Zeta functions for sofic subshifts
Dennis Pixton*

DEFINITION 1. A directed graph G consists of a pair of sets (V,FE) and a pair of
functions head : E — V and tail : E — V. One says that the edge e € E is from tail(e)
to head(e). G is finite iff V' and E are finite.

DEFINITION 2. A labeling of the directed graph G is a function A : E — 3, where ¥ is
a set called the alphabet.

Throughout we shall assume that G is a finite labeled graph.

DErFINITION 3. For j,k € Z, [j,k] = {n € Z :j <n < k}. A finite path in G is
an element w of EV* for some j,k such that, for j < n < k, head(w,) = tail(w41).
An infinite path in G is an element w of E? satisfying head(w,) = tail(wy,41) for all
n € Z. We denote by II* = I1*(G) the set of all finite paths in G with domain an interval
of the form [0,n] and by II = II(G) the set of all infinite paths in G.

DEFINITION 4. If w € EV* is a path in G with j < k we define tail(w) = tail(w;) and
head(w) = head(wy).

DEFINITION 5. For X C Z we extend \ to a map EX — XX, also denoted A, by
AMw)y, = Awy,) for all n € X. We then set A* = A*(G) = MNIT*) and A = A(G) = A\(II).
Such A is called a sofic subshift, and any labeled graph such that A = A(G) is called a
presentation of A.

DEFINITION 6. The shift map o is defined by o(w), = wyy1. This is defined from each
of IT and A to itself, and also from paths in EU* to paths in EU—1k=1]

LEMMA 1.

(1) Ao =o0A.
(2) For x € A, o is a bijection of A=!(x) onto \~!(ox).

DEFINITION 7. A labeled graph is Shannon iff for any e, f € F, if tail(e) = tail(f) and
Ae) = A(f) then e = f.

THEOREM 1. Any sofic subshift may be presented by a Shannon graph.

Proor: This is just the subset construction for converting a nondeterministic automaton
to a deterministic one. [

LEMMA 2. If G is Shannon then |\~!(z)| < |V| for all z € A*.

PrOOF: Take z € A*. Then = € %% for some k. If w,z € A~ (z) then w, z € B0 If
tail(wy,) = tail(z,) for some n € [0, k] then, since \(w,,) = x,, = A(2y,) and G is Shannon,
we have w, = z,, so head(w,) = head(z,). Hence tail(w,41) = tail(zp+1) if n < k.
By induction we then prove that head(wg) = head(zg) = w = z. Therefore tail is an
injection from A\~!(x) into V. O

*These are notes I prepared for part of a seminar on sofic systems in the summer of 1991.
They are largely based on work with a former student of mine, Carol Lawrence, in 1985-6.
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LEMMA 3. If there is K so that |\"!(z)| < K for all x € A* then |\7(x)| < K for all
xeA.

PROOF: Suppose that there are K + 1 elements in A~!(z) for some x € A. Write these
as w’,...,w . Then there is k such that the finite paths z/ = w’|[—k, k] are all distinct.
Then the elements 0~ %(27) of A* are all distinct, contradicting Lemma 2. [

Throughout this note we assume that A is finite to one onto A.
Note that GG with the identity labeling is Shannon, and the corresponding sofic subshift
is just II. Hence the various definitions and lemmas that follow apply to II as well as to

A.

DEFINITION 8. A point x € A is periodic iff there is p > 0 so that oP(x) = x. Such p is
called a period of x. Denote by Per,(A) the set of all periodic points of A with period
p, and by Per(A) the set of all periodic points of A.

LEMMA 4.

(1) For n,p >0, x has period n iff x has least period p and p | n.
(2) z is periodic with period n iff for all k € Z, xj 4, = Tk
(3) A(Per, (1)) C Per,(A).

LEMMA 5. Suppose x € Per,(A).

(1) For some n, A\~!(z) C Pery,,(II).
(2) The least period of each y € \~*(x) is a multiple of the least period of .

PROOF:

(1) From part (2) of lemma 1, o” is a bijection of A~!(x) onto itself, and, since this is
finite, oP" is the identity on A\~!(z) for some n € N.

(2) If w has least period ¢ then o9(z) = c?(Aw)) = A(o?(w)) = Mw) =z so ¢ is a
period of x. Hence the least period of x divides g¢.

O

LEMMA 6. If © € A is periodic then for any r the map t, : w — tail(w,) is an injection
of \™1(z) into V.

PROOF: Replacing x with ¢"(x), we may assume that r = 0. Suppose z,w € A71(x),
tail(zg) = tail(wp), and z # w. Let ¢ be a common period for z and w. For each m > 1
define y™ € E” by

m_{zj if0<j<(m—1)q

Vi = w; if (m—1)g<j<mg

and by y7,,,. = y;' otherwise. Since head(zy,—1) = head(z-1) = tail(z) = tail(wp), and
similarly with w and z interchanged, we have y” € II. Also, A(y™) = « is clear. Since
y™ # y™ for m # n we have contradicted the assumption that A\~!(z) is finite. O

DEFINITION 9. If X is a set then P,(X)={Y CX:|Y|=n}.

2



For n € N define labeled graphs G™ = (V", E™, \) as follows. First, V" = P, (V).
Next, an element W of E™ will be a subset of E with the following properties:

(1) WePLE);

(2) the sets head(W) = {head(e) : e € W} and tail(W) = {tail(e) : e € W} are in
vn

(3) Ae)=A(f) forall e, f € W.

The above defines head and tail, and A(W) is just A(e) for any e € W. Note that (2) is
equivalent to the requirement that tail and head are injective on W.

LEMMA 7.

(1) G™ is empty for n > |V|.

(2) G* is isomorphic to G.

(3) A(G™) C A(G).

(4) If G is Shannon then so is G™.

If W € E™ there is a bijection ¢y : tail(W) — head(W) defined by

dw
| |

tail(W) —2il_ ppr _head y 0,4y

Also, if (W, Z) is a path of length 2 in G™ we have a bijection ¥y : W — Z defined by

Ywz

| |
w —head yoqq tail(Z) — il 7

Finally, for a finite path W = (W, W44. ..., W}) we define ¢w : tail(W) — head(WW) and
Yw : Wj — Wy, by composition: ¢w = ¢w, o---0ow, and Yw = Yw,_,w, 0 -ow,w,,, -
LEMMA 8. There is an injection « : II(G™) — P, (II(G)) such that, for all W € II(G™),

(1) W ={wr:weaW)} forall k€Z;

(2) a(o(W)) = a(a(W));

(3) AM(W) = Aw) for all w e a(W).

PRrROOF: Take W € II(G™). For k € Z define Zj, as the restriction of W to [0,k] if £ > 0,
or to [k,0] if k < 0. Given wg € Wy, define a path w € EZ by

{ @Dzk (’wo) ifk>0
Wg = 1 .
Yy, (wo) if £ <O0.

It is immediate from the definition of ¢ that head(wy) = tail(wg4+1), so w is in II(G).
We define a(W) = {w : wg € Wy }. Then the listed properties are clear. The elements
of (W) are distinct since they are distinct in their 0" positions, so a(W) € P, (II(G)).
Finally, if W # Z then W}, # Z), for some k, and it follows from (1) that a(W) # «(Z).
Hence « is injective. [



LEMMA 9. « is a bijection from Per,(II(G")) onto L = {L € P (Per(Il)) : o?(L) =
L and \Mw) = \(z) for all w,z € L}.

Proor: If o?(W) = W then o?(a(W)) = a(W) by part (2) of lemma 8, so a(W) € L.
On the other hand, if L € £ we define Wy = {wy : w € L'}. By Lemma 6 each tail(Wj)
has n elements. Hence |Wj| = n. Clearly head(Wy) = tail(Wyy1), so head(W}) has n
elements and W € II(G™). Finally, Wyi4p = {wiyp : w € L} = {oP(w)r : w € L} =
{2z :2€0P(L)} =Wy (using oP(L) = L). Hence W € Per,(II(G")), and (W) = L is
clear. [J

We shall need to attach signs to various bijections. We denote by S n the symmetric
group on N symbols, which we think of as the group of bijections of [1, N| onto itself. We
denote by sgn the sign homomorphism from Sy into {1,—1}.

DEerINITION 10. If f : X — X is a bijection, N = |X|, and 7 : [1,N] — X is any
bijection, we define sgn(f) = sgn(t=1f7).

LEMMA 10. sgn(f) is independent of the choice of bijection T.

PROOF: Let p be another bijection of [1, N] onto X. Then n =77 1p e Sy and p~Lfp =
7Yt~ fr)w. The lemma follows since conjugate permutations have the same sign. [

LEMMA 11. If X is a nonempty finite set and f : X — X is a bijection then

> (=1)Hsgn(fIL) = 0.
LCX
(=L

ProOOF: First we note that the formula is true if f is transitive. In this case the only
invariant subsets are () and X itself, and X # 0. Also, sgn(f|0) = 1 and sgn(f|X) is
the sign of an N-cycle, which is (—1)¥*!. Hence the sum reduces to (—1)° -1+ (=1) -
(-1)N+L =0.

We proceed by induction on N = |X|. The starting case, N = 1, follows since f is
transitive. So we assume that the formula is true for bijections of sets of cardinality less
than N.

We may assume that f is not transitive. Hence we can write X as the union of
two disjoint, non-empty, f-invariant sets Y and Z. We let ¢ = f|Y and h = f|Z.
Then the formula applies to both g and h. Moreover, L. C X is f-invariant iff it is the
union of a g-invariant set A C Y and an h-invariant set B C Z. In this case we have
sgn(f|L) = sgn(g|A) sgn(h|B). Therefore

Yo ()Hsen(flLy = Y > (1) Plsgn(g|A) sgn(h| B)

LCX ACY BCZ
f(L)=L 9(A)=Ah(B)=B

= Z (—1)1 sgn(g|A) Z (—1)!P!sgn(n|B)

ACY BCZ
g(A)=A h(B)=B
=0-0=0.

0J
We define N, = N,(A) = |Pery(A)|. For L € L) we define sgn(L) = sgn(o?|L).
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LEMMA 12.
V]

Ny =Y (=)™ ) sen(L).
n=1 Lely

PROOF: For a given = € Per,(A) let X = A7!(z) and let f = o0P|X. Then |X| < |V] by
Lemma 6 and X # () so Lemma 11 applies. Writing the term for L = () on the left side
and the other terms on the right gives

VI

1=> (=™ > sen(L).

n=1 LeLlynx— (z)

The formula for N, now follows by summing this for all € Per,(A). O

Now we attach signs to the edges of G™. We choose for each S € V" a bijection
75 : [1,n] — S. Then if W € E™ we define sgn(W) = sgn(r; ' ¢w7s) where S = tail(W)
and T = head(W). This definition depends on the choices of the 7’s. For a finite path
W = (Wj,...,Wy) we define sgn(W) = sgn(Wy) sgn(Wy_1) - - - sgn(W;). If S, = tail(W,)
and T, = head(W,.) then, since S, =T,_1,

SgIl(W) = Sgn(T’ijl Py, Tsk) Sgn(T’ITkl 1 dw,, 1TSk71) T Sgn(T’Jle d)Wj TSJ)

-1
= sgh TTk ¢WkTSkTTk 1¢)Wk 178,17 Ty d)WjTSj)

sgn (77, ow s, )-
In particular, if head(W) = tall( ) then sgn(W) = sgn(éw).

We define
NI' = > sen((Wo, ..., Wp_1)).
W ePer, (II(G™))

(

Sgn(TTk (ka (ka 10 (ij TSj)
(
)

LEMMA 13.
V]

N, = (-)""'Np.

Proor: This is just a combination of Lemma 12 and Lemma 9, since the bijection « pre-
serves signs. Specifically, with Z = (Wy,...,W,_1) and V = (Wy,...,W,) the following
diagram of bijections commutes:

tail(Wo) ¢z head(W,,_,) =——— tail(W,)
tail tail
to to
oP
(W) a(W).

Hence the maps ¢z : tail(Wy) — tail(Wy) and o? : a(W) — (W) are conjugate, so they
have the same signs. [



DEFINITION 11. For a sequence s = {(c1,ca,...) of numbers we define the zeta function
of ¢ as the formal power series

o0
c
) = exp (z —p) |
p=1 p
Using the sequence N of numbers of periodic points, we define the zeta function of A as

A =¢CnN-

LEMMA 14. For sequences a and b:

(1) Ca+b CaCb-

1

(2) ¢

(3) it there is a number m such that a, = m? for all p then (,(t) = (1 —tm)~!

(4) If there is a square matrix M such that a, = tr(MP) for all p then (,(t) =
(det(I —tM))~!

PROOF: (1) and (2) are trivial. (3) follows from the series

00— m
; o In(1 — mt),

which is obtained by integrating the geometric series. Finally, (4) follows since tr(MP) =
S m? and det(I —tM) = [](1 — tm;) where m; is the list of eigenvalues of M , repeated
according to multiplicity. [

We define matrices M,, indexed by the elements of V" as follows:
M,)sr =Y {sen(W): W € E", head(W) = S, tail(W) =T}.
LEMMA 15.
Ny = tr(M}).
Proor: This follows immediately from the following:
(MP)sr =Y {sgn(W): W € II*(G") of length p, head(W) = S, tail(W) =T}.

And this formula follows by induction. It is true by definition for p = 1. If we take
W = (Wy,...,W,) of length p+1 from S to T and we define V = (Wy,...,W,_1) and
R = head(V) then sgn(W) = sgn(V)sgn(W,). Conversely, if V' = (Vy,...,V,_1) is a
path of length p from S to some vertex R and Z is any edge from R to T, we define
W=W,...,Vp_1,Z) from S to T and we have sgn(W) = sgn(V)sgn(Z). Thus

(MET ) sr =Y (MP)sr(My)rs
R

=Y > se(V) > se(?)

R V from S to R Z from R to T

= Z Z sgn(V) sgn(Z2)

R V from S to R
and
Z from R to T

= Z sgn(W)

W from S to T



as desired. [
THEOREM 2. The zeta function of a sofic subshift is a rational function.

ProOOF: In fact, from Lemmas 13, 15, and 14 we have the formula

V] V]

G t) = en(t) = T cn ()" = T (det — e0,)) 1"

n=1



