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1 Introduction

In 1987 Tom Head [5] introduced the idea of splicing as a generative
mechanism in formal language theory. This mechanism was popularized
and extensively developed by Gheorghe Paun and his many coworkers,
who recognized much of the subtlety and power of this mechanism and
who used it as a foundation for the rapidly developing study of DNA
based computing. See, for example, [11] and [12]. (The most necessary
definitions are reviewed briefly in section 2.)

However, one of Head’s most basic questions is still unanswered. It
was established early that a finite splicing system would always produce
a regular splicing language ([1], [13]), but not all regular languages can
be generated in this way (a simple example is (aa)*). Thus there remains
the problem of precisely characterizing such splicing languages.

One of the first papers by Paun and his coworkers was [9], which
introduced the notion of a simple splicing system. It is our goal here
to give a simple description of the languages that result from a general-
ization of this notion, which we call a semi-simple splicing system. We
are not interested in generalizing the results of [9], although our meth-
ods give simpler approaches even in the simple splicing case. Rather,
we are interested in illustrating some approaches towards characterizing
splicing languages in general.

Our main result is a characterization of semi-simple splicing lan-
guages in terms of certain directed graphs; this is carried out in sec-
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tion 3. Using this, we verify a conjecture for all splicing languages in
this special case: All semi-simple splicing languages must have a constant
word. Constant words have been used by Head in recent constructions
of splicing systems, and in fact our result shows that most factors of a
semi-simple splicing language are constant, from which we derive two
further conclusions using Head’s results: Semi-simple splicing languages
are strictly locally testable, and they can be generated by reflexive splic-
ing systems.

It was only recently shown that there are splicing languages that are
not reflexive. It is still unknown whether there are splicing languages
that have no constants. Some of these results are in the first author’s
Ph.D. thesis [3]; related results will appear in [4].

2 Review of Splicing Theory

We work over a finite alphabet A. A splicing rule over A* is a quadruple
r = (u, v;u, V') of strings in A*. If z and y are strings in A* then we
say that the string z is a result of splicing x and y using the rule r if
we can factor r = zjuvze, y = y1u/v'ys and 2 = zyuv'ys. If I C A* we
write (I) for the set of all words z that can be obtained this way, with
z and y in 1.

A splicing scheme or H scheme is a pair o0 = (A, R) where A is the
alphabet and R is a set of rules over A*. We say o is finite if R is a
finite set.

Given a language I in A* we define o(I) to be the union of all r(I),
where 7 € R. We define iterated splicing as follows:

oIy =1, "I =a("I)Ud®I), o*(I)= U o*(I).
k=0

By a splicing system or H system we mean a pair (o, ) where o is a
splicing scheme over A* and I C A*.

In this paper we shall require that both ¢ and I be finite. This
is the original definition due to Head, but there have been many gen-
eralizations, which we shall not consider in this paper. We say L is a
splicing language if L = o*(I) for some finite splicing system (o, I).

Following [9] we define a simple splicing scheme to be one in which
all rules have the form (a, 1; a, 1) for some a € A (we use 1 to refer to
the empty string). We generalize this by defining a semi-simple splicing
scheme to be one in which all rules have the form (a, 1; b, 1) for a, b € A.



We say a language L is a simple splicing language if L = o*(I) for
a finite simple splicing system (o, I). Semi-simple and other varieties of
splicing languages are defined similarly.

At the end of the paper we present an example of a semi-simple
splicing language which is not a simple splicing language.

3 Arrow Graphs

We begin with a language L C A*. We define R(L) to be the set of all
semi-simple rules r = (a, 1; b, 1), for a,b € A, such that r(L) C L. Let
o = (A, R) be a splicing scheme for which R C R(L). We shall consider
the possibility that L = o*(I) for some finite initial set I.

We augment A, L, o with new symbols S and T not in A as follows:
A=AU{S, T}, R=RU{(S,1;85,1),(T,1;T, 1)}, 5 = (A, R), and
L = SLT. This makes no significant difference:

Claim 3.1 5(L) C L. Moreover, if I C A* then 6*(SIT) = So*(I)T.

Proof. This is immediate, since the extra rules involving S and T essen-
tially do nothing: If z, y are in X A*Y then splicing z, y using (S, 1; S, 1)
produces y, and splicing z,y using (7, 1; T, 1) produces x. O

Now we develop a graphic representation for L.

An arrow shall mean a triple e = (a,w,a’) in A x A* x A. We
normally write an arrow as e = a — a’. Given such an arrow, we say a
is the initial verter of e and a’ is the terminal vertex of e.

We define the arrow graph G of the pair (o, L) to be the following
directed graph: The vertex set of G is A, and the arrow a — a’ is an
edge of G from a to a’ if there is a rule (a, 1; b, 1) in R so that bwa' is a
factor of L. (A factor of a language M is a string y such that, for some
strings « and z, xyz € M.)

Note that G is an infinite graph, if L is infinite:

Claim 3.2 S = T is an edge of G if and only if SwT € L.

Proof. If SwT € L then SwT is a factor of L and (S, 1; S, 1) is in R, so
S 2 T is an edge. Conversely, if S — T is an edge then there is a rule
(S, 1;b,1) in R and bwT is a factor of L. The only rule in R involving
Sis (S,1;8,1),s0b=8 and SwT is a factor of L. Since L C SA*T
we conclude that SwT € L. O



We now introduce some algebraic structure on the arrow graph. If
e1 and ey are arrows then we say ey and eg are adjacent if the terminal
vertex of e; is the initial vertex of es. If €1 = ag —> a; and ey = a3 —>
az are adjacent we define their product, written e; - e, to be the arrow

w1a]wa
ag —— as.

Claim 3.3 (Closure) If e, es is an adjacent pair of edges of G then
ey - ey is an edge of G.

Proof. We write e; = ag 5 aq and es = a1 —2 ay. Then there are rules
ro = (ag, 1; by, 1) and r; = (a1, 1; by, 1) in R and words xobowiaiy
and z1bjwaasys in L. Using r; we can splice these words to produce
zobpwiaiweasys in L. Now bywjajwaas is a factor of L and rg is a rule

N w1a1w: .
in R, so e1 - €3 = ayg ——— ay is an edge of G. O
As usual, a pathin G is a sequence ™ = (eq, ea, ..., e,) of edges so that

. . . . . W
each pair ey, epy1 is adjacent. In this case we write e = ax_1 — ag,
and we say m is a path from ag to a,. We use a nonstandard definition
for the label of such a path:

A7) = apwiaiws . .. Ap—1 Wy

Of course we identify a single edge e with the path (e), so A(e) is also
defined.

On the other hand, the multiplication on edges is obviously asso-
ciative, so we can define unambiguously the product ey - es - ... e, of
the edges in a path w. The following is immediate from 3.3 and the
definitions:

Claim 3.4 Ifm = (e1,€2,...,6en) is a path in G thene =ej-ez-... e,
is an edge in G and \(e) = \(7). O

Finally, we define the language of the graph G, written L(G), to be
the set of all labels of paths in G from S to T'.

Claim 3.5 L(G) = L.

Proof. According to 3.2, L C L(G). On the other hand, if 7 is a path
in G from S to T then 3.4 produces an edge from S to T' with the same
label, so 3.2 also gives L(G) C L. O



Now our goal is to replace G with a finite subgraph which still rep-
resents L. For this we require a way to factor long edges. First we have
a very simple partial factorization:

Lemma 3.6 (Prefix edge) If a N edge of G and a' € A
then a — a is an edge of G.

Proof. This is trivial: Since a MY oM s an edge there are a rule r =
(a, 1;b,1) in R and a word z = zbua’va”y in L. The rule r and the
factor bua’ of z establish that a — a’ is an edge of G. O

We define an edge to be a prime edge if it cannot be written as the
product of two edges. The following is proved by a standard induction
on the length of the label of an edge:

Claim 3.7 FEvery edge is the product of a sequence of prime edges. [

This factorization is unique. This is not necessary for our paper,
so we omit the proof, but this uniqueness justifies our use of the term
prime edge instead of irreducible edge.

We define the prime arrow graph Gg to be the subgraph of G with the
same vertex set but using only the prime edges of G. As an immediate
consequence of 3.5 and 3.7 we have:

Claim 3.8 L(Go) = L.
The next result is the key observation about prime edges.

Claim 3.9 Suppose L = o*(I) for some subset I C L. If ag — ay is a
prime edge in G then w is a factor of I.

Proof. For any edge e = ag — ay there is a rule (ag, 1; by, 1) so that
boway is a factor of L = ¢*(I). Thus we can define an index N(e) to be
the minimal n such that, for some such rule, boway is a factor of 5™(I).
We shall prove the claim by induction on N(e).

The claim is obviously true for all prime edges e with N(e) = 0.
So let e = ag —> a; be a prime edge with n = N(e) > 0 so that the
claim holds for all prime edges €’ with N(e’) < n. Then there are a rule
ro = (ap, 1; by, 1) and a string 2o in (1) which can be factored as
20 = xobowayy;. Since n > 0 there are a rule r = (a, 1; b, 1) and strings



z = xay’ and 2’ = 2'by in 6" 1(I) so that zq is the result of splicing z
and 2’ using r. That is,

ray = robowaiyi.

[1P )

There are four cases, depending on where the “a” appears in z:

Case 1: |zal > |zobowai|: Then bywa, is a factor of xa, and hence
of z = zay’, contradicting N(e) = n.

Case 2: |zobg| < |za| < |zobpwai|: Then w = uav, so we have the
prefix edge e; = ag = a. Moreover, Yy = vaiyi so bvay is a factor of
2'. Using this and the rule b we conclude that es = a 2 aq is an edge.
Then the factorization e = e - eo contradicts primality.

Case 3: |za| = |xobp|: Then y = wayyi. Thus 2/ = 2/by = 2’bwayyy
so, using the rule r, we conclude that ¢/ = a — a; is an edge. Moreover,
it is a prime edge. For if not then there are edges e; and ey with
¢ =ep-ey. Wewrite e = a — o and e3 = a' — aq, so w = ua’v. Then
e} = ap - d is a prefix edge of ¢, s0 e = ¢} - e3, contradicting primality
of e.

Since N(€’) < n—1 the claim is true for €/, and so w is a factor of I.

Case 4: |za|l < |xobo|: Then bywa; is a factor of y, and hence of
2! = 2'by, contradicting N(e) = n. O

The following is our main result; it characterizes semi-simple splicing
languages in terms of arrow graphs.

Theorem 3.10 Suppose L is a language in A*, R is a subset of R(L),
o = (A, R) and Gy is the prime arrow graph for (o,L). Then there is a
finite I C A* such that L = o*(I) if and only if Gy is finite.

Proof. 1t is immediate from 3.9 that Gy is finite if I is finite.

Conversely, suppose that Gy is finite. For each prime edge e = ag —
ai and each rule (ag, 1; by, 1) in R select, if possible, one word in L
which has bowa; as a factor. Let I = SIT be the set of these strings.
We claim that L = 6*(I), and hence L = o*(I).

To see this, take any edge e in G from S to T, and let e = e1-ea-.. .-€,
be its prime factorization, with e = ar_1 BN ap. For 1 < k < n select
arule 7, = (ag_1, 1; bp_1, 1) and a word z; in I with by_jwray as a
factor. Note that ag = by = S, so wi is a prefix of z;. Similarly, w, is a
suffix of z,. It is then clear that z1, zo,..., 2z, can be spliced, using the
rules 79, ..., 7, in this order, to produce A(e). O



Corollary 3.11 A language L C A* is a semi-simple splicing language
if and only if the prime arrow graph constructed from (6, L), with 6 =

(A, R(L)), is finite.

Proof. Just notice that if L = ¢*(I) for any 0 = (A, R) with R C R(L)
then L = 6*(I). O

This corollary provides an algorithm for determining whether a reg-
ular language L is a semi-simple splicing language. First, to check
whether r = (a, 1; b, 1) is in R(L) we have to decide whether r(L) C L,
and this is algorithmically feasible since (L) is a regular language if
L is regular; specifically, in terms of the quotient operation, r(L) =

(L(aA*)™Ha((A*b)~1L). Further, if a,a’ are in A we define E(a,d’)
to be the set of w such that a — a’ is an edge of G. This is a reg-
ular language, since it can be written as the union, over b for which
(a, 15;b,1) € R(L), of (A*b)"*L(aA*)~!. Moreover, the set Ey(a,a’),
defined as above but for edges of Gy, is also regular, since it may be
written as E(a,a’) minus the union of the products E(a,a”)a" E(a”,d’),
and so it is algorithmically decidable whether Fy(a,a’) is finite.
For the applications in the next section we require the following:

Lemma 3.12 (Approximate factorization) If Gy is finite then there
is an integer K with the following property: Suppose e = ay — ay is
an edge of G and |y| > K. Then there is a factorization e = €' - €’ so
that € = ag =% a and " = a > ay (and hence y = uav).

Proof. Let Ky be the maximum length of the label of an edge of Gy,
and set K = Ky — 1.

Take e as in the statement of the lemma and let e1-e5-... e, be its
prime factorization. Let k be the last index for which [A(ej-ez-...-ex)| <
lagz|. By the definition of K, |[A(e; - ez ... exy1)| < |agzy|. Then
e =ep-ex-...-epr1 and €’ = ep19-. .. e, have the desired properties. [

4 Constants and Reflexivity

Schiitzenberger [14] defined a constant of a language L to be a string
c € A* so that, for all strings z, v, 2/, v/, we have zcy’ in L if zcy and
2'cy’ are in L. This has an obvious relation to splicing: ¢ is a constant
of L if and only if r(L) C L, where r = (¢, 1; ¢, 1). For simple splicing
systems we can interpret the graph characterization of section 3 in terms
of constants:



Theorem 4.1 A language L in A* is a simple splicing language if and
only if there is K so that every factor of L of length at least K contains
a symbol which is a constant of L.

Proof. Let M be the set of all symbols in A which are constants of L,
let R be the set of all rules (a, 1; a, 1) with a € M, and let & = (A4, R).
Then clearly L = o*(I) for some simple splicing scheme o if and only if
L = 6*(I). Hence, by Theorem 3.10, L is a simple splicing language if
and only if the prime arrow graph G constructed from (L, ) is finite.
However, an arrow a — a’ is an edge if and only if awd’ is a factor of
L and a = S or a € M. Hence an edge a — ' is a prime edge if and
only if w does not contain any elements of M. Thus Gy is finite if and
only if there is a bound, K7, on the lengths of factors of L that do not
contain symbols in M, and the result follows with K = K; + 1. ]

It is unknown whether every splicing language must have a constant;
there are regular languages which have no constants. In the semi-simple
case there are many constants:

Theorem 4.2 If L is a semi-simple splicing language then there is a
constant K so that every string in A* of length at least K is a constant
of L.

Proof. Let K be the number given by approximate factorization (3.12).
Suppose that ¢ € A* has length at least K and suppose zcy and xz’cy’

are in L. Then approximate factorization applied to e = S 2T gives
d'y’ .
e=¢ ¢’ where ¢ =a % T and ¢ = dad'. Now S - T is an edge

and zcy = xdad'y so we have the the prefix edge e = S 2, 4 (from 3.6).

_ zdad'y’ . ..
Hence € - e’ = S ——— T is an edge, so zdad'y’ = xcy’ is in L, as

desired. O

McNaughton and Papert [10] defined the notion of strict local testa-
bility, and de Luca and Restivo [2] translated this definition to the fol-
lowing: A language L is strictly locally testable if and only if there is K
so that every string in A* of length at least K is a constant. Thus, as
in [8], we have:

Corollary 4.3 If L is a semi-simple splicing language then L is strictly
locally testable. O



A splicing scheme o = (A, R) is called reflexive if whenever a rule
(u, v; v, v'") is in R then (u, v; u, v) and (v, v'; u/, v') are also in R.
This condition was introduced in [6] as a necessary condition for a splic-
ing scheme to actually represent DNA recombination. It was recently
discovered that there are splicing languages that cannot be generated by
reflexive splicing systems. An example is the set of all words on {a,b}*
that have at most two b’s. See [3] and [4].

Head has shown ([7, 8]) how the presence of sufficiently many con-
stants in a language leads to a splicing structure for the language. Pre-
cisely, he proves that if L is a regular language and there is a finite set F’
of constants of L so that L\ A*F A* is finite then L is a reflexive splicing
language. Thus:

Corollary 4.4 If (0,1) is a semi-simple splicing system then there is a
reflexive splicing system (6,1) such that o*(I) = 6*(1). O

We conclude with a very simple example of a semi-simple splicing
language, illustrating our main results.

Let A = {a,b,c}, let R contain the single rule (a, 1; b, 1), and let
I = {abccab}. Following the arguments of 3.9 we can readily determine
the prime arrow graph Gyg; we find the following set of prime edges:
SMT,SLa,S%a,aga,aLT,a%T. (There are
other prime edges, but we shall ignore them, since they do not appear
on any paths from S to T'.) From this determination of Gy it is easy to
see that the splicing language is L = o*(I) = {a} U {a, ab}(cca)*{1,b}.
The reader may check that any rule r = (z, 1; z, 1), with € A, may
be applied to two copies of abccab to produce a string which is not in L;
hence L is not a simple splicing language.

From the proof of Theorem 4.2 we see that every factor of L of length
at least 8 is a constant of L, and we can follow the arguments of [7] to
produce a reflexive splicing system whose language is L. In fact, our
example is simpler: The shortest constant of L is cc, and this constant
appears in all elements of L except the string a. Moreover, L is generated
by a reflexive splicing scheme with only one rule, (cc, 1; ce, 1).
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