CUT, PASTE AND FILTER
PEGGY SULLIVAN

ABSTRACT. We study the combined and separate effects of three parts of finite multi-test-
tube cut and paste DNA computing. First, we reformulate the ideas of Csuhaj-Varja, Kari,
and Paun [1], Freund [3], and Priese, Rogojine and Margenstern [10] about multi-test-tube
splicing DNA computing in terms of cutting and pasting as in Pixton’s work. Pixton shows
[8, 9] that with finite cutting and pasting only regular sets can be obtained from a finite set of
initial molecules. The others listed above show that using filtering between a finite number
of test-tubes, each with finite splicing, any recursively enumerable set can be obtained from
finite initial contents [1, 3, 10]. We confirm their result for cutting and pasting. Second, we
show that when only finite pasting and filtering between tubes with finite initial contents
are allowed then the result must be context free and that any context free language can be
so obtained. Finally, we consider several forms of filtering and several ways of combining
filtering with cutting, pasting or splicing and show that all give equivalent results.

1. BASIC DEFINITIONS

An alphabet A is a non-empty finite set. A* is the free monoid generated by A. Its
elements are called words or strings (on A), and the identity of A*, the empty word, is
written 1. A subset of A* is a language (on A). If L is a language on A, let the set of
factors or sub-words of L be FacL = {w € A* | vwv € L for some u,v € A*}. If L
is a language on A and M is a language on B then the result of concatenating them is
LM ={w € (AU B)* | w = wyw, for some wy € L,wy € M}, a language on AU B.

If ¥ is another finite non-empty set, of end-markers, then an element of ¥ A*Y is called
an end-marked string (on A with end-markers in ¥) and a subset of Y A*Y is called an
end-marked language. If M is an end-marked language on A with end-markers in 3 then
Strip M = {w € A* | awf € Mforsomea, § € ¥}, the stripped version of M, is the language
obtained by removing the end-markers from the words of M. As a convention, we will use
Roman letters for elements of A and A* and Greek letters for elements of 3. For multi-test-
tube computing we will need tuples of end-marked languages. Let L = (Lq, Lo, ... , L,) and
M = (M, M, ..., M,) be n-tuples of end-marked languages. We say L C M provided
L; € M; for 1 <i < n. Further we define L U M component-wise by (L U M); = L; U M,.

One way to generate languages is using phrase-structure grammars. The most general
grammar we will use here is the type-0 grammar G = (N, T, R, S). Here N is a finite set of
non-terminal symbols, T is a finite set of terminal symbols, R C (NUT)*NT(NUT)*x(NUT)*
is a finite set of production rules or productions, and S € N is the start symbol. 1t is required
that N and T be disjoint. If (u,v) € R we write v — v. The relation — extends to a
relation on (N UT)* as follows: for z,y € (NUT)* and u — v in R write zuy — zvy. The

relation % is the k-fold iteration of —. The relation — is the reflexive, transitive closure
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of —. We say w € T* is in L(G), the language generated by G, provided that S = w. The
family of languages generated by type-0 grammars is the family of recursively enumerable
(RE) languages. If more restrictions are placed on the set R, other families in the Chomsky
hierarchy of languages are generated. In particular, if we require that R C N x (N UT)*
then we have a type-2 grammar and such grammars generate precisely the context-free (CF)
languages. There are many different normal forms for context-free grammars. We will use
Chomsky normal form, in which every production is of the form u — vw or u — a or u — 1
where u,v,w € N anda e T.

A CPH-scheme is a tuple k = (A, X, C, P) where C, the set of cutting sites, and P, the set
of pasting strings are subsets of X A*Y. Given an element of C, ¢ = auf, and an end-marked
string z = yzuyd, the strings yrxa and [Byd are the result of cutting z at the cutting site c.
Given an element of P, p = auf3, and two end-marked strings u = yra and v = [Syd then the
string yruyd is the result of pasting u and v with the pasting string p. Given an end-marked
language L, we denote by k(L) the union of L and the set of all end-marked strings that
can be obtained by pasting two end-marked strings in L using a pasting string in P or by
cutting an end-marked string in L at a cutting site in C. We write k°(L) = L. For each
integer ¢ > 0 we define (L) = x(x"*(L)) and let k*(L) = ;=" k'(L). A CPH-system is a
pair (M, k) where x is a CPH-scheme and M is a set of end-marked strings called the initial
molecules of the CPH-system. Given an ordered pair of end-markers (o, ) € ¥ x X, the
(cv, B)-result of the system is Strip(k*(M) N aA*B). Strip(k*(M)) is called the full result of
the system. We will also call the («a, #)-result of a system a component of the full result or
a component result, in keeping with the matrix form for an end-marked language.

An n test-tube cut, paste and end-marker filtered H-scheme (nCPFH or simply CPFH-
scheme) is a tuple 7 = (A, %, T1,...,T,) where each T; is a called a test-tube, and each
T; = (ki, F;) where k; = (A, X, C;, B;) is a CPH-scheme and F; C ¥ x . We call F; the filter
for tube T;. A filter FF C ¥ x X determines an end-marked language L(F') = U(a,ﬁ)eF aA*S.
Given an n-tuple of end-marked languages L = (L1, Lo, ... , L,) we define the action of 7
on L by component as

j=n

(T(L)): = ra(Ls) U | (w;(Ly) N L(E)).

J=1

Note that L; C r;(L;) C (7(L));. As before, we define 7°(L) = L and, for i > 0, 7°(L) =
7(7""1(L)). Then we define 7*(L) = | JIZ* 7/(L). A CPFH-system is an n-tuple of sets of
molecules (or axioms, the initial tube contents) M = (M, ... , M,) together with a CPFH-
scheme 7. Given an ordered pair of end-markers («, 5) € ¥ x 3, the (o, )-result of the
system is Strip((7*(M)); N aA*3). Strip(7*(M)); is called the full result of the system.
As with CPH-systems, we will call («, 3)-results component results. For multi-test-tube
systems, the distinction between full and component results is less significant than it is for
single test-tube systems. In fact, given an («, §)-result L of a CPFH-system 7, there exists
another CPFH-system 7/ with one extra tube (with no molecules, no cutting or pasting, and
filter (o, 3)) whose full result is L.

We will examine finite CPFH-systems, i.e. those in which the various sets, M; of molecules,
C; of cutting sites, and P; of pasting strings are all finite. We will study the generative power
of the unrestricted finite CPFH-system and special cases where one or more of the facets
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(cutting, pasting or filtering) act trivially. A CPFH-system in which there is no filtering is
one in which there is only one test-tube (n = 1) and F' = ¥ x ¥. A CPFH-system in which
there is no cutting is one in which all the C; are empty. A CPFH-system in which there is
no pasting is one in which all the P; are empty. Of course, a CPFH-system in which there is
no filtering is a CPH-system as defined above. We will analogously refer to CPFH-systems
in which there is neither filtering or pasting as CH-systems, CPFH-systems in which there
is no cutting as PFH-systems, etc.

2. SOME EXAMPLES

We present two examples that illustrate the power of filtering, a simple one with pasting
but not cutting and a second one involving both cutting and pasting that illustrates some
of the techniques used in the construction in Section 4.

The first example is a PFH-scheme with two tubes: 7 = (A, X, T}, Ty) with, for i = 1,2,
T, = (ki, F;) and k; = (A, X,0, P;). Tt has a two letter alphabet A = {b,d} and uses three
end-markers, ¥ = {¢,d,7}. The pasting rules are P, = {d¢,ed} and P, = {év,v0}. The
two filters are Fy = {(e,€)} and Fy» = {(7,7)}. The initial contents are M; = {4, v} and
My = {77, €bd, dde}. First, in test-tube 2, ebd and 7 are pasted using v creating = = eby
and v and dde are pasted using vd creating y = yde. Then, either using x and dde or using
ebd and y, further pasting creates ebde which passes the filter to the first tube. In test-tube 1
pasting occurs (changing the end-markers) to create vbde, ebdy and vbd~y. The last of these
passes the filter for test-tube 2. The cycle can repeat giving the eventual components of
T*(My, Ms) as follows. The second test-tube contains

{yb"d"y, yb"d" e, eb™ T d My, eb™ T d e} 50 U {ebd, dde}.
The first test-tube contains
{eb"d"¢, eb"d" "y, vb"d" e, yb"d" "y }p>1 U { €, de}.

Note that the non-regular language {0"d" },,>¢ is the full result of the system.

The second example is a CPFH-scheme with two tubes: 7 = (A, X, T3,T,) with T; =
(ki, F;) and r; = (A, 2,C;, P;) for i = 1,2. It has alphabet A = {a,a,b,c,d,e,é} and
uses end-markers ¥ = {a«,,7,d,¢,1,0,p,0,7}. Cutting occurs only in the first tube:
C1 = {aavy,vydea, Tcea, aadr, aadp, pea, aabf, Bdea} and Cy = (). For pasting: P, =
{de, €0, 03, Bp} and Py = {67,7v0,07,70,1p,pt}. The filters are F; = {(a,a)} and Fy =
{(7,7),(1,7),(p,p)} The initial contents are M; = {ee, ebede, aabd, ddec, ebp, pde}, My =
{aado, dear, aado, occea, aar, tdéa}. The (e, €)-result of this system is {b"c"d"},,>¢. Starting
with eb"c"d"e in the first tube, we can generate eb"t1c"T1d" e as follows. Pasting in the
first test-tube creates aab™ c*d"* lea. We now use the cutting sites aay and ydea in the
first test-tube to produce yb""!c"d"y which is filtered into the second tube where pasting
occurs to produce aadb™c*d"ea which is filtered back into the first tube. This cut, filter,
paste, filter sequence has rotated one of the d’s from the end of the word v"*'cd"*! to the
beginning. This sort of rotation has been used by Paun and others [1, 7, 10, 3] in the proofs
that various spicing and cutting and recombination systems can generate any RE language.
We will use it in section 4 ourselves. We can repeat the sequence n times to eventually obtain
aad™ " cmeq. This is cut at the two cutting sites Tcea and aadr to produce 7d™b" 17
which is filtered to the second tube where pasting creates cad™1b" " lea which is filtered
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back into the first test-tube. The cutting sites aadp and pea work together with filtering
and the unused axioms and pasting rules in the second tube to rotate the d’s back to the
end of the word eventually giving aab"™'c" 1d" ea in the first tube. Cutting this at the
final two cutting sites in the first tube produces Bb"c"*1d"3, which can be pasted together
with the unused axioms eb¢ and ¢de to produce eb™ et 1dn+le,

3. SUMMARY OF GENERATIVE CAPACITY RESULTS

Proposition 3.1. Each component result of a finite CPFH-system is recursively enumerable
and any recursively enumerable set can be obtained as the full result of a finite CPFH-system
with three test-tubes or as a component result of a finite CPFH-system with two test-tubes.

Proof. The proof is found in Section 4. O

Proposition 3.2. Each component result of a finite PFH-system is context free and any
context free set can be obtained as the full result of a finite PFH-system.

Proof. The proof is found in Section 5. O

Proposition 3.3. Each component result of a finite CPH-system (and therefore a finite PH-
system) is a reqular set, and any reqular set can be obtained as one of the component results
of a finite PH-system (and therefore as one of the component results of a finite CPH-system,).

Proof. This is established in Pixton’s work [9]. The first is part of his Closure Theorem
and the construction he gives (in his proposition 7.1) to show that any regular set can be
obtained as the result of a CPH-scheme uses a scheme in which there is no cutting. m

Proposition 3.4. Each component result of a finite CFH-system (and therefore a finite CH-
system or a finite FH-system) is finite, and any finite end-marked language can be obtained
as the (unstripped) result of a finite FH-system with only one test-tube (and therefore as the
result of a finite CH-system or CFH-system).

Proof. Let M = (My,... ,M,) and 7 = (A, X, T},...,T,) comprise a finite CFH-system,
with T; = (k;, F;) and k; = (A, X, C;, (). Since there is no pasting, the result of the system
is a subset of Y(Fac(JZ} Strip(M;)))%, a finite set.

If S C XA*Y is a finite set, then a trivial finite FH-system that has S as a result is the
one-test-tube system with M; = S, F; =X x ¥ and k1 = (4,%,0,0). ]

4. CPFH-SYSTEMS GENERATE EXACTLY THE RE LANGUAGES

In this section we prove Proposition 3.1. The proof follows the ideas of Csuhaj-Varjui, Kari,
and Paun [1], and Priese, Rogojine and Margenstern [10] who worked with multi-test-tube
splicing systems and determined that such systems could generate any RE language. The
proof also uses the ideas of Freund and Freund [3] who recently showed that multi-test-tube
cutting and recombination systems could generate any RE language in just two test-tubes
with a final filtering step. We establish similar results for CPFH-systems.

Let G = (N,T,R,S) be a type-0 grammar. Find new symbols B,l,r ¢ N UT and let
A=NUTU{B,l,r} and A’ = NUT U{B}. Create a set of distinct new symbols (to be
used as end-markers) ¥ = {V, A €, 6}U{d, |u — v € R}U{y4, 04| a € A’} with XN A = (.

We first define a CPFH-system with 3 test-tubes, with initial molecules M = (M, My, M3)
and a CPFH-scheme 7 = (A, X, 11,75, T3) with T; = (k;, F;) and k; = (A, %, C;, P;). This
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CPFH-scheme will produce in test-tube 1 all the words VwV where w € (N UT)* such that

S 5 w. The system uses an idea of Paun, rotating words so that we can always derive
(using cutting and pasting) only on the right side of a sentential form. This enables us to
retain control of the derivations. Later we will modify this system so that only VL(G)V is
in the first test-tube.

To define the CPFH-system we must specify (for each i) M;, F;, C; and P;. For test-tube 1
(used to collect final results) let

M, =0,F, ={(V,V)},C; =0,and P, = 0.
For test-tube 2 (used for deriving the sentential forms and finishing the rotations of symbols
in A") let
My = {AIBSrAeA, Ae}, Fo = {(Va,04) | a € A'}, Cy = {dure | u — v € R},
and Py = {0,vre | u — v € R} U {elay,,oqare | a € A'}.

Finally for test-tube 3 (used to begin the rotations of symbols in A" and to prepare entries
for filtering into the first test-tube) let

M;=P;=0,F;={(A,A)}, and C3 = {o,are, ely, | a € A’} U{elBV, Vre}.
Claim. 7%(M) = D where

D, = {VwV|S 5w},

Dy = {AlwyBwirA | S 5 wywy} U {AlwsBw:6, | S = wiuws, u — v € R}
U{Yawa Bwi0,, Alaws Bw04, Yawa Bwir A, Alaws BuwyrA, v,we Bwsd,

| S = wiaws, u — v € R, wy = wau}

U{vpwop, AlBwog, ygwrA, ygwid, | S = w,u — v € R,w = wyu}
U{eA, A€},

D3 = {AlwyBwirA, yyws BwirA, Alwy Bun V, yywo Bun V | S = wyw,, b € A’}
U{Alw, Bw, 04, ywoBwiog | S = wiawsy, b € A’}
U{mwBrA, ywwog, Alwog, VurA, VwV | S 5 w,b e A’} U {eA, Ae}.

Proof of Claim. Note that M C D. To see D C 7*(M), we first establish three lemmas
which describe the action of 7.

Lemma 4.1. (Final Filtering) Let T be as above, v € (N UT)*, E a tuple of end-marked
languages (test-tube contents for T) and let AlBxrA € FEy. Then AlBxrA, VazrA, AlBxV
and VzV are in (7*(E))3 and VzV is in (7*(E));

Proof. Since y = AlBxrA € Ey C (7(FE))2 and y € L(F3) we have y filtered into (7(FE))s.
Cutting y in test-tube 3 at sites e/BV and Vre produces VarA and AlBzV in (72(E))s
and V2V € (73(E))s. Then, filtering, we have Va2V € (73(E));. O

Lemma 4.2. (Rotation) Let T be as above, a € A', xa € A*, E a tuple of end-marked
languages and let AlzarA € Ey. Then AlzarA, yyxarA, Alzo,, and yyxo, (for eachb € A')
are all in (7*(E))3 and v,20,, YoxrA, Alaxo,, and AlaxrA are in (7*(E))s. More generally,
AlzyzorA € Ey implies AlxsxirA € (77(E))s.
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Proof. Start with y = AlzarA € FE5 which is filtered into test-tube 3. Cut y in test-
tube 3 at the sites ely, and o,are to produce yxarA and Alxo, in (7(E))s and vz, in
(T%(E))3. (Note that many v,z0,’s are produced — those with a # b are garbage.) With
filtering, only ~,z0, passes into (7?(E)),. Using the pasting rules in P elay, and o,re on
the contents of M, and ~,z0, produces both y,zrA and Alazo, in (73(E))s and AlazrA in
(7*(E))s. To establish the last statement of the lemma, rotate a total of |xs] letters, putting
AlzyzirA € (T41%21(E)),. O

Lemma 4.3. (Derivation) Let T be as above, u — v € R, E a tuple of end-marked languages
and let AlzurA € Ey. Then Alxd, and AlzvrA € (77(E))s.

Proof. Consider y = AlzurA € FE,. Cutting the string y in test-tube 2 at cutting site
dyure produces z = Alzd, € (7(E))s. Pasting z and eA with §,vre produces AlzvrA €
(T3(E)),. O

Now we have a fourth lemma which we will prove inductively.
Lemma 4.4. Ifw € (NUT)* with S = w then AlBwrA € (7%(M)),

Proof. We proceed by induction on the number of steps used in deriving w. As a base,
consider w = S. Since AIBSrA € M, we have our result. Now, for the step, assume
our conclusion holds for all sentential forms in (N U T)* which can be derived from S in
fewer than k steps and suppose S % w where the last production used is u — v, i.e.
s =L wiuwy — wivwy = w. Then our inductive hypothesis, applied to wiuws, gives
AlBwyuwarA € (7%(M))2. Rotating we with Lemma 4.2 gives AlwyBwyurA € (7%(M))s.
Then, using Lemma 4.3 we get AlwyBwyvrA € (7%(M))2. Finally rotating Bw,v with
Lemma 4.2 gives AlBwijvworA = AlBwrA in test-tube 2. O

To see that Dy C (7%(M)),, suppose w € (N U T)* such that S — w. Lemma 4.4 gives
AlBwrA € (7%(M)), and then Lemma 4.1 gives VwV € (7*(M));.

To see that Dy C (7*(M))y consider the contents of D,. First, if S = wjw, then
by Lemma 4.4 we have AlBwyw,rA in (7%(M)), and rotating w, with Lemma 4.2 gives
AlwyBwrA in (7#(M))y as we want. Next suppose S — wyuw, and u — v € R.
Then AlBwjuweA in (7%(M))s and with rotation AlwsBwiuA is in (7%(M))s. Using
Lemma 4.3 gives Alw,Bwi6, € (7*(M)), as desired. Now suppose S - wjaw, with
u — v € R and wy = wsu. Then, again using Lemma 4.4 and Lemma 4.2, we have
AlwsBwyarA in (7%(M)),. Using Lemma 4.2 again with z = wyBw; we get vy, weBwy0y,
Yolawa BwirA, AlawyBuyo, and AlawyBwyrA in (7%(M)),.  Applying Lemma 4.3 to
Yawe BwirA = vyawoBwsurA shows Y,wyBwsd, is in (7*(M))y. Finally, if S = w with
w = wiu and © — v € R, using Lemma 4.4 and then rotating w using Lemma 4.2 we have
AlwBrA in (7*(M)),. Applying Lemma 4.2 again with w for the x in the lemma and B
for the @ in the lemma we see ygwopg, ypwrA and AlBwog are in (7*(M)),. Then using
Lemma 4.3 to ypwrA = ygwjurA gives us ypwi0, € (7°(M)),. Lastly, note that eA and
Ae are part of the initial contents of test-tube 2.

To see that D3 C (7*(M))s consider the contents of Ds. First suppose S — wjw, and
b € A" Lemma 4.4 and Lemma 4.2 give us AlwyBwirA in (7%(M)),. Filtering gives
AlwsBwyrA € (7%(M))s as well where it can be cut either at site ely, or Vre or both to
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produce yywoBwirA, AlwsBwV and ypweBuyV in (7%(M)); as desired. Next suppose
S 5 wpaw, and b € A’. Once again our lemmas give AlwyBwiarA in (7*(M)), and
filtering gives AlwsBwyarA in (7*(M)); as well. Cutting at site o,are and then at site ely,
gives AlwyBw,o, and yywyBwio, in (75(M))s. Finally, if S = w and b € A’, Lemma 4.4
gives AlBwrA in (7*(M))s. Applying Lemma 4.1 gives AlBwrA, AlBwV and VwV in
(7*(M))s. Cutting AlBwrA at cutting site elv, or site o5 Bre or both gives v,u BrA, Alwog
and ypwop in (7°(M))s. Lastly, note that €A and Ae are produced by cutting AIBSrA at
the sites el BV and Vre.

To finish the proof of the claim, we observe that 7(D) C D. By inspection, for each
1,] € {]_, 2,3}, IQZ(DZ) C D; and D; N L(P}) C Dj. [

We now modify this CPFH-system to get a new CPFH-system 7 that has only VL(G)V
as the final contents of test-tube 1. We will filter the sentential forms keeping only those in
VT*V. Most of T is the same as 7 above, but we modify test-tubes 2 and 3 to enable us to
filter out sentential forms not in 7%. We need one new symbol, l , and new end-markers: A, €
and a marker 4, for each a € T'. Let My = MyU {A&}, Cy = Cs, Fy = FU {(Hay00) |a €T}
and Py = Py U {élad, | a € T}. Also let Mz = {Ad},F5 = F3U{(A,A)}, Py = {6IB§} and
let

C5 = C3 U {elB6,elV,VBre} U{eld, | a € T} — {elBV, Vre}
Then the new tube contents are:
Dy = {VuwV|S 5w weT,
D, = {AlwyBwirA | S 5 wiws} U {AlwyBwi6, | S = wiuwy, u — v € R}
U{Vaws Bwi04, Alaws Bwy 0, Yowa BwirA, Alaws Buir A, y,ws Bwsd,
| S 5 wiaws, u — v € R,wy = wau}
U{Yawo Bwi 0y, Aiawnglaa, YaWo BwirA, Aiawnger, YaWo Bwé,
| S 5 wiaws, a € T,wy € T, u — v € R,w; = wsu}
U{ypwo,, AlBwé g, ypwrA, ypwib, | S = w,u — v € R, w = wiu}
U{€eA, Ae, Aé}, and

Dy = {Alwy Buyr A, yywy BuwyrA | S = wywy, b € A’}
U{Alwy Bw, 04, yswa Bwio, | S = wiaw,, b e A’}
U{AIwV, ywBrA, nwwV, yywrog, owrA, dwog, AZBU)?“A, Alwop
| S 5w, be A}
U{AZwQBwITA, VwyBuyrA, Ayws BunrA | S = wiwq, wy € T*,b € T}
U{AZ’U}QBwlo-a, Apwe Bwio,, Vwy Bwio,
| S 5 wiaws,a € T,b € T)wy € T*}
U{AwV, AlwV, VwV | S 5 w,w e T*,b e TYU {eA, Ae, Ad}.

Test-tube 3 collects, as before, all strings of the form Alw,Bw;rA such that S LA wiws,
wiwe € (NUT)*. Cutting and pasting in test-tube 3 replaces the Al on the left with Al only
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on those strings that have the B at the left of the sentential form. The strings created by this
cutting and pasting (those of the form AlBwrA where S = w, w € (N UT)*) are rotated
using the additions to test-tube 3 and test-tube 2 involving the new end-markers 4, (for a in
T) and the new symbol L. Only those sentential forms w which are in 7™ will be completely
rotated to AlwBrA. These completely rotated forms are then re-end-marked and filtered
into test-tube 1 in the same way that the final results of 7 were filtered into test-tube 1.
A proof similar to the one for 7 above can be used to establish these tube contents. This
finishes the proof of Proposition 3.1.

Note that in both 7 and 7 test-tube 1 is used just to collect the final results. Alternatively,
the first tube could be discarded and the remaining tubes renumbered so that the desired
result would be the (V, V)-result of either 7 or 7.

5. PFH-SYSTEMS GENERATE EXACTLY THE CF LANGUAGES

In this section we prove Proposition 3.2. We will first construct a PFH-system to gen-
erate an arbitrary CF-language as its result. Let L C A* be a CF-language and let
G = (N,A,R,S) be a grammar for L in a modified Chomsky normal form, in which all
the productions have the form v — st (where v, s,t are distinct non-terminals) or v — z
where v € N and z € AU {1}. Such a grammar can be obtained from one in Chomsky
normal form quite easily. If a production of the form ¢ — rr exists, replace it with the
productions ¢ — rs, s — rt and t — 1 where s and ¢ are new non-terminals. Productions of
the forms ¢ — ¢r and ¢ — rq can be similarly replaced.

We now define our PFH-system with n = |R| + 1 test-tubes, with initial molecules
M = (M,...,M,) and a PFH-scheme 7 = (A, %, Ty,...,T,) with T; = (k;, F;) and
ki = (A, %,0, P;) where ¥ = {€,,d, | v € N}. We will denote all test-tubes but T} as
T, where p € R.

The first test-tube has filter F} = (eg,ds) and no pasting rules or initial contents. It will
collect the finished words in the CF-language.

For each p € R with form v — = where z € AU {1}, let

F, =P, =0 and M, = {¢,x0,}.
For each p € R with form v — st where v,s,t € N are all distinct, let
F, = {(es,05), (€,0:) }, Py = {€v€s, 0s€t, 010, } and M, = {ey€,, 0,0, }.
We will show that for each production p € R, with left-hand side v, the corresponding tube

T, will eventually produce all the end-marked strings €,wd, where w € A* such that there

exists w' € A* with v = w’ = w. A bit more notation will be useful: for s € N define
Ly = {w € A* | s = w}. Then the tube contents can be described as follows.
For p with the form v — st where v, s,t are three distinct non-terminals, let

Dp = {657 E’U}LS(SS U EtLt{(sh 51)} U {657 EU}LsLt{5t7 5@} U {Eveva 5v5v}~
For p of the form v — z where v € N and x € AU {1} let D, = M,,.
Finally, let Dy = egLds.
We will argue that D = 7*(M).

It is trivial to check that M C D. Note that no pasting occurs in test-tube 1 or in
test-tube p for p of the form v — x. Furthermore, since v, s and ¢ are all distinct for p of
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the form v — st, it is easy to see that D, is closed under pasting for any such p. Finally, for
each pair of test-tubes T;, Tj, anything in D; that passes the filter for 7} is already in D;.
Thus, D is closed under 7 so that 7*(M) C D.

To see that D C 7*(M ) we shall show that if w € A*, p € Rand o, f € ¥ with awf € D,,
we have awf € (7*(M)), as well. First we have a lemma:

Lemma 5.1. Ifv € N and w € A* with v = w then e,wé, is in some component of (M),
i.e. there is a p € R with left hand side v such that e,wé, € 7*(M),.

Proof. If v € N and w € A* with v — w (in one step), then w € AU {1} and v — w is the
needed production p. Now let m > 1 and suppose our lemma holds for all v € N, w € A*

where v = with 1 < n < m and let v = w and let v — w; 1w be one of the derivations
of length m. Then, since v is a single non-terminal, v — w; must be a production in R, and
since m > 1, the production v — w; must be of the form v — st where v, s and ¢ are all
distinct.

Since st — w and L is context-free, we must have w = w,w; where wy € L, and w; € Ly

and since st % w the derivations s — w, and t — w, each require at most m — 1 steps.
Thus our inductive hypothesis gives us two productions, ps and p; with e;wds € 7%(M),,
and ewid; € 7(M),,. The strings e;wsds and ew,d; will be filtered into 7%(M),_s and
the pasting rules for T, will assemble e, w,w;d, from these two strings and initial tube
contents. So v — st is the needed production. O

Now let w € A*, p € R and o, 3 € ¥ so that awf € D,. If p is of the form v — =z
where x € AU {1} then awf = €,xd, which is in M, and therefore in 7*(M),. If p is of
the form v — st we consider several cases. In the first case, if § = §, then « is either €, or
€,. Furthermore, we have w € Ly and by Lemma 5.1 e;wd, is in some component of 7*(M)
and will be filtered into (7*(M)),. If a = €, then we have awp € (7%(M)),, directly and
if @ = €, pasting €,€, with e;wd, will give awfB € (7*(M)),. The second case, a = ¢, is
symmetrical to the first case. In the third case, when o = ¢, or § = ¢,, we have w = 1
and awf € M, C 7*(M),. In the final case, we have w € L,L;, so we can write w = w,sw;
and by Lemma 5.1, the strings e;wsd; and e;w;d; each occur in some component of 7*(M)
and both will be filtered into 7*(M),. There pasting will create cwf. Thus, for each p,
D, C (*(M)),

Finally note that filtering will move all the contents of D; = eg5Ldg into (7*(M)); as they
are produced. Thus D C 7%(M).

Thus we can generate any CF-language as the result of a PFH-system.

To see that any result of a PFH-system must be context free, we will show that every
component of the contents of every tube is context free. It will be convenient to use matrix
representations of the end-marked languages in the tubes. We can represent end-marked
languages in matrix form as follows. Enumerate ¥ = {0y,09,...,0,}. For each L C
Y. A*Y. there is an m x m matrix My, whose (i, 7) component is the subset of A* satisfying
oi(Mp)ijo; = LN o;A*o;. Addition of these matrices corresponds to union of end-marked
languages and matrix multiplication corresponds to a selective concatenation operation in
which stings are concatenated if they have matching end-markers as follows: Given two
end-marked L, P C X A*Y then o;wo; will be in the end-marked language corresponding to
M Mp if and only if we can write w = wyws so that there exists a o, € ¥ with o,w 04 € L
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and opwyo; € P. Given a family of languages F we say an end-marked language L is
in F provided that each of the corresponding matrix components (My);; is in F. Pixton
describes how to represent a CPH-system in matrix form [9]. We will follow his work, adding
a method of representing filtering, but skipping his representation of cutting since we are
presently concerned only with pasting and filtering.

Let 7 be a PFH-scheme with n tubes: 7 = (A, X, Ty,...,T,) with, for | < i < n, T; =
(ki, F;) and k; = (A, %,0,P;). Enumerate ¥ = {oy,...,0,}. We will use nm by nm
diagonal block matrices to represent the current contents of the tubes in the system. If
L = (L, Lo,...,Ly,) is an n-tuple of end-marked languages, all subsets of 3 A*>, then the
matrix representation of L is

B, 0 0

0 DBy 0
My = :

0 0 ... B,

where each block B; is an m by m block (m = |X|) which has entries identical to the matrix
form of the end-marked language L;, i.e. the (j,k)-th position in the i-th diagonal block
contains the (o}, 0%) component of L;, and 0 is an m by m block which has entries all §), the
empty set.
Similarly, we have a block diagonal pasting matrix P the same size whose i-th diagonal
block corresponds to the end-marked language P; of pasting rules for the i-th test-tube.
Finally for each pair (¢}, 0%) € F; we define a pair of block diagonal moving matrices

: S : 0 ... Ly ... O
Uk = Ly Ly - Ljy ILjj| and Vi, = R
: oL : 0 ... I ... O

where the [;;’s are in the i-th row of blocks in U, j and the I ;’s are in the i-th column of
blocks in V; ;, and I, , is a m by m block which has entries all 0 except for the (z,x) entry
which is 1. Then for any block diagonal matrix X, the block diagonal matrix U; ; XV jx
has all entries 0 except for the (j, k)-th position in the i-th diagonal block. This position
contains the union of all the (j, k)-th positions in all the diagonal blocks of X. These moving
matrices will be used to implement filtering between test-tubes.

Our proof finishes in a series of three lemmas.

Lemma 5.2. Given 7, a PFH-system as above and matrices P, U, j, and V; ;i defined as
above from 1, let

OX)=X+XPX+ >  UijuXVij

(0j,0k)EF;
1<i<n

for X a diagonal block matriz. Then the action of © corresponds to the action of T, i.e. for
any tuple of end-marked languages L € (XA*X)" we have ©(My) = M. (r).
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Proof. This is just a matter of translating to and from the matrix form for end-marked
languages. O]

Thus to study 7*(M) we are interested in solving the matrix equation X = ©(X) subject
to the condition that Mp; C X and the minimal solution to this equation is ©*(M).

Lemma 5.3. Let M, P, Uy and V; (1 <1 < t) be square matrices of languages. Define
(X)) = X+ XPX + Zle U, XV, define G to be the context free grammar which has a
single nonterminal S, terminals {M, P} U {U;,V}\_, and productions S — M, S — SPS
and S — USV, (for 1 < 1 < t) and define b by extending (M) = M, (P) = P,
Y(U) = U, vVi) =V, for 1 <1 <t. Then,

weL(Q)

Proof. Inductively, iterating ¢ k times creates a sum whose terms are all the products cor-
responding to those words which can be derived from S in k or fewer steps. O

Finally to show that [, g ¥(w) is context-free we have:

Lemma 5.4. Let A and B be disjoint alphabets, L € A* context-free and let v associate
with each a € A an | by | matriz v(a) whose components are all reqular subsets of B*. Then

Y wer Y(w) is context free (where for w = ajay . .. a, we let y(w) = y(ar1)y(az) ... v(ayn)).

Proof. We will mimic the standard proof that the family of CF languages (or any full trio) is
closed under substitution of regular languages [6]. Let hy : (AU B)* — A* be the extension
of the identity on A and the trivial map on B. Similarly, let hg : (AU B)* — B* be the
extension of the identity on B and the trivial map on A. For each a € A, let D, be the [
by | matrix with a’s on the main diagonal and 0’s off the diagonal. Let D = (J,.4 Dav(a)
(so that D;; = {aw | w € 7(a);;}). Then D is a finite union of regular matrices and
therefore regular. Let U be an [ by | matrix all of whose entries are h;'(L). We will show
Uwer Y(w) = hp(U N D*) and will thus be CF since it is the homomorphic image of the
intersection of a CF matrix and a regular matrix.

First we show (J,,c, v(w) C hp(U N D*). Let biby...b, € y(w);; for some w € L. Then
write w = ajas...a; and we have biby...b, € [y(a1)v(az2)...v(ar)]i; so that biby...b, =
wiws . .. w, where wy € Y(a1)ig, Wm € Y(an) for 1 <m < k and wy, € y(ag)y,_, ;-
Then we have

lm—lylm

1wy asWs . . . apwy € [ary(ar) ... apy(ag)li; C Dy ;.
Furthermore, we have hy(ajwasws ... apwy) = aras ... a; € L so that we have
awyagws . . . apwy € (UN DY), 5
and
biby ... b, = wywsy ... wx = hg(awiasw, . .. agwy) € hg(U N DY), ;

Next we show hg(U N D*) C U, Y(w). Let biby ... b, € hg(U N D*);; then byby...b, =
hp(u) for some u € (UN D*); ;. Then u € U; j = h;' (L) so that ha(u) = ajay...a, € L and
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u € Dj;, and we must have u = ayujaxusy . . . aguy, where uy € y(a1)ig,; tUm € Y(@m )i, 1, for
1 <m <k and ug € y(ag),_, ; so that

ble RN bn = hB<U) = U1U2 ... UL € [’7(&1)7(&2) Ce fy(ak)]i,j
and since ayas ... ar € L we have biby ... b, € y(a1az...ax) € [Uyer v(w)]i;- O

These three lemmas finish the proof of Proposition 3.1.

6. EQUIVALENCE OF VARIOUS MULTI-TEST-TUBE APPROACHES

The traditional formal model of DNA computing as laid out by Head [5] used a splicing
operation instead of the cutting and pasting we have been doing. Here is one standard
formulation of splicing. Let A be an alphabet. Then a splicing rule is a tuple (u,v;u’,v")
where u, v, v’ and v’ are strings in A*. Given a splicing rule r = (u,v;u/,v") and strings
w = zuu'y’ and w' = x2'v'vy we say the result of splicing w and w' using the splicing rule r
is xuvy. A splicing scheme or H-scheme is a pair 0 = (A, R) where A is an alphabet and R
is a set of splicing rules. Given a language L C A* and an H-scheme o = (A, R), we define
o(L) to be the union of L and the set of all strings that can be obtained by splicing two
strings of of L using a rule in R. We write ¢%(L) = L. For each integer ¢ > 0 we define
o'(L) = o(0""Y(L)) and we let o*(L) = | JZ° 0*(L). An H-system is a pair (M, o) where o
is an H-scheme and M is a set of strings called the initial molecules of the H-system. Pixton
and others have shown that, in a single test-tube, splicing, cutting and pasting and cutting
and recombination are essentially equivalent[9, 4]. We wish to compare the various types of
filtering mechanisms that have been described for test-tube systems.

Paun and others [2, 7] have described test-tube systems based on splicing in which fil-
tering between tubes is by intersection with F™* where F' is a subset of the alphabet A.
Formally: an n test-tube F*- filtered H-scheme (nTTH or simply TTH-scheme) is a tuple
T = (A/Ty,...,T,) where each T; is a called a test-tube, and each T; = (o;, F;) where
0; = (A, R;) is an H-scheme and F; C A. We call F; the filter for tube T;. Given an n-tuple
of end-marked languages L = (L;, Lo, ... , L,) we define the action of 7 on L by component
as

(7(L)); = U i) NEY)) U DN E.

Define 7%(L) = L and 77*Y(L) = 7(77(L)). Thus, 77(L) represents the contents of the tubes
after j computation and filtering cycles. Note that, with the filtering set up in this fashion,
it is not always the case that L; will be a subset of (7(L));. Paun and others define the
result of the system is to be U2 ((77(L))1. Below we will discuss the differences between this
multi-test-tube computing system and ours.

First, we address some technical issues concerning the sequence in which filtering and other
test-tube actions occur. We will refer to these other actions (cutting and pasting or splicing)
as computations. For this discussion we will focus on the various orders in which filtering
and computation occur. To do so we will modify our notation. We will work within the
end-marker filtered cutting and pasting context. In our definition of a CPFH-scheme, given
a tuple 7 we defined the action of 7 on a tuple of end-marked languages L. We now want
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to consider different ways to define the action of such a tuple 7 on a tuple of end-marked
languages. Thus, we will now denote our action as G(7, L) so that:

(G ) = (L) U s (2) N L(R))

The action described by Paun and others [10, 1, 2] translates in our (end-marker filtered,
cut and paste) context to something we will denote by G(7, L) and it is defined as follows:

n n

(G(r, L)) = (w7 (L) — (w7 (Le) 0 L(E))) U (w5 (Ly) 0 L(E)).

J=1 J=1

There are two differences between these two formulations of multi-test-tube filtering. In G
there is only one iteration of the ;’s between rounds of filtering. In G there is an unlimited
number of iterations; k; has been replaced by xf. (In any concrete implementation, of
course, the reality would probably be something in between.) Also, in G copies of all strings
produced in test-tube ¢ remain in test-tube i as well as being filtered into other tubes. In G
strings which are produced in test-tube 7 and pass a filter for other tubes are removed from
test-tube ¢ unless they pass the filter for test-tube i as well. Note that in both G and G, a
string may pass the filter for more than one test-tube, in which case copies of that string are
placed in all of the test-tubes for which it passes the filter.

Let G°(1,L) = L, G'*!(r,L) = G(7,G’(r, L)), and G*(7, L) = U}2,G’(7, L). We then
define the full result of the G system to be (7, L) = Strip((G*(7, L))1) and the («, 3)-result
of the G system to be Strip((G*(7, L)); N «A*3). We wish to similarly define the result of
G. We define GO(7, L) = L and G'*(7, L) = G(r, G/ (7, L)). We then define the full result
of the G system to be 4(r, L) = Strip( ]?";O(Gj (1,L))1). Further, since we are using end-
markers, we can define the (e, 3)-result of the G system to be Strip( ;’;O(Gj(ﬂ L)1 NaA*f).

We will argue that these two formulations have the same generative capacity. The creation
of any particular string in the result of either type of system involves only a finite number of
cuts, pastes and filtering steps. If we start both systems with the same initial contents and
the same cutting, pasting and filtering rules, then, provided all the needed ingredient strings
are present, the difference between a derivation of a result string using a single iteration of
the k’s between filtering steps and the same derivation using x*’s between filtering steps is a
matter of timing. However we need to be careful to make sure that needed ingredient strings
become available and/or remain available. Differences can occur since, in the @—systems,
test-tubes do not always retain copies of all of their contents after filtering. The following
two lemmas show how to handle these issues.

Lemma 6.1. Let 7 = (A, X, Th,...,T,) be a tuple as in our definition of CPFH-system
and let L C (XA*X)" be a tuple of end-marked languages. Then there ezists a tuple 7 =
(A,ﬁ],fl, . ,Tn) and a tuple of end-marked languages L C (f)A*f])” such that ~(r,L) =
(7, j}) Furthermore, each set associated with T and L (i.e. each of ¥ and the C;, P;, F;, L;)
differs from the corresponding set associated with T and L by a finite set. Finally, if there
15 no cutting in T there will be no cutting in 7.
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Proof. Define 7 and L as follows. For each a € ¥ and for each 1 < ¢ < n find two new
symbols (not in AU X) denoted «; and @;. Then define

S=YU{oy,a; |aen 1<i<n}.
Further, for each 1 < i <n define

f/i = L; U{au, aa;, 0oy, o | o € E},Fz‘ =K U {(du@) | o, B € £},

éi = CZ', and ﬁ)z = Pz U {Oél'Oé, OéiO_éi,OéOéi,O_éiO{i | o € E}

The new end-markers, the additions to L and the new pasting rules together create extra
copies of each string created in each tube. If awf exists in test-tube T; at some point
then awf, awf;, and &;w/3; exist in that tube as well. @w0; passes the filter F} so it will
remain in tube 7} after a filtering step. The pasting rules will then recreate aw/f so that
it will be available as needed to duplicate the action of 7. In the end, while (G*(7, L)); #
Sy (G (7, L));, the difference is just the extra copies of strings with the new barred end-
markers. The difference disappears when the end-markers are stripped. In fact, for o and 3
in the original X, the («, 3)-results are the same, as is the full result. O

Lemma 6.2. Let 7 = (A,E,Tl,... ,Tﬁ) be a tuple as in our definition of CPFH-system
and let L C (ﬁ]A*f))” be a tuple of end-marked languages. Then there exists a tuple T =
(A, 3, Th,...,T,) and a tuple of end-marked languages L C (XA*X)"™ such that ’y(f',i) =
v(r,L). Furthermore, n > n and as before, each set associated with T differs from the
corresponding set associated with T by a finite set. Finally, if there is no cutting in 7 there
will be no cutting in 7.

Proof. In G, after each round of filtering the contents of a tube consist of strings which
either pass the filter for that tube or pass the filter for no tube. However, anything found
in a tube after a round of filtering but before more computation begins will remain in the
tube through all subsequent rounds of computation and filtering. Thus, after the first round
of filtering, anything created in a tube during a round of computation will be recreated in
all subsequent rounds of computation. Thus, our only concern is with those elements of the
initial contents (L); that pass the filter for some other test-tube T] but do not pass the filter

F;. Such strings are available in test-tube T only before the first round of filtering. For
simplicity of definition, we define 7 with n = 2n + 1 tubes (two tubes is 7 for each tube of
7 and a final collection tube) but the duplicate tubes are really needed only for those i for

which some elements of (L); will be removed with the first round of filtering. Define 7 and

L as follows. For each a € ¥ and 1 < i < 7 find two new symbols (not in AU f)) denoted
«; and @;. Then define

ZZEU{QZ‘,@Z‘|CM€2,1§Z‘§7¢L}.
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Further, for each 1 <i <n let

Liwi = LiU{a,aa; | ae X},

F = Fu{@.f)| (a0 ¢ UiF},
Fiyi 0,

Ci = Ciri=0C

P, = PuU {aa,, a0 | a € f]} and
Py = P U {aa,a0; | o € i}

Test-tube n + ¢ produces eventually all strings that are produced before the first round of
filtering in (G(7, L));. The strings are produced in the form awf and then, as in previous
proofs, the end-markers are changed to produce the form &;w/f;. Those a;wg; strings which
would have remained in T} after the first round of filtering are then filtered into test-tube
T; where the end-markers are changed back and the aw( forms will be available for use.
Thus, for 1 < ¢ < n, we have Strip((G*(7,1));) almost equal to Strip(U;zgo(Gj(%,lA}))i):
missing are those strings in L; which are removed by the first round of filtering. To exactly
duplicate the results of of the G system, we need one last tube 7; which will contain the
entire initial contents of the first tube, ﬁl, and collect everything occurring in tube 77, but
with no computation occurring in tube Ty. To do this, we must create special copies of the
strings in tube 1 to filter into Ty. We will need a few more end-markers, so add to % two
new symbols (not in AU X before) A and £. Add to L; the strings (A and AE. Add to P
all of the strings o and af for a« € ¥ — {A,£}. This will create in T} a string of the form
AwA for each string aw already present in Ti. Let Ly = Ly, Fy = {(A, A)}. Then we will
have

Strip((G* (7, L))o) = Strip((Uj=3°G7 (7, L)1),

i.e. the stripped result of the new system (in tube 0) will be the same as the result of the
original. O

Now, we illustrate two techniques for using end-marker filtering to model filtering with
filters of the form F*. The first is the technique used in section 4 and the second is one
that does not involve cutting. For the first technique we illustrate only filtering between
two tubes, but the technique could be used repeatedly in a more complex system to replace
*_filtering by end-marker filtering.

Lemma 6.3. Let A be a finite set, L C A* and F C A. Then there is a tuple T =
(A, X, Ty, T, T3) and end-markers €, § and A not in A, so that y(r,L) =4(r,L) = LN F*
where L = (0, {€d, de}, ALA U {€d, 0e}).

Proof. In addition to §, € and A, find symbols [, B, and r and end-markers V and (for each
a € F)~,and o, not in A. Then let A’ = AU{l, B,r} and ¥ = {A,V,0,e}U{V4,04 | a € F'}.
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Define the rest of 7 as follows:
F={V,V)},Ci=P =0
Fo ={(V4,04) | a € F},Cy =0, Py, = {elay,,04r¢ | a € F}
F3s ={(A,A), (e,€)},C5 = {elV,VBre} U {elv,,0.ar€ | a € F}
and P3 = {el BA, Are}.

For each w € L, AwA exists in the third test-tube and pasting there creates el Bwre.
Tubes 2 and 3 work together to rotate letters in F. Only if w is in F* will it be completely
rotated to form elwBre. Only those words are cut to form VwV which is filtered into the
first tube. As before, we could obtain VLV as a component-result using only two tubes. [J

Note that in the above construction, the cutting rules all use the new symbols [, r, and
B and the pasting rules all involve only the new end-markers so that this construction can
be added to an existing test-tube system without interference between the new cutting and
pasting used for filtering and the existing cutting and pasting.

If we are interested in restating our context free results in the setting of traditional multi-
test-tube splicing, we need a method of modeling *-filtering in PF-systems, i.e. without
cutting. The next lemma illustrates such a method, showing how to filter the contents of
one pasting-only tube into other tubes. Again to implement more complex test-tube systems
this technique would need to be used over and over.

Lemma 6.4. Let A and X be finite sets and let F; C A for each 1 < i < n. Further, let
(M, k) be a CPH-system with no cutting (where k = (A,X,0, P)). Then there is a tuple
of test tubes T = (A, X, T1,Ts, ..., Thi1) with no cutting in any tube and pasting only in
Toi1, a tuple of initial contents M = (0,... 0, M') and a map ¢ : AUY — AUX which
is the identity on A (extending to (AU X)) so that ¢((G(T, M));) = ¢((G(r, M));) =
K*(M) NXFY where X' is finite, M’ is finite if M is finite and P, is finite if P is finite.

Proof. We will use n copies of the end-markers in . For each ¢ € ¥ and for each 1 <
i < n find a new end-marker o;. Let ; = {0y,| ¢ € £} and let ' = UIZ1Y;. For each
1 <i<nletT = (ki,X x%;) where ; = (4,%;,0,0). Let Th11 = (kpy1, X X X)
where k41 = (4,20, Pyyq) and Py = UZH{ouwp; | awB € PN XE Y} Finally let
M = UZH{awB; | awf € M NIEY} and define ¢(0;) = o for each o; € ¥'. Since
there is no cutting in &, any element w € Strip(x*(M)) N F} must be assembled by & from
elements of M NXF}Y pasted together using elements of PNXF;3. The same pastings will
occur in 77,41 but with end-markers in 3; instead of X so the result will be filtered into T;.
Furthermore, only such pastings will produce results that will be filtered into T;. O

Now we look at a way to model end-marker filtering using *-filtering, again in the context
of pasting alone.

Lemma 6.5. Given a CPH-scheme k = (A, %, 0, P) with no cutting, a set of initial test-
tube contents L C L A*Y and F C ¥ X X, there exists another CPH-scheme & = (A, %, 0, P),
another set of initial tube contents L, and, for each (o, ) € F, a filter set F(aﬂ) CAUY
and a map ¢ : AUYX — AU which is the identity on A (extending to (AUX)*) so that
K (L)NL(F) = ¢(U(Q,B)EF(E*<Z) ﬂfa(kaﬁ))). Further, L is finite if L is finite and P is finite
if P is finite.
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Proof. To mimic the effect of the ordered pairs in F' we need two copies of the end-markers
in $. Thus, we let ¥ = {o,0r | 0 € }. Let L = {apwPBr | awB € L}, P = {agwpy |
awB € P}, and F,5 = AU {ar,Br}. Let ¢(c1) = ¢(og) = o for each 0 € X. Let
X ={o,|oceX}A{or| o €X}. Then L C X and K(X) C X so that (L) C X. Thus,
for each (a, 3) € F we have the (a, ) component of £*(L) equal to ¢(F*(L) N F(ap). O

This gives us what we need to mimic end-marker filtering with *-filtering. In the context
of the lemma above, to mimic filtering the results of (L) with the end-marker filter F into
a new tube, we proceed as follows. Set up |F| test-tubes denoted T, g) for (o, 3) € F and
a final collection tube 7T'. Filter into T{, ) using *-filtering on the set F(aﬁ) and then filter
into the collection tube from these tubes using *-filtering on the set AU Y. The final result
will be to mimic end-marker filtering from the original tube to 7" using the filter F' with a
system of *-filtering.

The last piece needed to restate our context free results in the setting of traditional multi-
test-tube splicing is a way to translate from splicing to cutting and pasting and back. Pixton
[9] has investigated these conversions in great detail and we summarize his work here for our
special case of pasting but not cutting in two lemmas.

Lemma 6.6. Let (M, k) be a CPH-system without cutting (so, & zﬂ,Z,@,P)). Then
there is another CPH-system (M, &) with & = (A, %, 0, P) so that P C ¥X (i.e. there is only
empty pasting) and k*(M) = SA*S NE(M). Further M is finite if M and P are finite.

Proof. We will add our pasting strings to the initial tube contents (with modified end-
markers identifying them) as follows. We need modified copies of the end-markers, so we let
Y=YU{a|aeX} Let M = MU {awB | awp € P} and let P = {a@, 38 | aws € P}.
The pasting of ew;a and fwyd using pasting string aw( in (M, k) to create ew;wwsyd is
replaced in (M, %) by pasting ew,o, awf and Swsd using the two pasting strings a@ and
Bf3. Conversely, the form of the pasting rules ensures that any string in &*(M) was created
by pasting together an alternating list of strings from the old M and {awg | awB € P} so
that any string in X A*Y N &*(M) is also created in k*(M) by pasting those strings in the
list which are from M to each other using pasting rules corresponding to those strings in the
list from {awf | awB € P}. O

Lemma 6.7. Let (M, k) be a CPH-system where k = (A,%,0, P) and P C ¥X. If we let o
be the H-scheme (AU, {(1,a;5,1) | af € P}) then x*(M ) o*(M).

Proof. The pasting of ew;a and fw,d using pasting string o in (M, k) to create ewywsd is
equivalent to the splicing of ew;a and Swsyd using splicing rule (1, «; 5,1) in (M, o) to create
611)1'11)2(5. OJ

Others have shown that TTH-systems can generate any RE language [1, 10], analogous to
Proposition 3.1. Here we finally have a TTH result analogous to Proposition 3.2.

Proposition 6.1. Let 7 = (AUX, Ty, ..., T,) (T; = (0;, F;) and 0; = (AUX, R;)) be a finite
TTH-scheme where ANY = () and each splicing rule in each R; is of the form (1,c; 3,1) for
some «, 3 € ¥. Further, let M be an n-tuple of finite initial tube contents (M C (XA*X)").
Then the result of the TTH-system (1, M) is context free and any context free set can be

obtained as the result of a finite TTH-system all of whose splicing rules are of the form
(1,a;b,1).
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Proof. Given 7 as described in the statement of the lemma, we can create a system of cut
and paste test-tubes connected by F*-filters by replacing each H-scheme o; by a CPH-scheme
ki = (A, 5,0, P;) where P, = {af | (1,a;0,1) € R;}. Then as in the proof of Lemma 6.7 we
have k(L) = o (L) for any L in X A*Y. Next, using Lemma 6.4 repeatedly, we can replace
the F*-filtering by end-marker filtering. Then Lemma 6.2 creates the CPF-system we want:
one which has no cutting and has a result the same as the result of 7. Thus Proposition 3.2
tells us the result of 7 must be context free.

Conversely, given a context free set, we can create a PF-system which has that set as its
result. Then we replace the end-marker filtering with F*-filtering using repeated applications
of the techniques in Lemma 6.5. Finally, we can replace the pasting in each tube with splicing
as in Lemma 6.7, creating the TTH-system we want. O]

Finally, we consider one last variation. When working with n-test-tube systems, Freund
3] uses n? filters, one between each pair of tubes. An end-marker filtering system using these
between-tube-filters can be modeled using our tube-entry-filters and extra end-markers, as
follows. Consider a pair («, 3) in the filter from test-tube i to test-tube j. Add pasting rules
to test-tube i, as we have in the previous proofs, so that each string created in test-tube 7
which has the form awf creates another string o;wf; and then add (o, ;) to the tube-
entry-filter for test-tube-j. Furthermore, tube-entry-filters can easily be implemented with
between-tube-filters. It is also worth noting that between-tube-filters work very naturally in
the matrix formulations of test-tube systems.
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