Exam 2 Calc III, Section 01
March 24, 2009

Rules for the Exam:
e No calculators are permitted for the exam.
e No books or notes can be used during the exam.
e Clearly mark your final answer for every problem.

e Show all of your work.

1. (a) (5 points) Evaluate the following integral

// "tV dA
R
where R = {(z,y) |0 <2 <3,2<y<5}.

Solution: This is an integral of a continuous function over a rectangular region, so we can use Fubini’s

Theorem. This gives
3 5 5 03
// e* TV dA = / / eV dyde = / / e* TV dx dy.
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Either way you want to do it, we have an iterated integral and we get
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(b) (15 points) Evaluate the following integral

//D(2:c+1)sin(z+y)dA

where D is the region of the xy-plane bounded by y = 2, the line x = 7, and the z-axis.

Solution: The first thing we need to do is to graph the region of integration so that we know how to set
up the integral. After doing this, we can set up the integral in one of two ways.

//D(2x + 1)sin(x + y)dA = /;2 /\/;(Zz + 1) sin(x 4 y) dz dy,
Or //D(Zx +1)sin(z +y) dA = /07r /012(233 + 1) sin(z + y) dy dz.

The second integral is the easier to evaluate, so we will solve that one.

//D(2x+1)sin(a?+y)dA = AW/OI2(2$+1)Sin(x+y)dydx

/ (—(29& + 1) cos(z + y) zzgz) dx

0

/Tr (—(2z + 1) cos(z + 2®) + (22 + 1) cos(z + 0)) dx

— /W(2x + 1) cos(x + 2?) dx + /W(2x + 1) cos(z) dx.
0 0



The first integral can be solved with a simple u substitution, u = 22 + x and du = (2z + 1) dz. This gives

T 7\'2+7r
- / (22 + 1) cos(z + x?) dx = —/ cos(u) du
0 0

u=m2+7
u=0

= —sin(7? 4+ 7) +sin(0) = — sin(7? + 7).

—sin(u)

To solve the second integral we will need to use integration by parts with v = (2z+1) and dv = cos(x) dz.
So du = —2dx and v = sin(x). This gives

(2x + 1) sin(z)) 525 — /07r 2sin(x) dx

(
= ((2m + 1)sin(7) — (2(0) + 1) sin(0)) — (—2 cos(z)|2=7)
0— (—2cos(m) + 2cos(0)) = —4.

/ﬂ (22 + 1) cos(x) dx
0

Putting all of this together, we get

//(2x+1)sin(x—|—y)dA:/ / (22 4 1) sin(z + y) dy de = —sin(7? + ) — 4.
D o Jo

2. (10 points) Sketch the domain of integration and change the order of integration in the following integral

/12 /Olnzf(x,y) dy dz.

Solution: The first step is to sketch the region of integration so that we can change the order of integration.
Changing the order of integration gives

Nty = [ [ sy dedy.
1 0 0 ey

3. Let f(z,y) = e’ cos(mz) — sin(xy) where
s — st
s+t

x(s,t) =In(st), and y(s,t)=

(a) (10 points) Find

Solution: To do this we need to find the partial derivatives of f which are

o
of s=11=1"

0
8—f = ey2(—7r sin(rz)) — y cos(zy) = —me¥’ sin(rz) — y cos(zy),
x
and 9
or = Zyey2 cos(mzx) — x cos(xy).
dy
Next, we need to find the derivatives with respect to ¢ of z and y. These are
O 1 Oy  —s s — st
ot t ot s+t (s+1)2

Using the formula
of _ofor 010y
&_m&+@m
we have
of _ (—Weyz sin(mz) — ycos(my)) (1) + (deyz cos(mx) — xcos(a:y)) ( —s s — st ) .

ot s+t (s+1t)2
Now we need to evaluate this at s = 1,¢ = 1. Notice that if s =1 and ¢t = 1, then z = 0 and y = 0.

Therefore, we get
af B 1 -1 0\
E‘SZIJ:I =(0-0) (1) +(0-0) (2 - (2)2> =0



0
(b) (10 points) Find a—f Your answer can be in terms of x,y, s and ¢.
s

Solution: For this, we use the formula

of 8f89:+3f3y

ds Ox ds Oy O0s

With what we have already done, we only need to find the derivatives of x and y with respect to s. These

are
0x ]. a d ay ]_ —t s — st
or _ 2 opa Yo B '
0s s 0s s+t (s+1)2
So altogether, we have
- 1 1-1¢ — st
o — (wwe”sin(ra) — yeos(an) (1) + (20" cosr) — wcostan)) (3 = 0% )

4. (10 points) Let F(x,y,z) = 3xy — 2% + 42y?> — y? and ¥ =< 1,1, —4 >. Find the directional derivative of F in

the direction of ¥ at the point(2, 1, 3).

Solution: To find the directional derivative, we can use the gradient

- F OF OF
VF—<2 ?9 88 >=< 3y + 4y?, 3z + 8xy — 2y, —22

To use the formula, we need to be taking the directional derivative in the direction of a unit vector. So we need
to find the unit vector in the direction of @. Calculating the length of ¥ we get /12 + 12 + (—4)? = /18. So
the unit vector in the direction of ¥ is

7] VI8 VI8 VI8 T
Applying the formula for the directional derivative, we get
DzF(2,1,3) = VF(2,1,3)-@
1 —4
= <7,20,—6 > - <7 —_—, = >
\/1 V18 /18
20 51 17

&\
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. (10 points) Find the equation for the tangent plane to the surface
3xy? — 8yz +4x? +y? =4

at the point P(1,1,2).

Solution: To find the tangent plane to a level surface given by the equations F(x,y,z) = k where k is a
constant, we can use the gradient

- OF OF OF
VF =< —, —, — >
Ox’ Oy’ 0z
In this case, we have .
VF =< 3y% + 422, 6y — 82 + 2y, —8y + 8xz > .

The gradient at the point (1,1,2) is perpendicular to the tangent plane to the surface at the point (1,1,2). So

we have that the tangent plane goes through the point (1,1, 2) and is perpendicular to the vector ﬁF(l7 1,2) =<
19, —8,8 >. Therefore, using our formula for the equation of a plane, we get

19(z—1)—-8(y—1)+8(2—2)=0

or
192z — 8y + 8z = 27.



6. (15 points) Find all the relative maxima, minima and saddle points of the function
fla,y) = 2%y — 6y — 32,

Solution: For this problem, we need to find the critical points of the function. So we need the partial derivatives

of of _ o
o ry — 6x and By T Y

So the critical points are going to come at the solutions to the system of equations
20y —6x = 0
2—12y = 0
Consider the first equation and we get 2z(y — 3) = 0. This gives us either x = 0 or y = 3. If z = 0, then the

second equation gives y = 0. If 4 = 3, then the second equation gives 22 = 36 or & = +6. Therefore, we have
three critical points (0,0), (6,3) and (-6, 3).

To figure out if each point is a maximum, minimum or saddle point, we need to use the second derivative test.
To do this, we need to calculate

b (PN (9 92f \?
- (52) (5%) -~ (5a3)

= (2y —6)(—12) — (22)* = —24y + 72 — 42

Now we need to check the value od D at each of the critical points:

e For the point (0,0), we have D(0,0) = 72 > 0. So next we need to check the value of f,,(0,0) = —6 < 0.
This means that the point (0,0) is a local maximum for the function.

e For the point (6, 3), we have D(6,3) = —72+ 72 — 144 = —144 < 0. Therefore, the point (6,3) is a saddle
point for the funciton.

e For the point (—6,3), we have D(—6,3) = =72 + 72 — 144 = —144 < 0. Therefore, the point (—6,3) is a
saddle point for the funciton.

Since there aren’t any other critical points, we have found all of the relative maxima, minima and saddle points
of the function.

7. (15 points) Let f(z,y) = 22 + 3?. Find the absolute maximum and absolute minimum values of f(z,y) on the
domain
D= {(z,y)|2® + 2y +y* <3}

Solution: There are two steps for this problem. First we need to find the critical points of the function and
the value of the function at all of the critical points. Then we need to find the extreme values on the boundary
of the domain. All of these will give us possibilities for the absolute maximum and minimum values of the
function on the domain.

First, we find the critical points of the function, which means that we have to find the first partial derivatives

af of
— =2 d — =2y.
9 T an By Yy
So we need to solve the following system of equations
2z = 0
2y = 0.

The only solution to the system is the point (0,0). So there is only one critical point, and f(0,0) = 0.

Next, we need to find the extreme values of the function on the boundary of the domain. In this case, the
boundary of the domain is given by the curve 2% + zy + y? = 3. So we need to find the extreme values of the
function f(x,y) = 2% + y? given the condition x? + xy + y? = 3. This is a Lagrange multiplier problem., adn
so we need to solve the following system of three equations

2r = A2z +y) (1)
2y = M2y+x) (2)
?+ay+y? = 3 (3)



To solve this system, we can multiply both sides of equation (1) by y and multiply both sides of equation (2)
by x. This gives

2y = A2y +y?)
20y = A2zxy+ 2?)

Setting the right sides equal to each other, we end up with A\z? = Ay2. This gives us two possibilities: either
A=0or z? =y>.

If A = 0, then equation (1) tells us that = 0, and equation (2) tells us that y = 0. But x = 0 and y = 0
violates equation (3). Therefore, we can’t have A = 0. This only leaves the possibility 22 = y2. Solving this
gives us two cases: © =y or x = —y.

e If z = y, then equation (3) becomes y? + y? + y* = 3 or 3y? = 3. This gives y> = 1 or y = £1. Since we
know x = y, this gives us two points (1,1) and (—1,—1).
e If x = —y, then equation (3) becomes (—y)? + (—y)y + y*> = 3 which simplifies to y*> = 3. This gives
y = £/3. Since 2 = —y, we again get two points (—v/3,v/3) and (V3. — V/3).
Getting everything together, we have the following: f(0,0) =0, f(1,1) =2, f(-1,-1) =2, f(—V/3,V3) =6

and f (\/?;7 —\/§) = 6. Therefore, the absolute minimum value of the function on the domain is 0, and the
absolute maximum value of the function on the domain is 6.



