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THE S'-TRANSFER IN SURGERY THEORY
BY
H. J. MUNKHOLM AND E. K. PEDERSEN

ABSTRACT. Let S' = X — Y be an S'-bundle of Poincaré spaces. If f: N > Y is a
surgery problem then so is the pullback f: M - X. We define algebraically a
homomorphism ¢': L,(Zm(Y)) - L, (Zm( X)) and prove that it maps the surgery
obstruction for f to the one for f.

1. Introduction, statement of results. The purpose of this paper is to describe
algebraically the homomorphism of Wall groups induced by pullback to the total
space of an S'-bundle.

Specifically, let X . ¥ be an S'-bundle of Poincaré spaces, dimY =/, and let

N — Y, v, — £ be a surgery problem with Y as target. Pullback defines an S'-bundle
M — N and we also get a surgery problem M — X (the bundle map also given by
pullback).

It is well known, and follows easily from Wall [5, Chapter 9], that this construction
defines a homomorphism

p*: Li(Zp,wy) = Li(Zm, wy), p=mY¥,m=mX,

e =ys or h, which we proceed to describe. To do this we need the following
construction: Denote the element of 7,( X) defined by S' C X by ¢ and the bundle
orientation map p — Z/2Z by w. In Z# we introduce the following operation:

o= {g, o(e(g) =1,
g™, w(e(g))=-1.
This operation extends linearly to an automorphism of Z# which in turn induces an
automorphism x — x‘ of the ring M(Z7) of r X r matrices.
Also let x —» x* denote the standard anti-involution on M/(Zx); thus, g* =

wy(g)g ™" for g € m. We denote the induced map Z7 — Zp by ¢.
We may now state our

MAIN THEOREM. The homomorphism
p*: Li(Zp; wy) > Li, (Z7; wy)
is given as follows:

Let | = 2k be even and a € M (Zp) represent an element (the self-intersection form)
[a] € L5 (Zp, wy). Also choose an arbitrary & € M(Z7) with ¢(&) = «. Then there
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is a unitary (special unitary if € = s) matrix A€ M, (Z7) of the form
7 (=D (' = 1)1
? @+ (=) !
giving a well-defined element [A] of L, (Z7,wy) and p*([a]) = [A]. Here 1, is the
r X r identity matrix. The exact form of the r X r matrices indicated by ? is immaterial
(see [S, Chapter 6]).

Let | =2k + 1 and let A € M(Zp) be a unitary matrix representing an element of

L5, (Zp,wy). Choose A€ M, (Zw) with @(A) = A and write J for the 2r X 2r
matrix (33). Then there exist 2r X 2r matrices 6 and X over Zw so that

A*JA = 70" — (1) g + X0 — ") + .
For any such choice, the matrix

s 7 . 0 I
WZ(K /{) whereK:( )
X

A=

0 -k, 0

represents a well-defined element of L5, ,(Zm, wy) (as self-intersection form) and
p([A) =Wl

REMARKS ON DIMENSIONS. There are no dimensional restrictions in the theorem.
In low dimensions one defines the surgery obstruction by crossing the surgery
problem with CP2 Since the geometrically defined transfer is easily seen to
commute with crossproduct with CP?, we get that the surgery obstructions are
always related as stated in the theorem.

The reader may consult §2 for matrix representations of Wall group elements.

The results were announced in the Amer. Math. Soc. Abstracts, February 1981.
They were previously known for product bundles [4], and, more generally, for
orientable S'-bundles where the surjection of fundamental groups is split, [2]. In [3]
A. A. Ranicki outlines a program leading to similar results.

2. The algebraic S'-transfer map. Let ¢: 7 — p be a surjective group homomor-
phism with cyclic kernel generated by ¢ € 7. Also let wp: p = {1}, wgt m - {*1}
and w: p - {=1} be group homomorphisms related by the identity wg(g) =
w(P(g))wy(g), g € m. It is the goal of this section to define a homomorphism of
Wall groups

@' Li(p; wg) = Liy (73 wg)
called the algebraic S'-transfer map (¢ = s or k).

We describe the Wall groups in terms of matrices. This is done briefly in §2A. In
§2B we set up the algebraic situation in which the algebraic S!-transfer is naturally
defined. Finally in §§2C, D we give the definition of ¢' for / even and / odd,
respectively.

2A. Wall groups in terms of matrices. Let R be a ring with unit and with a given
anti-involution  — r*. We extend the anti-involution over the ring M, (R) of m X m
matrices over R by putting (a;;)* = (a};). We shall translate Wall’s definition (see
[5]) of the groups Li(R) into matrix terms (using also ideas of Ranicki along the
way).
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Each element of L5,(R) is represented by some a € M,(R) (some r = 1) for
which

(2A.1) a+ (-1)“a* € GI(r, R) (andis simple, if e = s).
The sum is defined by

(2A2) [a] +[B]=[a®B]

where, as usual, a ® 8 = (§ g). The equivalence relation is generated by
(2A.3) [(g (‘))] — 0,

(2A.4) [« +v = (-1)s*] = [a] forany» € M/(R),
(2A.5) [6*ac] = [a] for any ¢ € M,(R) which is invertible

(and simple if ¢ = s).

Elements of L5, . (R) are represented by 2r X 2r matrices 4 = (¢2) € U(R)
where U* = SU, if e = 5, Uf = U, if ¢ = h. This means that

(2A.6) A*JA =T + 60— (-1)"6*

for some 6 € M, (R). Here J = ({}) and if € = s it is also required that 4 be simple.
Note that K =J + (-1)"J* is invertible and A*K4 = K so A is invertible with
A" = K~'4*K.

However, from Wall’s description of L5, , ,(R) we know that the equivalence class
of A depends only on (}). Thus we shall describe elements of L, (R) as
equivalence classes [}] of such 2r X r matrices (3)- The representatives must satisfy

(2A.7) 7*B=»— (-1)"»* for somer € M,(R),
(2A.8) ( 73) : R > R*" is a split injection.
The sum is given by
m]  [m] _[m®n

+ = )
(249) HEX [B.eﬁz]
Finally, the equivalence relation is generated by

1| _

(2A.10) [0] =0,

" B

2A.11 [ ] = ,

(2A.12) [B] [(0*) n. Z‘;]

for any o6 € M,(R) which is invertible (and simple if ¢ = s),

(2A.13) B]

1)v)n+/3
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To see that, indeed, these relations do hold, note that in terms of the full unitary
matrix A = (g 4) they come from left (or right in case of the second part of (2A.12))
multiplication by

[ o) (0] e (L il

respectively. To see that the relations suffice to describe L5, , (R), note that they
include left multiplication by a full set of generators of TU*(R) (compare §6 of Wall
(SD.

2B. The algebraic set up for ¢'. Let R be a ring with unit. Suppose given

an anti-involution r — r* of R,

an automorphism r — r‘ of R, and

aunitz € R
such that the following identities hold:
(2B.1) r¥ = rt*,
(2B.2) (t—=VDr=r'(t—1),
(2B.3) m=r" (= (r)'),
(2B.4) =1,
(2B.5) t'=1.

Then the ideal (¢ — 1)R is 2-sided so we have the projectionp: R — R = R /(t = DR.
By (2B.4-5), R inherits an anti-involution * and an automorphism 7 (7 — 7' = ¢(r’),
if 7 = @(r)). By (2B.3), { is an involution. To make notation fit with the standard
one in the prime example (see (2B.16)) we shall write » for the composite anti-involu-
tion ¥/ = 7% on R. Thus we have anti-involutions in R and R which are both called .
But they do not correspond under ¢. Instead, one has

(2B.6) o(r)* =o(r™).
We shall have occasion to also use ¢! € R and the inverse automorphism r — r
To shorten notation let us write s for ™' in both instances. Note that we then have

(2B.7) res =¥,

(2B.3) (s=Dr=r(s—1),
(2B.9) srt=r%,

(2B.10) s* =1,

(2B.11) sS =z,

(2B.12) o(r)* = o(r*),
(2B.13) s'=s, =1,
(2B.14) st =1ts=1 (intwo senses).

We extend the anti-involutions to the matrix rings M,(R) and M( R ) by using them
on each entry and transposing. And we extend the automorphisms s, ¢ to M,(R) by
using them on each entry. We can identify M (R)/(t — 1)M(R) with M(R) in the
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obvious way. The projection M(R) — M/(R) then is the map of matrix rings
induced by ¢. We continue to call it ¢. All the above identities then make sense, and
are true, when we let r € M, (R).

(2B.15) EXAMPLE. By a set of fundamental groups and orientation data we shall
understand an exact sequence of groups

Z57 50 - (1)

with a compatible action w: p = {=1} (i.e. i(w(p(g))(n)) = gi(n)g",n EZ,g E 7)
and with orientation homomorphisms wg: p — {1}, wg: 7 - { =1}, satisfying

(2B.16) we(8) = wa(o(g))w(e(g)), g€

Let there be given such a set and a commutative ring A with unit. We take R = A,
the group ring. We let ¢ = i(1) and we define * and ¢ on a group element g € 7 by

g =wg(g)g™!, g' =g ifw(e(g) =1,
= -gs ifw(e(g)) =-1.
The conditions (2B.1-5) are easily verified. Also, one can identify the projection

R — R with ¢: A7 — Ap (induced by @: 7 - p). Then the induced anti-involution on
Ap becomes the standard one, i.e.

g*=wy(8)g"', g'=w(2)g Z€op.

(2B.17) ExaMPLE. The above algebraic example comes from geometry. In fact, if f:
E — Bis a locally trivial manifold bundle with fibre S' then the homotopy sequence
7(S") - m(E) - m(B) - 1, together with the orientation maps wp, wy and the
action of 7,( B) on 7,(S"), fits into the scheme.

2C. Definition of ¢': L5, (R) - L5, (R). Let 9: R - R be as in §2B.

Abuse of language. In defining Lj(ﬁ ) we allow torsion in {+1} C K l(ﬁ ), but in
L(R) we allow torsion in {=¢'| i € Z} C K |(R).

Of course, if R = Zm, R = Zp as in Example 2B.15, we may allow torsion in
(=), respectively {+p}, when we define Lj, to give the usual definition of

J(group ring). With both interpretations we have

(2C.1) THEOREM. If a € M ( R) represents an element [a] € L} «( R)anda € M/(R)
has (&) = a, then
(5] =
B

represents an element of L5, (R) and

#((a) = 3]

defines a homomorphism ¢': L5, (R) > L5, (R).

D (s —1) )

&+ (1) a*s

PrOOF. We first verify (2A.7-8). Since ¢(B) = (a + (-1)* a*)f is known to be
an isomorphism, there must exist y,8 € M(R) with yB+8(s—1)=1, ie.
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((-1)*8, v)(3) = 1. Also,
8 =v— (-1)"»* wherer = (-1)*(¢ — 1)a".

Finally, if ¢ = s, we must show that the “completion” (;3) of (}) to an element of
U’(R) (see (2A.6)) actually is simple. From the definition of U”(R) we know that
o*B + (-1)*o*n = 1. Now, apply (-)** and note that 8°* = (-1)*B¢. You then get

B(-1)t0* =1—p(z —1).
Since B lifts the simple matrix a + (—1)*a*, it follows from Theorem 1.1 of
Munkholm and Pedersen [1] that the matrix

L2 el
t—1 (-1t

is simple. Hence, so is (j }), which equals

_ k+|s B —
((1) (1)0 )(t—l (—l)pkto)(—ol (1))

We go on to show that [}] depends at most on « (i.e. not on the lifting &). In fact,
any other lifting has the form & = & + (s — 1)# and this makes

B =B+ (7= (-1)*)(s— 1),

so a reference to (2A.13) settles the matter.
We next note that ¢'(a, ® a,) = ¢'(a;) + ¢'(a,). Thus, we just have to show that
the relations (2A.3-5) are respected. If a = ({ ) then [}] becomes

(_l)k(s_l) 0 0 1 1 0
0 D=1 | =| D's 0| |0 1l _g40=0

0 1 0 0 0 0

(_l)ks 0 0 0 0 0

Here, for the first equality we have used (2A.11) followed by (2A.13) with» = (?__9).
Next (2A.12) with the obvious ¢ and finally (2A.9-10).

If we replace a by a + » — (~1)*»* then we may keep B unchanged by replacing &
by & + # — (-1)%(#t)**. Thus (2A.4) is respected.

Finally we consider (2A.5). If we replace a by 6*ao where o is simple, then we can
lift o to a simple isomorphism 6. We can replace & by 6°*@6. Then B is replaced by
6*B6". Since 6 'né' = n we see from (2A.12) that [}] is unaffected. When o is not
simple we first stabilize, i.e. replace a by a + J (recall J = (J)). Since 6 ® 7 ® 1
(where 7 = 07!) is simple we already know that a and the matrix

(oEB'r@l)*(a@J)(o+'r€9l)=o*ao€9(g To*)
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give rise to the same element of L3, ,(R). Thus, it suffices to show that (3 §) gives
rise to the trivial element. Write 7 for some matrix with ¢(7) = 7’. We have to show
that

-D*(s—1) 0
0 D (s—1)

0 *

(-1)*#s 0

represents 0. We add some copies of (§) and use (2A.12) to permute columns and
rows until we get to

(CD)*Gs—1) o 0 0]
0 1 0 0

0 0 (-D*s—-1) o

0 0 0 1

0 0 #* 0

0 0 0 0
(-D#s 0 0 0

0 0 0 0

From Theorem 1.1 of [1] we know that there exists an invertible matrix of the form

e -
a=1" Y
t—1 p

(it suffices to choose ¥ and p so that #°*p = 1 — ¥(¢ — 1)). Now apply (2A.13) with

0 0 0 -¥*
y=10 0 (D"t 1ps
0 0 0 0
0 0 0 0
This brings you to the matrix
X 0 .
k _ =S

0 X1 gherex= (D= 1) o),B: O s
g /(1) 0 1 F*(s—1) (-1 tp*s

and A is as above. Now B is easily seen to be invertible. Thus the matrix we arrived
at is equivalent to (use (2A.12))

0 XB-!
x4yt o

1 0

0 1

which represents zero provided XB™' = (-1)**!( X(4*)™")* (use (2A.11) and (2A.13)).
And the latter identity is easily checked.
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2D. Definition of @': L, (R) = L5, (R).
Abuse of language (as in §2C). Recall that J = (§3) € M, (R), K =J + (-1)4/*.
LetJ = (39) € M(R),
.. " 0 1
R=J+ (-1) s =
s ((—l)ks 0)
and note that K* = K.

If [4] € L} k+,(R) and if 4 € M;,_,(R) has @(A) = 4, then we see from (2A.6)
that there exist 2r X 2r matrices § and X over R so that

(2D.1) A*JA =56 — (-1) 6* + 1 — )X + J.
Since s = ¢! this is the relation mentioned in the Main Theorem of the introduction.

(2D.2) THEOREM. For any choice of A, § and X as in (2D.1), the matrix

(5 4
0 X
represents an element of L5, .,(R), and ¢'((A]) = [W] defines a homomorphism ¢':
L5 o(R) = Lo R).
ProOF. We first show that W really represents an element of L5, . ,(R), i.e. that
A=W+ (-DFT'W* is a (simple if ¢ = s) isomorphism. Applying (-1)*(-)"*s to
(2D.1), and adding the results to (2D.1) one gets

(2D.3) ' A*RA=R+ (1 —s)( X+ (-1)""' %)
from which
(2D .4) A*RAR* =1+ (1 — 1)s(X + (-1)"" ) K>,

From Theorem 1.1 of Munkholm and Pedersen [1] it then follows that

AR s(X+ (<)< R0 R
t—1 AK*

is a (simple, if e = s) isomorphism. Now apply ¢, multiply on the right by

( (_ 1 )k+ 1 Ie* 0 )
0 Kt
and on the left by (9). The result is a (simple, if ¢ = s) isomorphism which happens
to be A.
We proceed to show that, for a fixed 4, [W] is independent of the choice of A, 6
and X. First note that the kernel of ¢: M, (R) — M, ,(R) is generated by

. ~ 0 1 —¢
=K+ (-1)"'K* = :
L=Krn D=1 0
Thus any new choice of A must have the form 4, = 4 + LB for some B € M, (R).
In (2A.6) one may compensate by taking 6, = 6 and
_ X4 B TA — (<1)CArTB + (-1)

k-+1

B*(1 —s5)J*B



