via a plasmid in the bacterium Escherichia coli. These genes code for proteins, which
we denote PU and PV , respectively. The protein PU is a repressor for the gene GV ;
that is, the presence of PU in a cell inhibits the activity of gene GV . Similarly,
PV is a repressor for the gene GU . This behavior can be manipulated externally,
by controlling one of two chemicals called inducers. The inducer IU enhances the
expression of GU by interfering with the repressor PV . Similarly, IV is the inducer
for gene GV .

The paper describes experimental verification for behavior based on this basic
model. The relative concentrations of the two repressors can be visually monitored
since the expression of one of the genes also causes a green fluorescent protein to be
produced. Specifically, the authors used the following.

Example 5.20. There are two non-negative state variables, u and v, which are
the concentrations of the repressor proteins PU and PV . The simplified differential
equations for the concentrations are

du

dt
= −u+

α

1 + vβ
,

dv

dt
= −v +

γ

1 + uδ
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where α, β, γ and δ are positive parameters. The time scale has been adjusted so
that the coefficients of u and v in these equations are −1.

Here is a short explanation of the form of the equations. Consider the equation for
du

dt
. The first term, −u, reflects the fact that the protein PU is rapidly broken down

within the cell, so that it will tend to disappear unless it is recreated. The second

term,
α

1 + vβ
, represents the production of the protein PU . This expression has a

maximum value of α when v is 0, and it decreases to 0 as v increases. This general
picture is reasonable, since the presence of the protein PV represses the production
of the protein PU . The more precise form of this expression, including the meaning
of the exponent β, is based on properties of specific bio-chemical reactions.

The effect of the inducer IU is incorporated in the parameter α. As the amount of
IU in the cell is increased the parameter α will increase, since a higher concentration
of IU makes it more likely that the gene GU will be able to produce the protein PU .

The equation for
dv

dt
has the same general interpretation.

The experiment showed that it is possible to make the gene GU “dominant” by
adding the IU inducer, so that the concentration u of the protein PU became very
high and the concentration v of PV was almost 0. This situation persisted after the
inducer was removed from the bacterial culture. It was then possible to switch this
situation, making the GV gene dominant, by adding the inducer IV to the system;
again this configuration persisted after the inducer was removed. This explains the
title of the article: The authors were able to turn their bacterial culture into a toggle
switch, which could be switched between the “GU dominant” and “GV dominant”
states, and which would stay in one state until switched to the other.

The parameters used in the experimental model are quite specific, corresponding
to known characteristics of the particular genes that were used; for example, β = 1,
γ = 2.5. However, the qualitative picture does not depend on the actual values of
the parameters, within a fairly broad range. In order to focus on the qualitative
picture we will simplify the situation, taking β = δ = 2 and restricting α and γ to
values between 0 and 10.

We need to analyze the phase portrait for various values of the parameters α
and γ. To find the equilibrium points we plot the nullclines and find the points of
intersection. The nullclines have the equations

(5.6) u =
α

1 + v2
, v =

γ

1 + u2

If we eliminate v between these equations we are left with a fifth degree polynomial
equation for u, and each value of u is related to a single value of v by the second
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(a) α = 4 (b) α = 5

(c) α = 5.796077291 (d) α = 7

Figure 5.10. Nullclines for Example 5.20. The curves are given by
(5.6) with γ = 4 and α as shown. The dotted curve in plots (a) and
(b) are the separatrices corresponding to the saddle points.

equation in (5.6). Hence there are at most 5 equilibrium points. In fact, there are
at most 3 equilibrium points since two solutions of the fifth degree equation are
non-real. There are no closed orbits: see Exercise 5.18.

We start with Figure 5.10(a), showing the nullclines when α = 4 and γ = 4. In
this case there are three equilibrium points. If we calculate the eigenvalues of the
linearizations we find that the equilibria near (4.0) and (0, 4), and these are sinks.
The third equilibrium is on the line u = v and it is a saddle. If we consider only
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points along the line u = v then the vector field f(u, v) becomes

f(u, u) =

(
−u+

4

1 + u2
, −u+

4

1 + u2

)
.

Hence the vector field, at all points on the line u = v, points in a direction parallel
to the line u = v. That is, the line u = v is an invariant set, so it consists of orbits:
the saddle point and the corresponding stable curves. Hence the line u = v is a
separatrix, dividing the plane into the basins of attraction for the two sinks. This
separatrix is also shown in the figure.

We interpret α = 4, γ = 4 as the “natural” state of the bacterial colony. Very
quickly, in each individual cell, the state vector (u, v) will converge to one of the two
sinks. There will, of course, be some cells that are on, or very close to, the line u = v,
but this will be a very small fraction of the total population. Hence we expect that
about 50% of the cells will show “GU dominance”, so they will have a (u, v) value
close to (4, 0), while the other 50% will show “GV dominance”, with a (u, v) value
close to (0, 4).

We now consider what happens as the inducer IU is gradually added to the
culture. This will have the net effect of increasing α. Since the system for α = 4 was
structurally stable (the equilibria are hyperbolic) we expect that the phase portrait
will be qualitatively the same for α near 4. The nullclines for α = 5 are shown in
Figure 5.10(b), and the general features are the same as for α = 4: There are two
sinks and a saddle, and the stable curves of the saddle separate the plane into the
two basins of attraction. It is not as easy to describe the separatrix, but, from the
figure, it has shifted upwards, so that somewhat more than 50% of the cells will find
themselves below the separatrix and hence attracted to the sink near (5, 0).

However, if α is increased enough then we see a different phase portrait: See
Figure 5.10(d) for α = 7. The nullclines now have only one point of intersection,
which is the sink near (7, 0). Thus we expect all cells to eventually converge to a
state with a (u, v) value near (7, 0). That is, all cells will be “GU dominant”.

Since the systems for α = 4 and α = 7 are structurally stable, with different phase
portraits, there must be a bifurcation value for α between 4 and 7. Graphically, this
value of α is the value where the two nullclines have a transition from three points
of intersection to one point of intersection. Increasing α has the effect of pulling the

nullcline v =
α

1 + v2
to the right, and the last α value for which there is an intersection

near the point (0, 4) occurs when the two nullclines have a point of tangency. This
observation gives a method for determining this value of α numerically: We need
a point of intersection, so the two nullcline equations must be satisfied. Also, the
nullclines must be tangent at the point of intersection, so we have a third equation,
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expressing the fact that the two nullclines have the same slopes. This amounts to
the equation

d

du

(
4

1 + u2

)
=

[
d

dv

(
α

1 + v2

)]−1

.

Solving this equation together with the two nullcline equations (using Maple) gives
the bifurcation value α = 5.796077291, and this is shown in Figure 5.10(c). The
equilibrium point is at about (0.6238, 2.8794) and it is not hyperbolic; one of the
eigennvalues is 0.

Graphically, the bifurcation occurs as the two equilibrium points on the left
come closer together, then “coalesce” when the nullclines become tangent, and then
“cancel out” as the nullclines pull apart. Calculations show that this movement of
the equilibria is accompanied by a weakening of one of the eigenvalues at each point:
at the sink the eigenvalues change from −.5, −1.5 to 0, −2, and at the saddle they
change from 0.3106, −2.3106 to 0, −2.

From these diagrams we can interpret the “toggle switch” behavior in the exper-
iments. As indicated above, as the IU inducer is increased the bacterial population
will move from a configuration evenly divided between GU dominant and GV domi-
nant states to one in which essentially all bacteria show GU dominance. If the extra
IU inducer is removed then the phase portrait will return from Figure 5.10(d) to
Figure 5.10(a). However, since essentially all the bacteria are in a state very close
to the sink on the right, they will stay near that sink as α decreases. Hence, even
when the level of the IU inducer has fallen to its initial values, essentially all the
bacteria will have (u, v) values near (4, 0), so they will show GU dominance. This
initially “sets” the toggle switch. It should then be clear that manipulating the other
inducer, IV , will push essentially all the bacteria to the sink near the v axis, and
after the extra inducer is removed the bacteria will mostly stay near this sink, so the
bacteria will show GV dominance. This is how we switch the toggle between its two
basic configurations.
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Exercises

5.1. Using the same method as for the predator-prey equation, find a constant of the
motion for each of the following:

(a)
dx

dt
= x2(y − 1),

dy

dt
= xy.

(b)
dx

dt
= (x− 1)(y − 1),

dy

dt
=

1

x+ 1
.

(c)
dx

dt
= sinx cos y,

dy

dt
= tanx.

5.2. Find a constant of the motion for the spring system, Example 4.7.

5.3. Section A.3 in the appendix reviews a method for solving an “exact differential
equation”. Use this method to find a constant of the motion for the following:

(a)
dx

dt
= y − 2x,

dy

dt
= x2 + 2y.

(b)
dx

dt
= y − x2,

dy

dt
= x(1 − x+ 2y).

5.4. Use Maple to determine the periods of several of the closed orbits in Figure 5.1.

5.5. This problem refers to the system of Figure 5.1. The island managers want to
ensure that there are always an adequate number of rabbits, since they make a
living by selling bunnies at Easter (this is reflected, of course, in the growth rate
r). You will need to use Maple to answer this completely, but you can get a first
approximation by looking at the graph.
(a) What are the maximum and minimum values for the rabbit population, if

initially there are 50 foxes and 2000 rabbits?
(b) The island is in a nature preserve, but the managers have special permission to

arrange a one-time only reduction of 25 in the number of foxes. Why doesn’t
it make sense to schedule this reduction when the foxes are at their minimum
value?

(c) Approximately what is the optimum time to remove 25 foxes, in order to move
the system to a state with the greatest minimum number of rabbits?

(d) After this reduction, what will be the minimum number of rabbits?

5.6. Here is yet another Rabbit Island scenario. Instead of introducing predators
(foxes) to the island we introduce competitors: woodchucks. Woodchucks and
rabbits eat the same kind of thing (carrots?) so we expect that the net growth
rate for rabbits will be reduced by an increased number of rabbits (because of
crowding) and also by an increased number of woodchucks (competition). Of
course, the same thing holds from the woodchuck point of view.
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This leads to the following general model: We represent the rabbit population
by y and the woodchuck population by x, and we propose the following differential
equation:

d

dt

[
x
y

]
=

[
(s− αx− βy)x
(r − γx− δy)y

]
.

The parameters r, s, α, β, γ, δ are all positive.
In this exercise, use the following values:

r = .1, s = .05, α = 0.0006, β = 0.0004, γ = 0.002, δ = 0.0004

You can use Maple, if you want, to prepare a phase portrait, but you don’t
really need it. You might want to use Maple to calculate eigenvalues, but it’s
not necessary.
(a) There are four equilibrium points, all in the closed first quadrant. Sketch the

x and y nullclines and find the equilibrium points.
(b) Describe the orbits on the x and y axes. Explain why an orbit can’t leave the

first quadrant.
(c) The equilibrium points are all hyperbolic. Classify them. You should find 1

saddle, 1 source, 2 sinks. Is there any spiralling behavior?
(d) What can you say about the basins of attraction for the sinks? You can ignore

all but the first quadrant.
(e) What can you say about the stable and unstable curves starting at the saddle?
(f) According to this model, can rabbits and woodchucks co-exist in the long run?

5.7. For each of the following, sketch the nullclines; find the equilibrium points; find
the linearizations at the equilibria; and classify the equilibria.

(a)
dx

dt
= 4y − y3,

dy

dt
= x+ y.

(b)
dx

dt
= x2 − y2,

dy

dt
= y + x2 − 2.

(c)
dx

dt
= xy + 6,

dy

dt
= x2 − 7 − y.

5.8. Start with the second order differential equation
d2x

dt2
+ 2x3 = 0.

(a) Convert this to a system of differential equations, using x and y =
dx

dt
as the

variables.
(b) This system has only one equilibrium, at the origin. Calculate the linearization

at the origin and verify that the system is not hyperbolic.
(c) Show that ϕ(x, y) = x4 + y2 is a constant of the motion.
(d) What can you say about the orbits?
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5.9. Start with the second order differential equation x
d2x

dt2
− dx

dt
+ x2 − x3 = 0.

(a) Convert this to a vector differential equations in the form
d

dt

[
x
y

]
= f(x, y),

using x and y =
dx

dt
as the variables. What happens when x = 0?

(b) Here’s another way to convert the second order DE to a system: Divide the

equation by x2, notice that
1

x

d2x

dt2
− 1

x2

dx

dt
=

d

dt

(
1

x

dx

dt

)
, and use the variables

x and z =
1

x

dx

dt
. Find the differential equations in terms of x and z.

(c) Part (b) produces a differential equation for x and z with one equilibrium.
Find the equilibrium and classify it.

(d) What happens in the x-z system when x = 0?

5.10. Describe what happens in Example 5.3 when the condition (5.2) is replaced by
the condition

r/δ < r/α.

(The remaining case, when the inequality is replaced with an equality, involves a
non-hyperbolic equilibrium, so it is not easy to analyse.)

5.11. Consider the following equations:

dx

dt
= 4x− 3y − x(x2 + y2),

dy

dt
= 3x+ 4y − y(x2 + y2).

(a) There are unique constants a and b so that a > 0 and x = a cos(bt), y =
a sin(bt) is a solution of this system. Plug these formulas for x and y into the
differential equations and determine a and b. Thus one orbit of this system is
a circle of radius a, centered at the origin.

(b) Let ϕ(x, y) = x2 +y2 = r2. Calculate
dϕ

dt
and write it in the form r2(A−Br2)

for some constants A and B.
(c) Use part (b) to explain why your solution from part (a) is a two-sided limit

cycle.
(d) Sketch the phase portrait.
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5.12. This problem refers to the van der Pol system with µ = 1, and it explains why
the orbits which cross the cubic y = F (x) = 1

3
x3 − x stay very close to the cubic

until they hit the x axis.
Suppose y1 is any positive number. Define the region R to have the following

boundary curves:

top: y = y1

left: y = F (x)

right: y = F (x) − 2/3

bottom: y = 0

(a) Make a careful sketch of the region R; you can choose y1 = 4 (or any larger
value). The left and the right curves will be very close to each other.

(b) Check that the left and right curves intersect the x axis at x =
√

3 and x = 2.

(c) Using the facts that
dy

dt
= −x < 0 for x > 0 and

dx

dt
= y − F (x) = 0 on the

cubic, check that solution curves enter R on its top and left boundaries, and
exit on the bottom boundary.

(d) Let ψ(x, y) = y−F (x). Check that
dψ

dt
= −x−F ′(x)ψ(x, y) along any solution

curve.

(e) Check that
dψ

dt
≥ 0 on the right boundary of R. Explain why this implies

that solutions enter R on the right boundary. [Notice that the left boundary
corresponds to ψ = 0 and the right boundary corresponds to ψ = −2/3.]

(f) Using
dy

dt
< 0, explain why R cannot contain any equilibrium points or closed

orbits.
(g) Finally, explain why any solution curve which hits the cubic at any point

(x1, y1) where y1 > 0 must intersect the x axis between
√

3 and 2.

5.13. Let F (x) =
√

3 + x, and let S = [1,∞).

(a) Show that 0 < F ′(x) <
1

2
√

3
for all x in S.

(b) Show that F and S satisfy the hypotheses of the Banach Contraction Principle.
You should use the Mean Value Inequality (Theorem 5.15).

(c) Find the fixed point x∗ of F in S. That is, solve the equation F (x) = x
algebraically.

(d) Why does the sequence
√

3,

√
3 +

√
3,

√

3 +

√
3 +

√
3, . . . converge to x∗?
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(e) Congratulations! You have now proved
√

3 +

√

3 +

√
3 +

√
3 + . . . = x∗

where x∗ was determined in part (c).

5.14. Let F (x) =
1

3 + x
and S = [0,∞). Follow the procedure of Exercise 5.13 to

determine x∗ and prove
1

3 +
1

3 +
1

3 + · · ·

= x∗

5.15. Define the discrete dynamical system G by the rule

G(x1, x2) =

(
1

2
x1 +

1

10
sin(x2) −

1

100
,

2

3
x2 −

1

20
ex1 +

1

10

)
.

(a) Suppose ‖x‖ ≤ 1
2
. Show that the off-diagonal entries in DG(x) are less than 1

10

in absolute value. [Notice that |x1| ≤ 1
2

and e1/2 ≤ 2.]

(b) Use Lemma 5.14 to show that ‖DG(x)‖ ≤ 13
15

if ‖x‖ ≤ 1
2
.

(c) Show that ‖G(0, 0)‖ ≤ 1
15

.

(d) Now check that the hypotheses of Proposition 5.16 are satisfied, so that G has
a sink in the closed ball of radius 1

2
centered at the origin.

5.16. Start with the differential equations
dx

dt
= x2,

dy

dt
= −y.

(a) This system has exactly one equilibrium point, at the origin. Show that this
is not a hyperbolic equilibrium by calculating the eigenvalues at the origin.

(b) Sketch the flow on the x axis.

(c) Now perturb the equations slightly, to
dx

dt
= x2 + ε,

dy

dt
= −y, where ε is a

small constant. Show that if ε is positive then the system has no equilibrium
points.

(d) Show that, if ε is negative, say ε = −δ2, the system has two equilibrium
points, both hyperbolic.

(e) Sketch the flow on the x axis for the perturbed system with negative ε.
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5.17. Start with the differential equations
dx

dt
= x3,

dy

dt
= −y.

(a) This system has exactly one equilibrium point, at the origin. Show that this
is not a hyperbolic equilibrium by calculating the eigenvalues at the origin.

(b) Sketch the flow on the x axis.

(c) Consider the perturbed system
dx

dt
= x3 + εx,

dy

dt
= −y, where ε is a small

constant. How many equilibrium points does the perturbed system have?
Your answer will depend on the sign of ε.

(d) Any small perturbation of this system must have at least one equilibrium
point. To show this, draw the square S with vertices (±1,±1), and show
graphically that the flow on the boundary of S always points into the square.
This will still be true if the system is slightly perturbed Now cite a theorem
in section 5.4.

5.18. The dynamical system of Example 5.20, with any choice of parameters, has no
closed orbits. Show this by contradiction: If there is a closed orbit, apply the
Divergence Theorem to the vector field f(u, v) and the region enclosed by the
closed orbit. [The Divergence Theorem in two dimensions is also known as Green’s
Theorem. There are two versions of Green’s Theorem – you need the one that
relates the divergence of f to the normal component of f on the boundary curve.]

5.19. Here is another bifurcation in Example 5.20, with β = δ = 2. Suppose the inducers
are simultaneously adjusted, so that α = γ remains true as α varies. The phase
portrait for α = γ = 4 was analyzed in the text; see Figure 5.10(a).
(a) Find and analyze the equilibrium points when α = γ = 1.
(b) There is a bifurcation when α = γ = α1 for some α1 between 1 and 4. Find

α1.
(c) Find and analyze the equilibrium points at the bifurcation.


