SUSLIN SETS

DENNIS PIXTON

1. INTRODUCTION

This is just an account of the basic facts about Suslin sets, which were invented (but not
named) by Suslin in [3]. Suslin lived 1894-1919, and only published this one paper (which
I have not read). Most of this material was found in [1] except for the measure theory in
Section 7, which is from [2]. These books have references to the original papers.

2. PRELIMINARIES

We use F, or F(z) interchangeably for the value of a function F at x. We write Y for
the set of all functions from X to Y.

2.1. Suppose that S: X xY — P(Z) is a function. Then

(VU S = U (5
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Proof. Suppose z is in the RHS. Then, for some f € Y¥, z € S, for all z € X. Hence for
each x € X there is y = f, so that z € S, so z is in the LHS.

Suppose z is in the LHS. Then for each z € X there is some y € Y so that z € S,,,. Hence
for each x € X theset T, = {y : 2 € S,y } is not empty. By AC there is a function f € Y*
so that, for all x € X, f, € T,. Hence, for all x € X, 2 € S,y,, so z is in the RHS. OJ

We write P for the set of positive integers. On P we define a binary operator * by
k*j = 2k-1(2j — 1). Since every positive integer can be factored uniquely as a product of a
power of 2 and an odd integer we have:

2.2. (k,j) — k*j is a bijection of P? onto P.

By a word of length n over P we mean an element w of P™, written as w = (wq, wa, . .., wy,).
The set of all words of positive length is written PT.

2.3. 5 = (81,80,...,8k) > k% 81 % Sg % -+ x 5, defines a bijection of Pt onto P (where x is
considered to be right associative).

3. INDEX SCHEMES

By an index set I we mean any non-empty countable set. An index scheme over an index
set I is a collection a of non-empty subsets of I. If « is an index scheme over I and C'is a
set-valued function defined on I we define

o.(C)=J e
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If C is a collection of sets then we define C, = { ®,(C): C € C'}.

Here are three special index schemes. First, with index set P let § =P and let o = {{k} :
k € P}. Then Cy is the set of all countable intersections of elements of C and C, is the set
of all countable unions of elements of C, so this notation is consistent with earlier usage.
The other special scheme uses the index set P*. If a € P’ is any sequence we define Z,
to be the set of all initial words of a. That is, Z, = { (a1, as,...,a,) : n € P}. We define

¢ ={Z,:a€P'}; this is the Suslin scheme.
Suppose « is an index scheme with index set I, J is another index set, and h: I — J. For

A C I define hA ={h(i):i € A} and define ha = {hA: A € a}. This is an index scheme
with index set J.

3.1. Cho C Cq, with equality if h is a bijection.
Proof. Given C € C’ define h*C € C! by (h*C); = Ch(:)- Now

B (C) = U ﬂ C; = U ﬂ C; = U ﬂch(i) = D, (h*C).

Bcha jeB A€a jehA AcaicA

Then the inclusion Cp, C C, is immediate from ®,,(C) = &, (h*C). O
3.2. If a # () then C C C,.

Proof. Let ¢ = {1}. This is an index scheme with index set {1}, and C = C. for all C. Given
any other index scheme with index set I, let »~ map I to {1}. Then ha = «. O

3.3.Cs C CC and C, C Cg

Proof. For the first define h: P* — P by (wy,ws,...,w,) — w,, and for the second use
(wl,wQ,...,wn>|—>w1. OJ

Suppose « and (3 are index schemes, with index sets I and J respectively. Let K = J x I.
If Be€ 3 and F € of define G(B,F) = {(j,i) € K : j € B,i € F;}. Define a8 =
{G(B,F): Be 3, FeaP}. Thisisan index scheme with index set K.

3.4. Cup = (CQ)B.

Proof. Suppose E is in the RHS. Then E = ®4(C) where C' € (C,,)’. Hence for each j € J
there is D; € C! so that C; = ®,(D;). We consider D € C/*! = CK. Using 2.1,

B=2s(0)=UNG=UN%D)=UNUDPs

Bep jeB Bep jeB Bep jeB AcaicA
U UNMND2i=U N Dii=@eslD).
Bep FeaB jeBicF; Geaf (ji)eG

Thus E is in the LHS.

Conversely, if F is in the LHS then E = ®,5(D) for some D € C¥ = C7*!. We define, for
each j € J, D; € C! by D;(i) = Dj;. Further, we define C € (C,)” by C; = ®,(D;). Then
the calculation above can be read backwards, showing that F is in the RHS. 0

Theorem 3.5. CCC = Cc.
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Proof. Using 3.2 we only have to show C¢¢c C C¢, and for this we will use 3.1. The index set
for ¢ is P* and the index set for (¢ is PT x P, so we need a map h: PT — Pt x P*. Let
w = (wy,Ws, ..., wy,) be in PT. Write n = k * j, and write w, = y, x x, for 1 <p <n. We
define h(w) = (v,u) where v has length k& and is defined by v,, = ym.«1 and u has length j
and is defined by u; = xp.. We need to show that h{ = ((.

First, suppose that ¢ € P¥, defining Z. = { {c1,...,¢,) : n € P} in (. We factor ¢, = y,*x,
as above. Then b, = y,,,1 defines a sequence b, so an element B = 7, of (. To each element

s = (b,...,br) of B we associate the sequence a, defined by ay = xp.. Using as we define
F € (B by F(s) = Z,,. Now consider hZ.. This is the set of all pairs (s, (a1, aso, . - ., as;))
where s = (by,...,br). In other words, hZ, consists of all pairs (s,t) where s € B and

t € F(s). Hence hZ, € (C.

Now consider W in (. Then there is B € ¢ and there is a function F' € ¢? so that
W = {(s,t) : s € B,t € F(s)}. Since B € ( there is a sequence b so that B = Z, =
{(by,...,b;) : k € P}. Furthermore, for each s = (by,...,b;) in B the set F(s) is in ¢
so it has the form Z, for some sequence a,. We define the sequence ¢ € P¥ by the rule
Crsj = g * ag;, where s = (b, ..., b). It should now be clear that hZ. = W, so W € h(.

From these two arguments we have h( C (¢ and (¢ C h(, finishing the proof. O

We need one more operation, a slight generalization of o — «ao. Suppose J is an index
set and, for each j € J, a; is an index scheme with index set [;. Define K = ;. {7} x I;
and define a3 to consist of all sets {j} x A where A € a;. Then K is countable and oX is
an index scheme with index set K.

3.6. E€Cox iff E=,,
Proof. E € Cox iff E = ®,5(D) for some D € CX. Then, writing W = {j} x A,

r=U N oa=UUUDi=Ur

WeaX (ji)ew Jj€J A€y i€A jeJ

E; where each Ej is in C,; .

with Ej = U4ea, Uiea Dji € Ca,- The reverse implication follows similarly. O

4. BOREL AND SUSLIN SETS

Suppose X is a metric space. Then G and F are the collections of open, respectively
closed subsets of X. When necessary we indicate, in this and other collections of sets, the
dependence on X by notation like G(X).

For x € X and r > 0 we write B(z,r) for {y € X : d(y,xz) < r}, and for E C X and
r > 0 we write B(F,r) for the union of all B(z,r) for z € E.

4.1. F C Gs.
Proof. The reader may check that if F'is closed then F' = (), B(F,1). O

A o-algebra in P(X) is a subset A of P(X) which contains () and is closed under com-
plementation with respect to X and under countable unions (that is, A, C A). From de
Morgan’s laws it also follows that As C A. The intersection of all o-algebras containing a
collection C C P(X) is a o-algebra, known as the o-algebra generated by C. We write C* for
the o-algebra generated by C.

The Borel class B is the o-algebra generated by G.
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4.2. B is the smallest collection in P(X) containing G and closed under countable intersec-
tion and countable union.

Proof. B is closed under countable union and countable intersection. Suppose C C B is
closed under countable union and countable intersection and contains G. Define Co = { F €
C: X\ FE €C}. Then Cy contains () and is closed under complementation, and closure under
countable unions follows easily using de Morgan. Thus Cy is a o-algebra in C. Moreover, it
contains G since if £ € G then F € C and X \ F € F C Gs C Cs C C (using 4.1). Hence
Co = B and therefore C = B. O

We define the Suslin class Z as G.. (Suslin sets are also known as analytic sets.) By 3.3
and 3.5 we have Z closed under countable union and intersection, so

4.3. BC Z.
The same kinds of arguments as the last two lead to

4.4. Suppose C C B and C, D G. Then
(1) B=C".
(2) B is the smallest collection containing C and closed under countable union and inter-
section.

(3) 2 =C..

Suppose that Y is a metric space and X is a subspace. In order to talk about relative Borel
and Suslin sets we introduce (temporarily) the following terminology. If C is a collection of
subsets of Y we define C' ={ENX:EeC}and"={FeC: ECX}.

4.5. C" C ', and if a is an index scheme with index set I then (C,) = (C')q.

Proof. f E€C’"then E€Cand E=FNXso Ee (.

If £ € (Cy) then E = ®,(C)NX = ®,(D) where C € C! and D is defined by D; = C;NX.
Conversely, if £ € (C'), then £ = &,(D) = ®,(C) N X where D € (C')! and C € C is
determined by the Axiom of Choice so that D; = C; N X for all 1. [

4.6. Suppose X is a Borel set in'Y .
(1) B(X)=B(Y) =B(Y)".
(2) Z(X)=ZY) =2Y)".

Proof. Since B(Y) and Z(Y') are closed under intersection with Borel sets we have B(Y')' C
B(Y)" and Z(Y) C Z(Y)", so, using 4.5, B(Y) = B(Y)” and Z(Y) = Z(Y)".

Next, B(Y')' is easily seen to be a o-algebra in P(X) and it contains G(X) = {EN X :
E e G(Y)}, soB(Y) D B(X). Hence B(X) C B(Y)” C B(Y) and, for the same reasons,
BY \ X) c B(Y). Let A be the collection of all E C Y so that EN X € B(X) and
E\X € B(Y\ X). It is easy to check that A is a g-algebra. Suppose G is open in Y. Then
GNX egG(X)CB(X)and similarly G\ X =GN (Y \ X) € B(Y \ X), so G is in A. Thus
A is a o-algebra in P(Y) containing G(Y') so A contains B(Y'). Now if £ € B(Y)” C B(Y)
then £ € Aso E = ENX € B(X). This completes the proof that B(X) = B(Y)".

Finally, Z(X) = (B(X)): = (B(Y)')¢, which equals (B(Y)¢)' = Z(Y)’ by 4.5. O
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5. NON-BOREL AND NON-SUSLIN SETS

If J = [a,b] is an interval with a < b of length A = b —a and s € P we define J, =
[b— 325,b— £]. This is a closed subinterval of J of length /3% and the collection of such
intervals is pairwise disjoint; in fact, J, < J; if s < t.

We start with J = [0, 1] and define J,, for s € P*, recursively by Jy; = (J); for s € P!
and t € P. Note that, for s and ¢ in P*, J, and J; are disjoint unless one of s, ¢ is a prefix
of the other. If s is a prefix of t then J; D J;; if neither is a prefix of the other then s < t or
t < s in the lexicographic order, and J; < J; if s < t.

We let Xy = Usepr Js and X = (,cp Xi. Each X is in F, so X is in F,s C B.
Corresponding to s € P¥ there is a nested sequence of closed intervals (Jy,,. s, : k € P) with
length approaching 0, so there is a unique point ¥ (s) in the intersection. It is easily verified
that v is a bijection of P¥ onto X. We will abuse this bijection by writing z = (21, 29, ...)
where xj, = s, and s = ¥~ (z).

Now suppose « is any index scheme with index set I and choose an injection h : I — P.
Also suppose C is a countable collection of sets, enumerated as {D,, : n € P}. If x =
(11, 22,...) € X we define ®,(z) = ©,(C) where C' € €' is defined by C; = D,,, . Thus
®,(x) € C,. Moreover, since any map I — C can be represented in the form above,

5.1. &, is a surjection of X onto C,.

For s € P* define B, = J;N X and let C = { By : s € P }. These sets are closed in X,
and C, D G(X). To see this just note that if G is open in R and z € X NG then there is J,
containing x and of diameter less than the distance from z to R\G so z € B, C GNX. We use
the bijection given by 2.3 between P and P, and define D,, = B, where s = (s1, S2, ..., Sk)
and n =k x $1 % s % 2% -+ % 5. [Actually, the exact form of the bijection is not important.|

Theorem 5.2. Define Q, = {z € X : 2 € ®o(2)} and Ry, = X\ Qo = {2z € X : 2z ¢
O, (x)}. Then Qq € Cpo and Ry, & C,.

Proof. This of course is just a variation on the classical Cantor construction of an uncountable
set.

If R, were in C, then it would equal ®,(a) for some a € X. But then a € R,, if and only
if a ¢ R, by the definition of R,, a contradiction.

Now for each j and n in P define E;,, = {z € X : x; = n}. This is just the union of all
sets B, where s € P’~! 50 this is in C,. We define F; = Unep E;,ND,. Then each By, N D,
is a union of various By, so Fj is also in C,. Note that x € Fj if and only if there is n so
that z; =n and v € D,, so F; = {x € X : v € D,, }. We claim that Q, = ®,(F") where
F{ = Fj;). Since each Fj is in C, this will finish the proof that Q, € Cya.

For the claim, first suppose z € Qu. Then x € @4 () = UycqNica Day,y- Hence, for
some A € a, x is in thm for each i € A. But x € th(i> is equivalent to x € Fj;) = Fj, so
we have x € F/ for alli € A, so x € ®,(F"). The steps are reversible to prove the opposite
inclusion. ]

Corollary 5.3. Q)¢ is a Suslin set in R but not a Borel set; R¢ is not a Suslin set in R.

Proof. Note that, since X is a Borel set, there is no difference between stating this in R or
in X. The only part not immediate from the theorem is that @) is not a Borel set; but if it
were then its complement, R, would be a Borel set and hence a Suslin set. O
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Note that X has lebesgue measure 0, so ()¢ is an example of a Lebesgue measurable set
which is not a Borel set. But in fact this argument is not needed; see Section 7.

6. CARDINALS AND ORDINALS

We use 0 for the cardinal number of the integers, and ¢ = 2° for the cardinal number of
the reals.

6.1. The Borel and Suslin classes in R have cardinality c.

Proof. The cardinality of B is at least ¢ since it contains P(P). On the other hand, 5.1
applied to ¢ and the countable collection of all intervals in R with rational endpoints shows
that the cardinality of Z is at most that of X C R. 0

Since P(R) has cardinality 2¢, “most” subsets of R are not Suslin sets. Moreover, the class
M of Lebesgue measurable sets in R has cardinality 2¢ since it contains all subsets of the
standard Cantor set. Thus “most” Lebesgue measurable sets in R are not Suslin sets.

Now consider ordinal numbers. We identify the ordinal x with the set of all ordinals
preceding x. Thus the first infinite ordinal w is the set of finite ordinals, and the first
uncountable ordinal {2 is the set of all countable ordinals. We write the successor of the
ordinal = as s(z).

We define a sequence of index schemes &(x), indexed by the countable ordinals, as follows.
We start with £(0) = {1} with index set {1}, so C¢(g) = C for all C. Proceding by transfinite
recursion, we define {(s(x)) = £(z)do. If = is a countable limit ordinal then x is a countable
set and £(y) is an index scheme for all y € x so we can define {(x) = {X using the notation
of 3.6. (More precisely, £(z) = (£ |)X.) The following is a simpler description:

6.2. Suppose ) € C. If x is a countable limit ordinal then Cey) = (Cg(y))g where Cg(y) =
Uy<:p Cf(y)'

Proof. According to 3.6, C¢(,) consists of all unions F = UyEI E, where E, € C¢,). Since x
is countable this is a countable union, and since the sets C¢(,) are nested each E, is in Cg(y)
proving Ce(z) C (CZy)o-

Now suppose E = J,.p Er with each Ej, € Cg(y). We define y(k) as the minimum y such

that £y, € C¢(y), and then we define the sequence z(k) recursively so that z(1) = y(1) and
z(k + 1) is the successor of the larger of y(k + 1) and z(k). Then z is a strictly increasing
sequence in z. Hence we can define F,, = Ej, if y = 2(k) and F,, = () otherwise, so F,, € C¢(y)

forall y € x and £ = Uyex , proving the opposite inclusion. U

6.3. If C C B and C¢(zy) D G for some countable ordinal x then B = J,_q Ce(a)-
Proof. Let By = UI<Q Ce(z)- Then G C By C B. Suppose L), € By for k € P. For each k
select y(k) < Q so that Ek € Ce(yky) and let © = (J,p (k). Then z is countable, so x < €,

and Ej, € Cey). for all k. Hence both Urep Er and (ycp Er are in Ce(s(z)) C Bo. From 4.2
we have By = B. [l

Theorem 6.4. In the reals, if v <y < then Ge(z) 7# Gey)
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Proof. If Gery = Ge(y) then H = Gg(, satisfies G C 'H C B and H, U'Hs C Hso = Ge(sa)) C
Gey) = H, so H = B. Therefore in order to prove the theorem we only have to show that

Now consider the set X constructed in section 5. From 4.5 we have E € G(R)¢(,) if and

only if E' = EN X is in G(X)¢(), so we only have to show that G(X)ew) # B(X).

Next consider the collection C and the sets R = Ry¢(,) and Q@ = X \ R = Q¢(») provided
by 5.2. Then R ¢ Coe(z), and Coe(z) = (Co)e(@) D G(X)e(w) since Co D G(X), 50 R ¢ G(X)e(a)-
On the other hand, R is in B(X) since its complement @ is in Cooe(n) C B(X). O

Here’s a more general version:

6.5. Suppose D and £ are collections of Borel sets in R with D countable, and suppose
there are countable ordinals d and e so that € C Dewy and G C Egey. If ¥ < y < 2 then

Ee(w) 7 Eety)-

7. SUSLIN SETS ARE MEASURABLE

Recall that ( = { Z, : a € P¥ } where Z, = { (a1, as,...,a;) : k € P}. For a fixed sequence
h € P¥ define n(h) = {Z, : a € P¥ and a;, < hy, for all k € P}. Further, for n € P, define
Zo(n) = {{a1,a9,...,a;) : k <n} and n(h,n) = { Z,(n) : a € P¥ and a; < hy, for all k <
n }. Since we get the same collection by requiring a € P" instead of a € P¥, each n(h,n) is
actually a finite collection of finite sets. Hence

7.1. For any C: PT = C, ®,hn11) C Pyinn) € Coo-
7.2. For any C: PT — C,
(I)n(h)(c) = ﬂ (I)n(h,n)(c>~

nepP
Hence Cypy C Csos-

Proof. 1t is immediate that ®,)(C) C @y (C) for each n. Now suppose x € @y ,.0)(C)
for all n. Then for each n there is a sequence a, so that a,, < hy for all £ < n and
x € Cuprans..a,, for all k < n. Then z € C,,, for all n. Hence there is an infinite set [; C [P
and b, € P so that by = a,; for all n € I;. Now continue recursively, defining an infinite
set [, C I,_; and b, so that biby...b, = api1ana...ay for all n € I, and z € Cyp,. 5.. Then
b, < h, for all r so Z, € n(h), and thus z € @, ). O

Next we define O(h,n) = { Z, : a € P and aj, < hy for all k < n} and O(h,n, k) ={ Z, €
O(h,n) : ans1 =k }. We allow n = 0 in these definitions.

7.3. For any C:. Pt — C, (I)<<C) = @9(&0)(0)7 (I)G(h,n,k)<c) C ¢9(h,n,k+1)(c) and
Do) (C) = | Pophny (C).
keP

Now consider an outer measure p* defined on P(X). The Carathéodory construction
produces a measure p on a o-algebra M. Here M is defined as the collection of those sets
FE satisfying the measurability condition

pw(T)=p(TNE)+p (T \ E)
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for all 7" C X, and p is just the restriction of p* to M. We need two facts about this
measure. First,

7.4. For any T C X and E € M define up(E) = p*(T N E). Then ur is a measure.
Proof. All we need is countable additivity. Suppose E € M are pairwise disjoint. Applying
the measurability condition to £y and T'N (E; U Es) proves ur(Ey U Es) = ur(Er) + pr(Es).
By induction we have pr (Uy_; Ex) = > p_y pr(Ex) for all n € P. Hence Y ;- ur(Ey) =
limy, oo pir (Up—y Ex) < pr (Upe; Ex). The opposite inequality comes from countable sub-
additivity of u*. ([l
7.5. For any subsets T and S of X define fir(S) =inf{ ur(E): E € M and E D S}.
(1) p(T'NS) < pr(S). _
(2) There is S € M with S D S and jir(S) = pr(9).

(3) If V is an increasing sequence of subsets of X then fir (Upe; Vi) = limy, oo fir(V;,).
Proof. Part 1 is obvious from the definition. For part 2, if jiy(S) = oo just use S = X.
Otherwise find Ej, € M with ur(Ey) finite, Ex, D Exy1 O S and lim, o pr(E,) = pr(S)

and set S = (oo, Ex.

Now write S = [J;—, Vi and select S and V; by part 2. Define V| = (ﬂ;’ik VJ> NS, so
V) C V|, and define S = [J;=, V). Note that part 2 is still satisfied for V} and S’. Hence
fir (UpZy Vi) = ir(S) = pr(S) = pr (Upy Vi) = limy—oo pir (V) = limy o fir (V). O
Theorem 7.6. Suppose that the measure p with domain M is obtained from the outer
measure (1* by the Carathéodory construction. Then M C M.

Proof. Let C: Pt — M and let £ = ®,(C). To show that E is measurable we need to
show p*(T) > p*(T N E) + p*(T \ E) since the opposite inequality follows from countable
sub-additivity. There is nothing to prove if p*(7") = oo so we assume p*(7') is finite.

Let € > 0 be chosen. From 7.3 and 7.5.3 we define a sequence h recursively so that

_ _ €
fir (Do (C)) = fir (Ponn—(C)) = 57
for all n > 1. Remember that @y, 0)(C) = E. Hence, adding the inequalities,
fir (Ponn)(C)) > ir(E) —e > p* (TN E) —e.

Now E, = ®,,,)(C) is in Ms,5 C M and E, D Py,n)(C). Hence p*(T'N E,
fir (®onny(C)) — € so p*(T) = p(T N E,) + p*(T\ Ey) > p* (TN E) + p*(T\ Ey)
But E, D E,41 and (-, Ex, C E by 7.2, so lim,, oo p*(T'\ E,) = lim,, oo pr(X \ E,
pr (Upey (X \ Ex)) = pr (X \Neey Ex) > pr(X \ E) = p*(T'\ E). Hence we have p*(T
W (T NE)+ p*(T\ E) —e. We finish the proof by letting ¢ — 0.

Corollary 7.7. For M as in Theorem 7.6, if G C M then Z C M.

\/\/l\—/

O i eV
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