TOPOLOGICAL EQUIVALENCE OF LINEAR REPRESENTATIONS
FOR CYCLIC GROUPS: 1

TAN HAMBLETON AND ERIK K. PEDERSEN

ABSTRACT. In the two parts of this paper we prove that the Reidemeister torsion invariants
determine topological equivalence of G—representations, for G a finite cyclic group.

1. INTRODUCTION

Let G be a finite group and V', V' finite dimensional real orthogonal representations of
G. Then V is said to be topologically equivalent to V' (denoted V' ~; V') if there exists a
homeomorphism h: V — V' which is G-equivariant. If V', V' are topologically equivalent,
but not linearly isomorphic, then such a homeomorphism is called a non-linear similarity.
These notions were introduced and studied by de Rham [30], [31], and developed extensively
in [3], [4], [21], [22], and [8]. In the two parts of this paper, referred to as [I] and [II], we
complete de Rham’s program by showing that Reidemeister torsion invariants and number
theory determine non-linear similarity for finite cyclic groups.

A G-representation is called free if each element 1 # g € G fixes only the zero vector.
Every representation of a finite cyclic group has a unique maximal free subrepresentation.

Theorem. Let G be a finite cyclic group and Vi, Vo be free G-representations. For any
G-representation W, the existence of a non-linear similarity Vi & W ~; Vo @ W is entirely
determined by explicit congruences in the weights of the free summands V1, Va, and the ratio
A(V1)/A(Va) of their Reidemeister torsions, up to an algebraically described indeterminacy.

The notation and the indeterminacy are given in Section 2 and a detailed statement of results
in Theorems A-E. For cyclic groups of 2-power order, we obtain a complete classification
of non-linear similarities (see Section 11).

In [3], Cappell and Shaneson showed that non-linear similarities V' ~; V' exist for cyclic
groups G = C(4q) of every order 4q = 8. On the other hand, if G = C(q) or G = C(2q), for
q odd, Hsiang—Pardon [21] and Madsen—Rothenberg [22] proved that topological equivalence
of G-representations implies linear equivalence (the case G = C(4) is trivial). Since linear
G-equivalence for general finite groups G is detected by restriction to cyclic subgroups, it
is reasonable to study this case first. For the rest of the paper, unless otherwise mentioned,
G denotes a finite cyclic group.

Further positive results can be obtained by imposing assumptions on the isotropy sub-
groups allowed in V and V’. For example, de Rham [30] proved in 1935 that piecewise
linear similarity implies linear equivalence for free G-representations, by using Reidemeister
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torsion and the Franz Independence Lemma. Topological invariance of Whitehead torsion
shows that his method also rules out non-linear similarity in this case. In [17, Thm.A] we
studied “first—time” similarities, where Resx V = Resg V' for all proper subgroups K g G,
and showed that topological equivalence implies linear equivalence if V', V'’ have no isotropy
subgroup of index 2. This result is an application of bounded surgery theory (see [16], [17,
§4]), and provides a more conceptual proof of the Odd Order Theorem. These techniques
are extended here to provide a necessary and sufficient condition for non-linear similarity
in terms of the vanishing of a bounded transfer map (see Theorem 3.5). This gives a new
approach to de Rham’s problem. The main work of the present paper is to establish meth-
ods for effective calculation of the bounded transfer in the presence of isotropy groups of
arbitrary index.

An interesting question in non-linear similarity concerns the minimum possible dimen-
sion for examples. It is easy to see that the existence of a non-linear similarity V ~; V’
implies dim V' = dimV’ = 5. Cappell, Shaneson, Steinberger and West [8], proved that
6-dimensional similarities exist for G = C(2"), r = 4 and referred to the 1981 Cappell-
Shaneson preprint (now published [6]) for the complete proof that 5—dimensional similarities
do not exist for any finite group. See Corollary 9.3 for a direct argument using the criterion
of Theorem A in the special case of cyclic 2-groups.

In [4], Cappell and Shaneson initiated the study of stable topological equvalence for G-
representations. We say that V; and V4 are stably topologically similar (Vi & V3) if there
exists a G-representation W such that Vi @ W ~; Vo @ W. Let Rrop(G) = R(G)/Ri(G)
denote the quotient group of the real representation ring of G by the subgroup Ri(G) =
{i] = [Va] | Vi =¢ Va}. In [4], Rrop(G) ® Z[1/2] was computed, and the torsion subgroup
was shown to be 2-primary. As an application of our general results, we determine the
structure of the torsion in Rrop(G), for G any cyclic group (see [II], Section 13). In Theorem
E we give the calculation of Rr,,(G) for G = C(2"). This is the first complete calculation
of Rrop(G) for any group that admits non-linear similarities.
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2. STATEMENT OF RESULTS

We first introduce some notation, and then give the main results. Let G = C(4q), where
g > 1, and let H = C(2q) denote the subgroup of index 2 in G. The maximal odd order
subgroup of G is denoted G,qq. We fix a generator G = (t) and a primitive 4¢""-root of
unity ¢ = exp2mi/4q. The group G has both a trivial 1-dimensional real representation,
denoted R, and a non-trivial 1-dimensional real representation, denoted R._.

A free G-representation is a sum of faithful 1-dimensional complex representations. Let
t* a € Z, denote the complex numbers C with action t- 2z = (%z for all z € C. This
representation is free if and only if (a,4q) = 1, and the coefficient a is well-defined only
modulo 4q. Since t* =2 t7% as real G-representations, we can always choose the weights
a = 1mod4. This will be assumed unless otherwise mentioned.

Now suppose that Vi = t% + ... 4+ t% is a free G-representation. The Reidemeister
torsion invariant of V7 is defined as

k

AW) = [Ja% = 1) € Zg/{=e"} .

=1

Let Vo = t¥ 4 ... 4 t% be another free representation, such that S(V;) and S(V3) are G-
homotopy equivalent. This just means that the products of the weights [] a; = [] b; mod 4g.
Then the Whitehead torsion of any G-homotopy equivalence is determined by the element

[1(" - 1)

since Wh(ZG) — Wh(QG) is monic [25, p.14]. When there exists a G-homotopy equivalence
f: S(Va) — S(V1) which is freely G-normally cobordant to the identity map on S(V;), we say
that S(V1) and S(Va) are freely G-normally cobordant. More generally, we say that S(V7)
and S(Va) are s—normally cobordant if S(Vi @ U) and S(Va @ U) are freely G-normally
cobordant for all free G-representations U. This is a necessary condition for non-linear
similarity, which can be decided by explicit congruences in the weights (see [34, Thm. 1.2]
and [II], Section 12).

This quantity, A(V1)/A(V2) is the basic invariant determining non-linear similarity. It
represents a unit in the group ring ZG, explicitly described for G = C'(2") by Cappell and
Shaneson in [5, §1] using a pull-back square of rings. To state concrete results we need to
evaluate this invariant modulo suitable indeterminacy.

The involution ¢ — ¢~! induces the identity on Wh(ZG), so we get an element

{A(V1)/A(V2)} € HY(Wh(ZG))

where we use H(A) to denote the Tate cohomology H'(Z/2; A) of Z/2 with coefficients in
A.
Let Wh(ZG™) denote the Whitehead group Wh(ZG) together with the involution induced

by t — —t~!. Then for 7(t) = 11:[[((%:1))’ we compute

e - DI —1) 7 ()% -1
( i

T(t)T(—t) =

[T = DII((=8)% — 1)
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which is clearly induced from Wh(ZH). Hence we also get a well defined element
{A(W)/A(V2)} € HY(Wh(ZG™)/ Wh(ZH)) .

This calculation takes place over the ring Ao, = Z[t]/(1 + 2 + - -+ + t*72), but the result

holds over ZG via the involution—invariant pull-back square

ZG — qu

222 22
Consider the exact sequence of modules with involution:
(2.1) Ki(ZH) — K\(ZG) — K|(ZH —2G) — Ko(ZH) — Ko(ZG)
and define Wh(ZH —ZG) = K1(ZH —ZG)/{+c} . We then have a short exact sequence
0 — Wh(ZG)/ Wh(ZH) — Wh(ZH —ZG) — k — 0

where k = ker(Ko(ZH) — Ko(ZG)). Such an exact sequence of Z/2-modules induces a
long exact sequence in Tate cohomology. In particular, we have a coboundary map

§: H'(k) — HY(Wh(ZG™)/ Wh(ZH)) .

Our first result deals with isotropy groups of index 2, as is the case for all the non-linear
similarities constructed in [3].

Theorem A. Let Vi =t + .- +t% and Vo =t + ... + % be free G-representations,
with a; = b; = 1mod4. There exists a topological similarity Vi @ R_ ~; Vo & R_ if and
only if
(i) [Ta: = [Tbimod 4q,
(ii) Resg Vi = Resy Va, and
(iii) the element {A(V1)/A(Va)} € HYWh(ZG~)/ Wh(ZH)) is in the image of the
coboundary 6: H°(k) — HY(Wh(ZG~)/ Wh(ZH)).

Remark 2.2. The condition (iii) simplifies for G a cyclic 2-group since H°(k) = 0 in that
case (see Lemma 9.1). Theorem A should be compared with [3, Cor.1], where more explicit
conditions are given for “first-time” similarities of this kind under the assumption that ¢
is odd, or a 2-power, or 4q is a “tempered” number. See also [II], Theorem 9.2 for a more
general result concerning similarities without R4 summands. The case dim V; = dim V, =
4 gives a reduction to number theory for the existence of 5-dimensional similarities (see
Remark 7.2).

Our next result uses a more elaborate setting for the invariant. Let

ZH — ZoH
o= | |l
7G — 7Z-G

and consider the exact sequence

(2.3) 0 — K\(ZH—ZG) — K\(ZoH —72G) — K1(®) — Ko(ZH—ZG) — 0 .
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Again we can define the Whitehead group versions by dividing out trivial units {£G}, and
get a double coboundary

6%: HY(Ko(ZH —ZG™)) — H' (Wh(ZH —ZG"™)) .
There is a natural map H*(Wh(ZG~)/ Wh(ZH)) — H'(Wh(ZH —ZG"™)), and we will use
the same notation {A(Vy)/A(V2)} for the image of the Reidemeister torsion invariant in

this new domain. The non-linear similarities handled by the next result have isotropy of
index < 2.

Theorem B. Let Vi = t% + .- +t% and Vo = t" + ... + t% De free G-representations.
There exists a topological similarity Vi @ R_ @ Ry ~ Vo @ R_ @ Ry if and only if
(i) [] @i =[] bi mod 4q,
(ii) Resy Vi = Resy Vi, and
(iii) the element {A(V1)/A(V2)} is in the image of the double coboundary

§%: HY(Ko(ZH —7ZG™)) — H' (Wh(ZH —ZG")) .
This result can be applied to 6-dimensional similarities.

Corollary 2.4. Let G = C(4q), with q odd, and suppose that the fields Q((q) have odd
class number for all d | 4q. Then G has no 6-dimensional non-linear similarities.

Remark 2.5. For example, the class number condition is satisfied for ¢ < 11, but not for
g = 29. The proof is given in [II], Section 11. This result corrects [8, Thm.1(i)], and shows
that the computations of Rrop(G) given in [8, Thm. 2] are incorrect. We explain the the
source of these mistakes in Remark 6.4.

Our final example of the computation of bounded transfers is suitable for determining
stable non-linear similarities inductively, with only a minor assumption on the isotropy
subgroups. To state the algebraic conditions, we must again generalize the indeterminacy
for the Reidemeister torsion invariant to include bounded K-groups (see [II], Section 5).
In this setting Ko(ZH —ZG) = Ko(Cr_(Z)) and Wh(ZH —ZG) = Wh(Cr_ c(Z)). We
consider the analogous double coboundary

(52: Hl(f?o(CWXRﬂg(Z))) - Hl(Wh(CWXRf,G’(Z)))

and note that there is a map Wh(Cr_ g(Z) — Wh(Cwxr_ ¢(Z)) induced by the inclusion
on the control spaces. We will use the same notation {A(V;)/A(Va)} for the image of our
Reidemeister torsion invariant in this new domain.

Theorem C. Let Vi = t™ 4. +t% and Vo = t" +- .-+t be free G—representations. Let
W be a complex G-representation with no Ry summands. Then there exists a topological
similarity Vi @ W e R_ DRy ~ Vo W & R_ @ Ry if and only if
(i) S(V1) is s—normally cobordant to S(Va),
(ii)) Resg(Vi®@ W) @& Ry ~ Resg(Va W) & Ry, and
(iii) the element {A(V1)/A(V2)} is in the image of the double coboundary

6%: H'(Ko(CWpo xr_¢(2))) — H' (Wh(Cw,..xr_c(Z))) ,

where 0 C Winae € W is a complex subrepresentation of real dimension < 2, with
mazimal isotropy group among the isotropy groups of W with 2-power indez.



6 IAN HAMBLETON AND ERIK K. PEDERSEN

Remark 2.6. The existence of a similarity implies that S(V;) and S(V2) are s-normally
cobordant. In particular, S(V7) must be freely G-normally cobordant to S(V2) and this
unstable normal invariant condition is enough to give us a surgery problem. The computa-
tion of the bounded transfer in L-theory leads to condition (iii), and an expression of the
obstruction to the existence of a similarity purely in terms of bounded K-theory. To carry
out this computation we may need to stabilize in the free part, and this uses the s-normal
cobordism condition.

Remark 2.7. Theorem C is proved in [II], Section 9. Note that W;,.; = 0 in condition
(iii) if W has no isotropy subgroups of 2-power index. Theorem C suffices to handle stable
topological similarities, but leaves out cases where W has an odd number of R_ summands
(handled in [IT], Theorem 9.2 and the results of [II], Section 10). Simpler conditions can
be given when G = C(2") (see Section 9 in this part).

The double coboundary in (iii) can also be expressed in more “classical” terms by using
the short exact sequence

(2.8) 0 — Wh(Cr_¢(Z)) — Wh(Cw,...xr_c(Z)) — K1(Cyr (r_a(Z)) — 0

derived in [I], Corollary 6.9. We have K1(Cjyr-  p_(Z)) = K_,(ZK), where K is the

isotropy group of Wyue,, and Wh(Cr_ ¢(Z)) = Wh(ZH — ZG). The indeterminacy in
Theorem C is then generated by the double coboundary

6%: HY(Ko(ZH —7ZG™)) — H'(Wh(ZH —ZG"))
used in Theorem B and the coboundary
§: H(K_,(ZK)) — HY(Wh(ZH —ZG™))
from the Tate cohomology sequence of (2.8).

Finally, we will apply these results to Rrop(G). In Part II, Section 3, we will define a
subgroup filtration

(2.9) Ry(G) € Rn(G) € Ri(G) € R(G)
on the real representation ring R(G), inducing a filtration on
Rrop(G) = R(G)/Ri(G)

Here Ry, (G) consists of those virtual elements with no homotopy obstruction to similarity,
and R, (G) the virtual elements with no normal invariant obstruction to similarity (see [IT],
Section 3 for more precise definitions). Note that R(G) has the nice basis {t!,6,¢ | 1 < i <
2qg — 1}, where § = [R_] and ¢ = [R4].

Let R/™*¢(G) = {t* | (a,4q) = 1} C R(G) be the subgroup generated by the free repre-
sentations. To complete the definition, we let R/"*¢(C(2)) = {R_} and R/™*(e) = {Ry}.

Then
R(G) = @ R (G/K)
KCG
and this direct sum splitting intersected with the filtration above gives the subgroups
RI™(G), R**(G) and R{"*“(G). In addition, we can divide out R{"**(G) and obtain
subgroups R{IT%ZP(G) and Rf:ﬁ}eop(G) of R%e;(G) = R/"¢(G)/R{"°(G). By induction on the

order of G, we see that it suffices to study the summand R[F;‘;:(G).



SIMILARITIES OF CYCLIC GROUPS 7

Let R™¢(G) = ker(Res: R'™*(G) — R'™*(Go4q)), and then project into R1op(G) to
define

Riss(G) = R"(G)/R["™*(G) .

In Part II, Section 4 we prove that RI7(G) is precisely the torsion subgroup of R{7(G),
Top Top

and in [IT], Section 13 we show that the subquotient R{lfffop(G) = RI"(G)/ R{™*(G) always
has exponent two.
Here is a specific computation (correcting [8, Thm. 2]), proved in [II], Section 13.

Theorem D. Let G = C(4q), with ¢ > 1 odd, and suppose that the fields Q((yq) have odd
class number for all d | 4q. Then RfTZf;(G) = Z/4 generated by (t — t'129),

For any cyclic group G, both R/™*¢(G)/R}"*“(G) and R} ““(G)/R{**(G) are torsion groups
which can be explicitly determined by congruences in the weights (see [II], Section 12 and
[34, Thm.1.2]).

We conclude this list of sample results with a calculation of Rrp(G) for cyclic 2-groups.

Theorem E. Let G = C(2"), with r =2 4. Then

E%TO(;(G) = <Oél,0(2, R a"‘—27ﬂ17/627 v 757‘—3>

subject to the relations 2°as =0 for 1 < s <r—2, and 2° Y(as+Bs) =0 for2 < s <r—3,
together with 2(ay + 1) = 0.

The generators for r 2 4 are given by the elements

2T7572 27‘7372+1
ag=1—1° and [, =1t° —t° )

We remark that Erfl{f;(C’(S)) = Z/4 generated by t — t5. In Theorem 11.6 we use this

information to give a complete topological classification of linear representations for cyclic
2-groups.

Acknowledgement. The authors would like to express their appreciation to the referee
for many constructive comments and suggestions.

3. A CRITERION FOR NON—LINEAR SIMILARITY

Our approach to the non-linear similarity problem is through bounded surgery theory
(see [11][16], [17]). First an elementary observation about topological equivalences for cyclic
groups.

Lemma 3.1. If Vi ® W ~; Vo @ W', where Vi, Vo are free G-representations, and W and
W' have no free summands, then there is a G-homeomorphism h: Vi @ W — Vo & W such

that
noJ wH
1£H<G

1s the identity.
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Proof. Let h be the homeomorphism given by Vi, & W ~; Vo @& W/. We will successively
change h, stratum by stratum. For every subgroup K of G, consider the homeomorphism
of K-fixed sets
fK cWE - Wk,
This is a homeomorphism of G/K, hence of G-representations. As G-representations we
can split
oW =UsWX~UsWr =V W’

where the similarity uses the product of the identity and (f)~!. Notice that the composi-
tion of f with this similarity is the identity on the K-fixed set. Rename W as W’ and re-
peat this successively for all subgroups. We end up with W = W’ and a G—homeomorphism
inducing the identity on the singular set. O

One consequence is

Lemma 3.2. If Vi @ W ~; Vo & W, then there exists a G-homotopy equivalence S(Va) —
S(V1).

Proof. We may assume that W contains no free summand, since a G-homotopy equivalence
S(VeaedU) — S(Vi ®U), with U a free G-representation, is G-homotopic to f x 1, where
f:S(Va) — S(V1) is a G-homotopy equivalence. If we 1-point compactify h, we obtain a
G-homeomorphism

ht:S(VieWaR)— SV W aR).

After an isotopy, the image of the free G-sphere S(V;) may be assumed to lie in the com-
plement S(Va @ W @ R) — S(W @ R) of S(W @ R) which is G-homotopy equivalent to
S(Va). O

Any homotopy equivalence f: S(V2)/G — S(V1)/G defines an element [f] in the structure
set S"(S(V1)/G). We may assume that dimV; > 4. This element must be non-trivial:
otherwise S(V3)/G would be topologically h-cobordant to S(V1)/G, and Stallings infinite
repetition of h-cobordisms trick would produce a homeomorphism V; — V5 contradicting [1,
7.27] (see also [23, 12.12]), since V; and V3 are free representations. More precisely, we use
Wall’s extension of the Atiyah—Singer equivariant index formula to the topological locally
linear case [33]. If dim V; = 4, we can cross with CP? to avoid low-dimensional difficulties.
Crossing with W and parameterising by projection on W defines a map from the classical
surgery sequence to the bounded surgery exact sequence

Ly(ZG) SM(S(V1)/G) [S(V1)/G, F/Top]

(3-3) l l

X g S(V)xW/G Sv T
Ln+k(CW,G(Z)) b Wl/G [ ( 1) xXg W, / Op]

The L—groups in the upper row are the ordinary surgery obstruction groups for oriented
manifolds and surgery up to homotopy equivalence. In the lower row, we have bounded
L-groups (see [IT], Section 5) corresponding to an orthogonal action py : G — O(W), with
orientation character given by det(py ). Our main criterion for non—linear similarities is:
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Theorem 3.4. Let Vi and Va be free G-representations with dimV; = 2. Then, there
is a topological equivalence Vi ® W ~y Vo @ W if and only if there exists a G-homotopy
equivalence f: S(Va) — S(V1) such that the element [f] € S"(S(V1)/G) is in the kernel of
the bounded transfer map

h h S(Vi)xegW
trfw: S*(S(V1)/G) _’Sb( ! ) .
WG

Proof. For necessity, we refer the reader to [17] where this is proved using a version of
equivariant engulfing. For sufficiency, we notice that crossing with R gives an isomorphism
of the bounded surgery exact sequences parameterized by W to simple bounded surgery
exact sequence parameterized by W x R. By the bounded s-cobordism theorem, this means
that the vanishing of the bounded transfer implies that

S(1B) x W x R -5 (1) x W x R

|

W xR

is within a bounded distance of an equivariant homeomorphism h, where distances are
measured in W x R. We can obviously complete f x 1 to the map

f*x1: S(Vo)« S(W xR) — S(V1) « S(W x R)
and since bounded in W x R means small near the subset
SWxR)CcSV)«S(WxR)=SV;oW dR),
we can complete h by the identity to get a G-homeomorphism
SVaeaWaR)— S(VieaWaR)
and taking a point out we have a G-homeomorphism Vo @ W — Vo & W O

By comparing the ordinary and bounded surgery exact sequences (3.3), and noting that
the bounded transfer induces the identity on the normal invariant term, we see that a
necessary condition for the existence of any stable similarity f: Va ~; V7 is that f: S(V2) —
S(V1) has s—normal invariant zero. Assuming this, under the natural map

Ly(ZG) — 8"(S(1)/G),

where n = dim Vi, the element [f] is the image of o(f) € L?(ZG), obtained as the surgery
obstruction (relative to the boundary) of a normal cobordism from f to the identity. The
element o(f) is well-defined in L (ZG) = Coker(L!(Z) — L!(ZG)). Since the image of the
normal invariants

[S(V1)/G x I,5(V1)/G x dI,F/Top| — LM (ZG)

factors through L"(Z) (see [15, Thm.A, 7.4] for the image of the assembly map), we may
apply the criterion of 3.4 to any lift o(f) of [f]. This reduces the evaluation of the bounded
transfer on structure sets to a bounded L—theory calculation.
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Theorem 3.5. Let Vi and Va be free G-representations with dimV; = 2. Then, there
is a topological equivalence Vi ® W ~y Vo @ W if and only if there exists a G-homotopy
equivalence f: S(Va) — S(Vi), which is G-normally cobordant to the identity, such that
trfw(o(f)) =0, where trfw: LINZG) — L' (Cw,c(Z)) is the bounded transfer.

The rest of the paper is about the computation of these bounded transfer homomorphisms
in L-theory. We will need the following result (proved for Ky in [17, 6.3]).

Theorem 3.6. Let W be a G-representation with W& = 0. For all i € Z, the bounded
transfer trfw: K;(ZG) — K;(Cw,c(Z)) is equal to the cone point inclusion c.: K;(ZG) =
Ki(Cpt.c(2)) — Ki(Cw,c(Z))-

Proof. Let G be a finite group and V a representation. Crossing with V' defines a transfer
map in K-theory K;(RG) — K;(Cyc(R)) for all i, where R is any ring with unit [16, p.117].
To show that it is equal to the map K;(Co.q(R)) — K;(Cv,c(R)) induced by the inclusion
0 C V, we need to choose models for K—theory.

For RG we choose the category of finitely generated free RG modules, but we think of it as
a category with cofibrations and weak equivalences with weak equivalences isomorphisms
and cofibrations split inclusions. For Cy,g(R) we use the category of finite length chain
complexes, with weak equivalences chain homotopy equivalences and cofibrations sequences
that are split short exact at each level. The K—theory of this category is the same as the
K-theory of Cy.g(R). For an argument working in this generality see [9].

Tensoring with the chain complex of (V, G) induces a map of categories with cofibrations
and weak equivalences hence a map on K—theory. It is elementary to see this agrees with
the geometric definition in low dimensions, since the identification of the K—theory of chain
complexes of an additive category with the K—theory of the additive category is an Euler
characteristic (see e. g. [9]).

By abuse of notation we denote the category of finite chain complexes in Cy,¢(R) simply
by Cyv,c(R). We need to study various related categories. First there is C%ﬁ‘é(R) where we
have replaced the weak equivalences by isomorphisms. Obviously the transfer map, tensor-
ing with the chains of (V, G) factors through this category. Also the transfer factors through

the category D%ﬁ‘&(R) with the same objects, and isomorphisms as weak equivalences but

the control condition is 0-control instead of bounded control. The category D% (R) is the
product of the full subcategories on objects with support at 0 and the full subcategory on

150

objects with support on V' —0, D¢ (R) x D%‘f‘jO,G(R), and the transfer factors through chain
complexes concentrated in degree 0 in 65‘(’;(}2) crossed with chain complexes in the other
factor.

But the subcategory of chain complexes concentrated in degree zero of (’f&(R) is precisely
the same as Cp,(R) and the map to Cy,¢(R) is induced by inclusion. So to finish the proof

we have to show that the other factor Di°, ~(R) maps to zero. For this we construct

an intermediate category leio,G(R) with the same objects, but where the morphisms are
bounded radially and O-controlled otherwise (i. e. a nontrivial map between objects at
different points is only allowed if the points are on the same radial line, and there is a
bound on the distance independent of the points). This category has trivial K-theory since

we can make a radial Eilenberg swindle toward infinity. Since the other factor 530,G(R)
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maps through this category, we find that the transfer maps through the corner inclusion as
claimed. 0

Remark 3.7. It is an easy consequence of the filtering arguments based on [16, Thm.3.12]
that the bounded L—groups are finitely generated abelian groups with 2—primary torsion
subgroups. We will therefore localize all the L-groups by tensoring with Z) (without
changing the notation), and this loses no information for computing bounded transfers. One
concrete advantage of working with the 2-local L—groups is that we can use the idempotent
decomposition [13, §6] and the direct sum splitting L (Cy,c(Z)) = ®qqLE(Cw,a(Z))(d).
Since the “top component” L"(Cy.(Z))(q) is just the kernel of the restriction map to all
odd index subgroups of G, the use of components is well-adapted to inductive calculations.

A first application of these techniques was given in [17, 5.1].

Theorem 3.8. For any G-representation W, let W = W1 & Wy where W1 is the direct sum
of the irreducible summands of W with isotropy subgroups of 2-power index. If W& = 0,
then

(i) the inclusion L(Cw, c(Z))(q) — L"(Cw.(Z))(q) is an isomorphism on the top
component,
(ii) the bounded transfer

trfw,: L (Cw,.c(Z))(q) — LE(Cw,c(Z))(q)

is an injection on the top component, and

(iii) ker(trfiv) = ker(trfu,) C LA(ZG)(q).

Proof. In [17] we localized at an odd prime p { |G| in order to use the Burnside idempotents
for all cyclic subgroups of G. The same proof works for the L—groups localized at 2, to show
that trfy, is injective on the top component. O

Lemma 3.9. For any choice of normal cobordism between f and the identity, the surgery
obstruction o(f) is a nonzero element of infinite order in L (ZG).

Proof. See [17, 4.5] O

The following result (combined with Theorem 3.5) shows that there are no non-linear sim-
ilarities between semi-free G-representations, since L" | (Cr,¢(Z)) = Lh(ZG) and the nat-
ural map L"(ZG) — L} (ZG) may be identified with the bounded transfer trfr: LM (ZG) —
L} 11 (Crc(2)) [29, §15].

Corollary 3.10. Under the natural map LM (ZG) — L}(ZG), the image of o(f) is nonzero.
Proof. The kernel of the map L"(ZG) — L5(ZG) is the image of H"(Ko(ZG)) which is a

torsion group. O

4. BOUNDED R_ TRANSFERS

Let G denote a finite group of even order, with a subgroup H < G of index 2. We first
describe the connection between the bounded R_ transfer and the compact line bundle
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transfer of [33, 12C] by means of the following diagram:

L"(ZG o (ZH—7G
n ,’UJ) n+1( - aqu)

tTfR, l l]*

Ll (Cr_(Z),wp) <— LI (ZH—ZG, wo)

where w: G — {%1} is the orientation character for G and ¢: G — {£1} has kernel H.
On Cr_ G(Z) we start with the standard orientation defined in [II], Example 5.4, and then
twist by w or we¢. Note that the (untwisted) orientation induced on Cp(ZG) via the cone
point inclusion ¢: Cp(ZG) — Cr_ g(Z) is non-trivial. The homomorphism
ri: Lty (ZH =26, wg) — Ly (Cr_6(Z), wo)

is obtained by adding a ray [1, 00) to each point of the boundary double cover in domain and
range of a surgery problem. Here k in the decoration means that we are allowing projective
Z H-modules that become free when induced up to ZG

Theorem 4.1. The map ry: Lfl’f:l(ZHHZG, we) — LM | (Cr_c(Z),we) is an isomor-

phism, and under this identification, the bounded R_ transfer corresponds to the line bundle
transfer, followed by the relaxation of projectivity map j. given by k.

Proof. Let A be the full subcategory of i = Cr_ (Z) with objects that are only nontrivial
in a bounded neighborhood of 0. Then Cr_ ¢(Z) is A-filtered. The category A is equivalent
to the category of free ZG-modules (with the non-orientable involution). The quotient
category U /A is equivalent to C[B?OOL y(Z), which has the same L-theory as Cr(ZH ), so we

get a fibration of spectra
L¥(ZH) — L"ZG) — L"Cr_c(2Z)) .

This shows that
L"(Cr_(Z)) ~L""(ZH — ZG)

The line bundle transfer can be studied by the long exact sequence

(4.2) -+ — LN,(ZH—ZG,wp) — L(ZG,w) — L' | (ZH—ZG,we)
— LN, 1(ZH—ZG,w¢) — L' |(ZG,w) — ...

given in [33, 11.6]. The obstruction groups LN, (ZH — ZG,w¢) for codimension 1 surgery
have an algebraic description

(4.3) LN,(ZH—ZG,w¢) = L"(ZH, o, u)

given by [33, 12.9]. The groups on the right—hand side are the algebraic L—groups of the
“twisted” anti-structure defined by choosing some element ¢ € G — H and then setting
a(r) = w(z)t a7t for all x € H, and u = w(t)t~2. Another choice of t € G — H gives
a scale equivalent anti—structure on ZH. The same formulas also give a “twisted” anti—
structure (ZG, a,u) on ZG, but since the conjugation by t is now an inner automorphism
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of G this is scale equivalent to the standard structure (ZG,w). We can therefore define the
twisted induction map

iv: LMZH, o, u) — LMNZG, w)
and the twisted restriction map
Fe: LMZG,w) — LMZH, o, u)

as the composites of the ordinary induction or restriction maps (induced by the inclusion
(ZH,w) — (ZG,w)) with the scale isomorphism.

The twisted anti-structure on ZH is an example of a “geometric anti-structure” [19,
p.110]:

a(g) = w(g)b(g™), u=+b

where 0: G — G is a group automorphism with 62(g) = bgb~!, w o # = w, w(b) = 1 and
6(b) = b.

Example 4.4. For G cyclic, the orientation character restricted to H is trivial, 6(g) =
tgt~! = g and u = w(t)t?>. Choosing t € G a generator we get b = t2, which is a generator
for H.

There is an identification [12, Thm. 3], [18, 50-53] of the exact sequence (4.2) for the line
bundle transfer, extending the scaling isomorphism L"(ZG,w) = L'(ZG, a,u) and (4.3),
with the long exact sequence of the “twisted” inclusion

L LMZH, au) 2 LNZG, o, u) — LNZH—ZG, a,u) — L (ZH,o,u) — ...

These identifications can then be substituted into the following “twisting diagram” in order
to compute the various maps (see [18, Appendix 2] for a complete tabulation in the case of
finite 2—groups).

LN, (ZH —ZG,wo) Lo(ZG,w) Lo (ZH, w)
" \ / \ /
’ L1 (74) Lyn1(ZH—ZG, we)
L1 (ZH, w) L11(ZG, w9) LNy 1(ZH —ZG, wg)

The existence of the diagram depends on the identifications Lyyi(y) & Lp(5%) and
Lyy1(ix) = Ly (i4) obtained geometrically in [12] and algebraically in [28].
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5. SOME BASIC FACTS IN K- AND L-THEORY

In this section we record various calculational facts from the literature about K— and
L—theory of cyclic groups. A general reference for the K-theory is [25], and for L-theory
computations is [20]. Recall that Ko(A) = Ko(A")/Ky(A) for any additive category A,
and Wh(A) is the quotient of K;(A) by the subgroup defined by the system of stable
isomorphisms.

Theorem 5.1. Let G be a cyclic group, K a subgroup. We then have
(i) Ki(ZG) = (ZG)* C K1(QG) Here (ZG)* denotes the units of ZG.
(ii) The torsion in K1(ZQ)) is precisely {£G}, so Wh(ZG) is torsion free.
(iii) The maps K1(ZK) — K1(ZG) and
Wh(ZG)/ Wh(ZK) — Wh(QG)/ Wh(QK)
are injective. B ~
(iv) Ko(ZG) a torsion group and the map Ko(ZG) — Ko(Z,)G is the zero map for all
primes p.
(v) K_,(ZG) is torsion free, and sits in an exact sequence
0 — Ko(Z) — Ko(ZG) & Ko(QG) — Ko(QG) — K_,(ZG) — 0 .

(vi) K_,(ZK) — K_,(ZG) is an injection.

(vii) K_;(ZG) =0 for j = 2.
Proof. The proof mainly consists of references. See [25, pp.6,14] for the first two parts.
Part (iii) follows from (i) and the relation (ZG)* N (QK)* = (ZK)*. Part (iv) is due to
Swan [32], and part (vii) is a result of Bass and Carter [10]. Part (v) gives the arithmetic
sequence for computing K ,(ZG), and the assertion that K _,(ZG) is torsion free is easy to
deduce (see also [10]). Since Resg o Indg is multiplication by the index [G : K|, part (vi)
follows from (v). O

Tate cohomology of Kj;-groups play an important role. The involution on K—theory is
induced by duality on modules. It is conventionally chosen to have the boundary map

K1(Q(G) — Ko(ZG)

preserve the involution, so to make this happen we choose to have the involution on Ky be
given by sending [P] to —[P*], and the involution on K is given by sending 7 to 7*. This
causes a shift in dimension in Ranicki-Rothenberg exact sequences

- — HY(Ko(A)) — L (A) — L5 (A) — H' (Ko(A)) — ...
compared to

. — HY(Wh(A)) — L5, (A) — LE (A) — H(Wh(A)) — ...
and

.. — HY(K_{(A) — L, (A) — L;;l)(A) — HY(K_1(A) — ...

Theorem 5.2. Let G be a cyclic group, K a subgroup.
i) L5, (ZG), L2, (ZG), and LS,V (ZG) are torsion—free when k is even, and when k is
( ) 2k 2k 2k

odd the only torsion is a Z/2-summand generated by the Arf invariant element.
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(i) The groups LYy, . (ZG) = L3, (ZG) = LY, (ZG) are zero (k even), or Z/2 (if k
odd and |G| is even), detected by projection G — C(2).

(iii) L), (ZG) = HY(K_,(ZG)) (k even), or Z/2 ® H'(K_,(ZG)) (k odd).

(iv) The Ranicki-Rothenberg exact sequence gives

0 — HY(Ro(ZG)) — Li(2G) — L5 (2G) — H'(Ko(2ZG)) — 0

so L% (ZG) has the torsion subgroup HO(Ky(ZG)).
(v) The double coboundary 6%: H°(Ko(ZG)) — H°(Wh(ZGQ)) is injective.
(vi) The maps L3 (ZK) — L, (ZG), Lb, (ZK) — L5, (ZG) , and L5,V (ZK) — L5, (ZG)
are injective when k is even or |G : K| is odd. For k odd and [G : K| even, the

kernel is generated by the Arf invariant element.
(vii) In the oriented case, Wh(ZG) has trivial involution and H'(Wh(ZG)) = 0.

Proof. See [20, §3, §12] for the proof of part (i) for L® or LP. Part (ii) is due to Bak for
L® and L" [2], and is proved in [20, 12.1] for LP. We can now substitute this information
into the Ranicki-Rothenberg sequences above to get part (iv). Furthermore, we see that the

maps Ly, " (ZG) — H™(K_1(ZG)) are all surjective, and the extension giving L;}Clﬁl(ZG)
actually splits. This gives part (iii). For part (v) we use the fact that the double coboundary

62: H(Ko(ZG)) — H°(Wh(ZG)) can be identified with the composite
H(Ky(ZG)) — LA (ZG) — H*(Wh(ZQ))

(see [IT], Section 7). Part (vii) is due to Wall [25].
For L3,V (ZG) we use the exact sequence

0 — LEV(ZG) — 15,.(ZG) ® I5,(QG) — L, (QG)

obtained from the braid of exact sequences given in [13, 3.11] by substituting the calculation

Ly, _H(QG) =0 from [14, 1.10]. It is also convenient to use the idempotent decomposition
(as in [13, §7]) for G = C(2"q), ¢ odd:

Ly (2G) = @ Ly, (ZG)(d)
dlq
where the d-component, d # ¢, is mapped isomorphically under restriction to L%, 1 (ZK,w)(d)
for K = C(2"d). This decomposition extends to a decomposition of the arithmetic sequence
above. The summand corresponding to d = 1 may be neglected since LP = L= for a 2-
group (since the K_; vanishes in that case).

We now study L5, (QG) by comparing it to L2 (QG) @ L5, (RG) as in [14, 1.13]. Let
CLE(S) = LE(S — S,), where S is a factor of QG, and Sy = S & (S ®@ R). If S has
type U, we obtain CLY,  (S) = 0, and we have an extension 0 — Z/2 — CL,(S) —
H'(Ko(S4)/Ko(S)) — 0. We may now assume that ¢ > 1, implying that all the factors
in the g-component of QG have type U. By induction on ¢ it is enough to consider the
g-component of the exact sequence above. It can be re-written in the form

0 — Ly," (ZG)(q) — L5, (ZG)(q) & LE, (RG)(q) — CL5,(QG)(q)

But Lgk(ZG)(q) ~ H'(Ko(ZG)(q)) by [14, 1.11], and the group H'(Ko(ZG)(q)) injects into
CL%, (QG)(g). To see this we use the exact sequence in Theorem 5.1 (v), and the fact that
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the involution on Ko(QG) is multiplication by —1. We conclude that L}, " (ZG)(q) injects
into L, (RG)(q) which is torsion-free by [14, 1.9]. Part (vi) now follows from part (i) and
the property Resg oIndg = [G : K. O

6. THE COMPUTATION OF LY(ZG,w)

Here we correct an error in the statement of [14, 5.1] (Notice however that Table 2 [14,
p.553] has the correct answer).

Proposition 6.1. Let G = o x p, where o is an abelian 2—group and p has odd order.
Then L5 (ZG,w) = L5 (Zo,w) ® Lh(Zo — ZG,w) where w: G — {£1} is an orientation
character. For i = 2k, the second summand is free abelian and detected by signatures at
the type U(C) representations of G which are non—trivial on p. For n = 2k + 1, the second
summand is a direct sum of Z/2’s, one for each type U(GL) representation of G which is
non—trivial on p.

Remark 6.2. Note that type U(C) representations of G exist only when w = 1, and type
U(GL) representations of G exist only when w # 1. In both cases, the second summand is
computed by transfer to cyclic subquotients of order 2"q, ¢ > 1 odd, with r > 2.

Proof. The given direct sum decomposition follows from the existence of a retraction of the
inclusion ¢ — G compatible with w. It also follows that

LZ’_ﬁl(ZGHZQG, w) LZ’ﬁl(ZUHEQU, w) @ LP(Zo—ZG,w)

since the map L"(Zyo,w) — L"(ZyG,w) is an isomorphism. The computation of the
relative groups for 7 —Zs can be read off from [14, Table 2,Remark 2.14]: for each centre
field F of a type U(GL) representation, the contribution is H(C(E)) & Z/2 if i = 1mod 2.

The detection of L?(Zo — ZG,w) by cyclic subquotients is proved in [19, 1.B.7, 3.A.6,
3.B.2]. O

Corollary 6.3. Let G = C(2"q), for ¢ > 1 odd and r = 2. Then the group

13, 1 (ZG,w) = P LY, . (ZG,w)(d)
dlq

where the d-component, d # q, is mapped isomorphically under restriction to Lng(ZK, w)(d)
for K =C(2"d). The q-component is given by the formula

b 1 (ZG,w) @CLK = (Z/2)"
< r, corresponds to the

when w # 1, where the summand C’LK(E) H(C(Ey)), 2 < i
type U(GL) rational representation with centre field E; = Q(Caig)-

Remark 6.4. The calculation of L contradicts the assertion in [8, p.733,1.-8] that the
projection map G — C(2") induces an isomorphism on L} in the non-oriented case. In
fact, the projection detects only the ¢ = 1 component. This error invalidates the proofs
of the main results of [8] for cyclic groups not of 2-power order, so the reader should not
rely on the statements. In particular, we have already noted that [8, Thm. 1(i)] and [8,
Thm. 2] are incorrect. On the other hand, the conclusions of [8, Thm. 1] are correct for
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6-dimensional similarities of G = C(2"). We will use [8, Cor.(iii)] in Example 9.8 and in
Section 10.

Remark 6.5. The ¢ = 1 component, L¥, | ((ZG,w)(1), is isomorphic to via the projection

or restriction map to L5, ((Z[C(2")],w). In this case, the representation with centre field
Q(i) has type OK(C) and contributes (Z/2)? to L%, hence L}(ZG,w)(1) = (Z/2)"~? and
LY (ZG,w)(1) = (Z/2)".

We now return to our main calculational device for determining non-linear similarities

of cyclic groups, namely the “double coboundary”
§%: HY(Ko(ZG™)) — H (Wh(ZG™))
from the exact sequence
0 — Wh(ZG) — Wh(ZG) & K1(QG) — K1(QG) — Ko(ZG) — 0 .
We recall that the discriminant induces an isomorphism
LMZG,w) = H (Wh(ZG), w)

since L (ZG,w) = L}(ZG,w) =0 for i = 0,1 mod 4 by the calculations of [33, 3.4.5,5.4].
Proposition 6.6. The kernel of the map LMNZG,w) — LY(ZG,w) is isomorphic to the im-

age of the double coboundary 6*: H'(Ko(ZG~)) — HY(Wh(ZG™)) under the isomorphism
LMZG,w) = H (Wh(ZG™)) induced by the discriminant .

Proof. We will use the commutative braid

H' (Ky(ZG™)) H'(Wh(ZG™)) L3(ZG, w)

(6.7)

L3(ZG,w) L}(ZG,w) HO(Ko(ZG"))
\/ \‘—//

relating the L to LP and the L® to L" Rothenberg sequences. The term H'(A) is the Tate
cohomology of the relative group for the double coboundary defined in [II], Section 7. The
braid diagram is constructed by diagram chasing using the interlocking K and L—theory
exact sequences, as in for example [13, §3], [14, p.560], [26, p.3] and [27, 6.2]. We see that
the discriminant of an element o € L#(ZG,w) lies in the image of the double coboundary
if and only if o € ker(LMZG,w) — L (ZG,w)). O

The braid diagram in this proof also gives:

Corollary 6.8. There is an isomorphism L} (ZG,w) = HY(A).
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Remark 6.9. It follows from Corollary 6.3 that H'(A) is fixed by the induced maps from
group automorphisms of G. We will generalize this result in the next section.

Remark 6.10. There is a version of these results for LL(ZG,w) as well, on the kernel
of the projection map LL(ZG,w) — LE(ZK,w), where K = C(4). The point is that
L} (ZG,w) = L} (ZK,w) is an isomorphism for i = 2,3 mod 4 as well [33, 3.4.5,5.4]. There
is also a corresponding braid [IT] (9.1) for L3, (Cwxr_,c(Z)), Lng(CWXRﬂ(;(Z)) and
LY, 1(Cwxr_,c(Z)) involving the double coboundary in bounded K-theory. The cone
point inclusion

Cpt(ZG,w) = Cpy - (Z) — Cwxr_,c(Z)
induces a natural transformation between the two braid diagrams.
In Section 7 we will need the following calculation. We denote by LnWh(ZH)(ZG*) the

L—group of ZG with the non-oriented involution, and Whitehead torsions allowed in the
subgroup Wh(ZH) C Wh(ZG).

Lemma 6.11. L)"*")(zG~) = 0, and the map LY *")(2G~) — HO(Wh(ZH)) induced
by the discriminant is an injection.

Proof. The Rothenberg sequence gives
L3 (ZG™) — LYVMZH)(72G7) — H"(Wh(ZH)) .
Wh

For n = 1 mod 4 the outside terms are zero, and hence L (ZH) (ZG~) =0. Forn = 0mod 4,
L{(ZG™) = 0 as noted above and the injectivity follows. O

In later sections, it will be convenient to stabilize with trivial representations and use the
identification

P (Cwsre (2)) = LY (Cw,a(Z)).
The composite with the transfer
trfre: LY(ZG) — Ly (Coy xre ¢(2))

is just the usual “change of K—theory” map, which may be analysed by the Ranicki-
Rothenberg sequences [29]. For G a finite group, K _;(ZG) = 0 if j = 2 so only the
first stabilization is needed.

Lemma 6.12. For G = C(2"q) and w: G — {£1} non-trivial, the map
Lh (ZG,w) — LYY (ZG w)
18 injective.
Proof. The group K _,(ZG) is a torsion free quotient of KO(QG), and has the involution

induced by [P] — —[P*] on KO(QG) [13, 3.6]. This implies first that HO(KO(QG)) =0,
and so the image of the coboundary

HO(K ,(ZQ)) — H'(Ko(ZG)) ® H'(Ko(QQ))
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consists of the classes (0, [E]) where E splits at every finite prime dividing 2q. We need to
compare the exact sequences in the following diagram (see [14], [20]):

Lﬁ_,_z(ZG, w) @ Lgi:-s—Q(QG’ w) —= Lgi;-s—Q(QG, w)

! |

0 — Ly 5(ZG w) —— L8, ,(ZG,w) & L}, ,(QG, w) — L}, ,(QG,w)

| | |

0 — HO(K_,(ZG)) — H'(Ky(ZG)) ® H'(Ko(QG)) — H'(Ko(QG))

The groups L& +2(2(?,21)) reduce to the L—groups of finite fields, which are zero in type
U, and the map L, ,(QG,w) — H'(Ko(QG)) is surjective. For each involution invariant
field E in the top component of QG, the group Lﬁ, (E)=H Y(E*) which maps injectively
into Lﬁ_ﬂ(f‘?) = HO(E*), [14]. Tt follows that the images of LY . »(E) and L<27£2(ZG, w) in
LY, »(E) have zero intersection , and so the composite map L;;iz(ZG, w) — HY(Ky(QG))
is an isomorphism onto the classes which split at all primes dividing 2q. Therefore the map
L;;:Zz(ZG, w) — HY(K_,(Z@)) is surjective, and we conclude that the map L8, 1 (2G,w) —

L3 (ZG, w) is injective. O

Corollary 6.13. Let G = C(2"q) and w: G — {£1} the non—trivial orientation. If W is
a G-representation with W = 0, then the map

L1 (Cwa(Z),w) = Ly, (Cwa(Z), w)

18 injective.

Proof. We first note that the cone point maps Ko(RG) — Ko(Cw,c(R)) are surjective for
R = 2, Q or Q since for these coefficients RG has vanishing K _; groups. This shows that
K _(Cw,(Z)) is again a quotient of Ko(QG). To see that K _(Cw(Z)) is also torsion
free, consider the boundary map K; (C‘?VOG(Q)) — KQ(CW(Q)) which is just a sum of in-
duction maps KO(QK) — KO(QG) from proper subgroups of K C G. But for G cyclic,
these induction maps are split injective. We now complete the argument by comparing the
diagram above with the corresponding diagram for the bounded theory, concluding that
H(K_\(ZG)) — H(K_,(Cw,c(Z))) is surjective. Since LYY, (ZG,w) — H(K_,(ZG)) is
also surjective, we are done. O

7. THE PROOF OF THEOREM A

The condition (i) is equivalent to assuming that S(V;) and S(V3) are freely G-homotopy
equivalent. Condition (ii) is necessary by Corollary 3.10 which rules out non-linear similar-
ities of semifree representations. Condition (ii) also implies that S(V}) is s—normally cobor-
dant to S(V2) by [3, Prop. 2.1], which is another necessary condition for topological simi-
larity. Thus under conditions (i) and (ii), there exists a homotopy equivalence f: S(V2) —
S(V1), and an element o = o(f) € LE(ZG) such that trfg_(0) =0 € L¥(Cr_ (Z)) if and
onlyif Ve R_ ~ Vo ® R_.
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Comparing the h- and s- surgery exact sequences it is easy to see that the image of ¢ in
H°(Wh(ZG@)) is given by the Whitehead torsion {7(f)} = {A(V4)/A(V2)} € Wh(ZG) of
the homotopy equivalence S(V2)/G ~ S(V1)/G.

In Section 2 we gave the short exact sequence

0 — Wh(ZG)/ Wh(ZH) — Wh(ZH—ZG) -k — 0

where K1(Cr_,c(Z))/{+G}) is denoted by Wh(Cr_ ¢(Z)) = Wh(ZH — ZG) and k =
ker(Ko(ZH) — Ko(Z@G)). We proved in Theorem 3.6 that the transfer of the torsion
element in Wh(ZG) in Wh(ZH —ZQG) is given by the same element under the map induced
by inclusion Wh(ZG) — Wh(ZH —ZG).

It follows that the image of trfy (o) in

HY(Wh(Cr_(Z))) = H(Wh(ZH —ZG™))
is given by the image of our well-defined element
{A(W1)/A(V)} € HY(Wh(ZG™)/ Wh(ZH))

under the cone point inclusion into H*(Wh(ZH —ZG™)).
The necessity of the condition is now easy. To have a non-linear similarity we must have

trfr_(0) =0 € LY (Cr_(Z)) .
Hence
trfr_(A(V1)/A(Va)) =0 € H'(Wh(ZH—ZG"))
must vanish by naturality of the transfer in the Rothenberg sequence. This element comes
from H'(Wh(ZG~)/ Wh(ZH)), so to vanish in H'(Wh(ZH — ZG™)) it must be in the
image from
H(k) — H' (Wh(ZG~/Wh(ZH))
under the coboundary.
To prove sufficiency, we assume that the image of the transferred element

{A(W)/A(V2)} € HY(Wh(ZH —ZG™))
is zero. Consider the long exact sequence derived from the inclusion of filtered categories
Cpt(ZG) - CR,,G(Z)

where Cr_ ¢(Z) has the standard orientation [II], Example 5.4, inducing the non-trivial

orientation at the cone point. The quotient category Cﬁ? o(Z) of germs away from 0 is

>0
[07m)7H
half line has to be copied on the negative half line, and what happens near 0 does not matter
in the germ category. Since the action of H on [0,00) is trivial, this category is precisely
C[EOOO)(ZH) which has the same K- and L-theory as C(ZH) by the projection map. By
[II], Theorem 5.7 we thus get a long exact sequence

L LQ(ZH) — LZ(ZG_) — LZ(CR,,G(Z)) — Lﬁ_l(ZH) — ...

where the map is induced by induction. Comparing this sequence with the long exact
sequence for the pair LI"*(ZH — ZG™) (see Theorem 4.1) it follows that

Ly(Cr_c(Z)) = Ly"(ZH — ZG™) .

canonically isomorphic to C (Z) , since by equivariance what happens on the positive
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Consider the following diagram with exact rows and columns:

"M za) LWz 72.G) — LY(ZH)

| | |

LMZG™) M zH-767) LE(ZH)

| | |

HY(Wh(G™)/ Wh(H)) —— H'(Wh(ZH —ZG")) H'(k)

We need to show that ¢trfg_(o) vanishes in order to produce the non-linear similarity. We
know that the image of Resy (o) = 0, and our assumption is that the image

{A(W1)/A(V2)} € H(Wh(ZH—ZG"))
vanishes. We will finish the argument by showing:
Lemma 7.1. Suppose that o € L}(ZG).
(1) L}f’Wh(ZH)(ZHH ZG7) is torsion—free.
(ii) The torsion subgroup of Llf’h(ZH — ZG™) injects into H'(Wh(ZH — ZG™)), or
equivalently, the torsion subgroup of L' (Cr_ (%)) injects into H*(Wh(Cr_ ¢(Z))).
(iii) If Resy(o) =0 € LR(ZH), then trfr_(o) is a torsion element.

The proof of Lemma 7.1. For assertion (i), we consider the diagram

Ly(zH) L(zG)

| |

Lh(zH) Ly M (zG)

| |

H°(Wh(ZH)) == H°(Wh(ZH))
where L{(ZG~) = 0. Since L\lNh(ZH)(ZG*) =0 as well (by Lemma 6.11), it follows that
LPWVhERD) (7 7.G7) = ker(LE(ZH) — L) "*")(2G7)) = Li(ZH)

where L§(ZH) is torsion—free. Part (ii) follows from part (i), since the previous term in
the exact sequence has exponent two. For assertion (iii) we refer to part of the twisting
diagram of Section 4, namely the commutative diagram:

LMNZG)
Itrwa
LNZG™) — M (ZH—2G™) — LE(ZH)

and the fact that Resy (trfr_(co)) = 0 since it factors through Resy: LA(ZG) — L} (ZH).
But LM(ZG~) = H'(Wh(ZG™) has exponent 2. O
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Remark 7.2. Theorem A gives necessary and sufficient conditions for the existence of 5—
dimensional similarities. Consider the situation in dimensions < 5. By character theory it
suffices to consider a cyclic group G, which must be of order divisable by 4, say 4¢q, with
index 2 subgroup H. It suffices by Lemma 3.1 to consider the following situation

VieW~ Voo W

where V; are free homotopy equivalent representations which become isomorphic once re-
stricted to H. Therefore S(V}) is normally cobordant to S(V2). If V; are two-dimensional
they are determined by one character, so homotopy equivalence implies isomorphism. We
may thus assume V; are at least 4-dimensional, and dim W = 1. According to Theorem 3.5,
non-linear similarity is now determined by ¢rfy (o), where o is an element of infinite order
in LS(ZG) hitting the element in the structure set determined by the homotopy equivalence
of S(Va)/G ~ S(V1)/G. In case W is the trivial representation we may identify ¢rfy, with
the map
LMNZG) — LY(ZG)

which we have seen (in Corollary 3.10) is injective on the elements of infinite order. Hence
we are left with the case where W is the non-trivial one-dimensional representation R_,
which is reduced to number theory by Theorem A. In Corollary 9.3 we work out the number
theory for G = C(2") as an example, showing that 5-dimensional similarities do not exist
for these groups. The general case was done by Cappell and Shaneson in 1981, and this
preprint has recently been published [6].

8. THE PROOF OF THEOREM B

The new ingredient in Theorem B is the double coboundary. As in the last section, we
may assume that f: S(V2) — S(V7) is a G-homotopy equivalence which is freely G—normally
cobordant to the identity, giving an element o = o(f) € LA(ZG). Then V; @ R_ & Ry ~;
Vo @ R_ @ Ry if and only if

trfr_er, (o) =0€ LS(CR,@R+,G’(Z))

by Theorem 3.5. But L} (Cr_or., (Z)) = LY(Cr_(Z)), so we may regard the criterion
as the vanishing of trfg_(0) € LY(Cr_ ¢(Z)) instead.

The main commutative diagram is:

52
/f\ /\
HY(Ko(Cr_c(Z))) HY(Wh(Cr_ ¢(2))) L3(Cr_c(Z))
(8.1) LY (Cr_c(Z)) H'(AR.)
L (Cr_c(Z)) LY (Cr_c(Z)) HY(Ko(Cr_c(Z)))



SIMILARITIES OF CYCLIC GROUPS 23

where H!(AR_) denotes the relative group of the double coboundary map. Notice that some
of the groups in this diagram already appeared as relative L—groups in the last section. We
have

LY(Cr_(2) = Ly (ZH—ZG")
and
Li(Cr_c(2) = Ly (z2H —~267) .

By Lemma 7.1 (i) this group is torsion—free and the preceeding term HY(Ag_) is 2-torsion.
Hence L5 (Cr_,¢(Z)) injects into LY (Cr_ ¢(Z)), and we conclude that the torsion subgroup
of L¥(Cr_ (Z)) injects into H' (AR _).

However, since Resy (o) = 0 € L}(ZH), Lemma 7.1 (iii) states that trfg_ (o) is a torsion
element. Furthermore, its image in H'(Agr_) is zero if and only if

{A(V1)/A(V2)} € HY(Wh(ZH —2G7))

lies in the image of the double coboundary, and this completes the proof of Theorem B.

We conclude this section with an important property of the relative group H' (A xr_)
of the double coboundary

52: Hl (I?O(CWXR,,G(Z))) — Hl(Wh(CWXRf,G(Z)))

which we will refer to as Galois invariance. For G a cyclic 2-group, we establish a similar
statement for the image of H'(Wh(ZG~)/ Wh(ZH)) in the relative group H'(Ar_). This
sharper version will be used in determining the non-linear similarities for cyclic 2-groups.

Lemma 8.2. Let W be a complex G-representation, with W& = 0, containing all the
non-trivial irreducible representations of G with isotropy of 2-power index.
(i) Automorphisms of G induce the identity on the image of H'(Wh(ZG~)/ Wh(ZH))
in the relative group H'(Awxr_) of the double coboundary.

(ii) If G is a cyclic 2-group, then automorphisms of G induce the identity on the image
of HY(Wh(ZG~)/ Wh(ZH)) in the relative group H' (Ar_).

Proof. The first step is to prove that the image of any [u] € H'(Wh(ZG~)/ Wh(ZH)) in
HYWh(ZH—ZG™)) = H'(Wh(Cr_ ¢(Z))) equals the discriminant

trfr_(0) € LY (Cr_ c(Z))

for some o € L}(ZG). Consider the diagram

LNZG) H°(Wh(ZQ))

trfr _ \L i trfr_

LY (Cr_(Z)) —= H (Wh(ZH—ZG"))

By Theorem 3.6, the K-theory transfer factors through the map induced by the cone
point inclusion c,: H'(Wh(ZG~)/ Wh(ZH)) — H*(Wh(ZH — ZG™)). Since L}(ZG) —
H°(Wh(ZQ) is surjective, there exists o € L(ZG) with given discriminant [u], and trfg_ (o)
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has discriminant ¢, ([u]). But the natural map H°(Wh(ZG)) — H'(Wh(ZG~)/ Wh(ZH))
is also surjective, so the first step is complete. By naturality of the transfer

trfw: L"(Cr_c(Z)) — Lhy 1 (Cwxr_c(Z))
(dim W = 2k), it follows that the image of c.([u]) in H'(Wh(Cwxr_,c(Z))) equals the
discriminant of the element trfyy«r_(0).

Our assumption on W implies that trfiyxr_(o) is a torsion element (see [II], Sec-
tion 4). We can therefore apply [II], Theorem 8.1(i): there exists a torsion element
& € Ly, (Cr_(Z)), such that c,(6) = trfiyxr_(0). Now from the commutative dia-
gram comparing cone point inclusions:

L1 (Cr_a(Z)) — H (Wh(ZH—ZG"))

Lgk+1(CWxR_,G(Z)) - Hl(Wh(CWxR_,G(Z))

we conclude that the image of c.([u]) in H*(Wh(Cwxr_.c(Z))) equals the image of the

discriminant of 6 € L% | (Cr_,c(Z)). The braid diagram used in the proof of Theorem

B above now shows that the image of c.([u]) in H'(Awxr_) comes from the image of

6 eLb (CrR_c(Z))in H'(AR_), via the natural map H'(Ar_) — H'(Awxr_).
Finally we consider the cone point inclusion sequence

Ly(CR" ¢(Z)) — L(ZG™) — LN (Cr_6(Z)) — LY(CR" ¢(Z)) — L{(ZG™)
The K—theory decoration on the relative group is the image of
Ko(Cr_c(Z)) — -ffo(cﬁ(i,c(z)) = K _1(ZH)

but since K_1(ZH) — K_1(ZG) is injective, that image is zero and we get L". Now
LA(CR° o(Z)) =2 LY(ZH) = 0 and LY(CR° 4(Z)) = LE(ZH) is torsion—free. It follows that
the cone point inclusion L{(ZG~) — LY(Cr_,(Z)) is an isomorphism onto the torsion
subgroup. But by Corollary 6.3 the group LY(ZG™) is fixed by group automorphisms of G.
This completes the proof of part (i).

In part (ii) we assume that G is a cyclic 2-group, so K_1(ZK) = 0 for all subgroups

K C G. By [II], Corollary 6.9 we have an isomorphism H'(Ar_) = H'(Awxr_) and the
proof is complete. 0

9. CycLic 2-GROUPS: PRELIMINARY RESULTS

For G = C(2") a cyclic 2-group, we have stronger results because K ,(ZG) = 0. The
results of this section prepare for a complete classification of stable and unstable non—linear
similarities for cyclic 2-groups, and the computation of Rrp(G) .

Lemma 9.1. (R. Oliver, [24]) For G = C(2"), the cohomology groups H*(k) = 0, where
k = ker(Ko(ZH) — Ko(ZQ)).

Proof. We are indebted to R. Oliver for pointing out that this result follows from [24, Thm.
2.6], which states (in his notation):

D(Z[C(2"*%)) = Im((5 — 7)¢n)
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where D(ZG) is the kernel of the map induced by including ZG in a maximal order M
in QG. By Weber’s Theorem, the ideal class groups of 2-power cyclotomic fields have odd
order, so to prove that H*(k) =0 it is enough to show that ker(D(ZH) — D(ZG)) =

The map ¢ is the reduction mod 2"*! of a map v,,: M™ — M™ given by the formula

ZT e

for 0 <i < n, where {eo,...,e,} is a basis for the direct sum M" =>"" Zo[Tile; and T;
denotes the cyclic group of automorphisms of C(2:72) generated by v(t) = t°.

To shorten Oliver’s notation, we let D[n + 3] := D(Z[C(2"*3)) so D[n + 3] is identified
with the subgroup Im((5 — )ib,) of M™ /21 M™ Tt is enough to see that the map

Ind: D[n+ 3] — D[n + 4]

given by the subgroup inclusion induces an injection on this subgroup Im((5 — 7)1/371)

However the map Ind corresponds under the identification in [24, Thm. 2.4] with the
explicit map ind(e;) = ’)’f+1€i+1 (see last paragraph of [24, §2]). Using this explicit formula,
we need to check that = € ker(@@nﬂ oind) implies that x € ker 1[)n. Suppose that « =
Yoo aiei € M™. Then

n n
Lyl nd il
V1 (ind(2 (E a; 2"y ’7?+1>€n+1+5 E a2y | en—j
J=0 \i=j

after re-arranging the summations, and

Z Za,? J’yz i eny-

J=0 \i=j

We can then use the formulas after [24, Lemma 1.1] to check that
W =20 € Zo[Tny]

for 0 £ j < n. Since M"T1/2nF2)" L s a direct sum of the group rings Z/2"T2[[;], it
follows that 1,1 (ind(x)) = 0mod 22 implies v, (z) = 0mod 2. O

Our results for cyclic 2-groups can now be improved, starting with similarities with an
R_ but no Ry summand.

Theorem 9.2. Let Vi = t% + ... +t% and Vo =t + ... 4+ t% be free G-representations,
where G = C(2"). Let W be a complex G-representation with no Ry or R_ summands.

(i) If Resg(VieoW)® Ry ~; Resg(Vad W)B Ry, then Vi W SR ~ Vo WHR_
if and only if S(V1) is s—normally cobordant to S(Va) and {A(V1)/A(Va)} = 0 in
H'(Wh(ZG~)/ Wh(ZH)).

(ii) If Resy Vi = Resy Vi, then Vi @ W @ R_ ~; Vo ® W @ R_ if and only if the class
{A(V1)/A(Va)} =0 in HY(Wh(ZG™)).
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Proof. Consider first the situation in part (i). By [II], Theorem 9.2, the image of the
final surgery obstruction trfyyxr_(0) in LY (Cwyr_ c(Z)) is just the class {A(V1)/A(Vz)}
considered as an element in H'(Wh(Cwxr_ (Z)). Moreover, the natural map

H'(Wh(ZG™)/ Wh(ZH)) — H'(Wh(Cwxr_ o(Z))

factors through H'(Wh(Cr_ ¢(Z))), and the torsion subgroup of L¥(Cr_ ¢(Z)) injects into
HY(Wh(Cr_.¢(Z))) by Lemma 7.1(ii). Therefore, trfyyxr_(c) = 0 if and only if the Rei-
demeister torsion invariant vanishes in H'(Wh(Cr_ ¢(Z))). But H*(k) = 0 so the natural
map

HY(Wh(ZG™)/ Wh(ZH)) — H'(Wh(ZH —ZG™)) = H (Wh(Cr_ ¢(Z)))

induces an isomorphism. This proves part (i).

In part (ii), since Resy Vi = Resy Vs, our Reidemeister torsion quotient represents an el-
ement {A(V7)/A(Vo)} € HY(Wh(ZG ™)), and this group injects into H*(Wh(ZH —ZG™)).
The vanishing of the surgery obstruction is now equivalent to {A(V1)/A(V2)} = 0 in
H'(Wh(ZG™)), by the argument above. O

Corollary 9.3. The groups G = C(2") have no 5—-dimensional non-linear similarities.

Proof. The Reidemeister torsion quotients for possible 5-dimensional similarities are repre-
sented by the units Uy ; which form a basis of H*(Wh(ZG™)) (see [5], [8, p.733]). O

Higher—dimensional similarities of cyclic 2—groups were previously studied in the 1980’s.
The 6-dimensional case was worked out in detail for cyclic 2—groups in [8], and general
conditions A-D were announced in [7] for the classification of non-linear similarities for
cyclic 2-groups in any dimension. However, in Example 9.7 we give a counterexample to
the necessity of [7, Condition B], and this invalidates the claimed solution. Our next result
concerns similarities with both R_ and R4 summands.

Theorem 9.4. Let Vi = t* + .- +t% and Vo =t + ... 4+ t% be free G-representations,
where G = C(2"). Let W be a complex G-representation with no Ry summands. Then
there exists a topological similarity Vi W @R_ @GRy ~ VoW e R_ B R4 if and only if

(i) S(V1) is s—normally cobordant to S(Va),
(ii) Resy(Vi® W) @ R4 ~; Resy(Vad W) @ Ry, and
(iii) the element {A(V1)/A(Va2)} is in the image of the double coboundary

6%: HY(Ko(ZH —7ZG™)) — H' (Wh(ZH —ZG"™)) .

Corollary 9.5. There is a stable topological similarity Vi =~ Va if and only if S(V1) is
s—normally cobordant to S(Va) and Resg {A(V1)/A(Va)} is in the image of the double
coboundary 6% for all subgroups K C G.

Remark 9.6. The double coboundary 5% in this statement is the one for the subgroup
K with respect to an index two subgroup K; < K. Corollary 9.5 follows from Theorem
9.4 and [II], Proposition 7.6. Notice that Theorem 9.4 also gives a way to construct the
stable similarity, assuming that the conditions are satisfied. In the most complicated case,
one would need all proper subgroups of G appearing as isotropy groups in W. This will be
explained precisely in Section 11.
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The proof of Theorem 9.4. By [II], Corollary 6.9 the double coboundary

0ty H' (Ko(Cwypouxr_ ¢(Z))) — H (Wh(Cw, .. xr_ ¢(Z)))
is isomorphic to
§%: HY(Ko(ZH—7ZG™)) — H'(Wh(ZH —ZG"))
under the cone point inclusion. The result now follows from Theorem C. g

We conclude this section with two examples showing methods of constructing non—linear
similarities.
Example 9.7. For G = C(27), r = 5, the element (2 + t17277% — ¢ — t972"7%) lies in
R{"*(G). To prove this assertion, note that (£ + ¢1+2* —t — 972"} lies in R/™*(G) by
applying [7, Condition A’]. Let Vi = 9 + ¢'72" 7 V5 = t + 12 and let W denote the
complex 2—-dimensional representation with isotropy of index 4. The surgery obstruction in
LE(Cwxr_,c(Z)) is zero by a similar argument to that given in [8, p.734], based on the fact

that 9(1+2""2) = 1 mod 8 when r = 5, and invariance under group automorphisms (similar
to [8, 4.1]). The Reidemeister torsion invariant

(t9 _ 1)(t1+2r—2 _ 1)
(t—1)(t9+272 — 1)

u=AW1)/A(Va) =

can be written in the form u = a(v)v where
B (té _ 1)(t1+2r—2 —1)
(- -

for /2 = 9mod 2" and £ = 1mod4. The Galois automorphism is a(t) = t*. Once again
we justify these formulas by appeal to a pull-back diagram for the group ring. Since the
surgery obstruction is determined by the image of u in H'(Agr_), which has exponent 2,
and group automorphisms of G induce the identity on this group by Lemma 8.2(ii), the
clement (2 4+ t172"° — ¢ — 972" %) lies in R{"*(Q).

We note that this gives a counterexample to the necessity of [7, Condition B| for non-linear
similarities. If f: S(V1) — S(V2) is a G-homotopy equivalence, then the Whitehead torsion
7(f) = A(V1)/A(Va) € Wh(ZG), but its restriction to Wh(ZH) is given by Ug 1 9r—2 =
U19(U11)~1, and this is not a square, since it is non—trivial in H(Wh(ZH)) by the results
of Cappell-Shaneson on units (see [8, p.733]).

Example 9.8. According to [7, Thm. 2], the element ¢ — > has order 2”72 in Rryp(G)
for G = C(2"), r > 3, and order 4 for G = C(8). We will verify this claim using our
methods. Note that 2"72(t —t°) € E{LT“(G), for r = 3 and this is the smallest multiple that
works. A short calculation using [7, Condition A’] (done in [II], Lemma 12.5) also shows
that 2" ~2(¢t — %) € R/™*(G), and it remains to consider the surgery obstruction.

For r = 3 it follows from [8, Cor.(iii)] that 2(t — t5) does not give a 6-dimensional
similarity. By Theorem 9.4 it follows that 2(t — t5) ¢ R;(G), but is contained in R, (G).
Since the surgery obstruction has exponent 2, we get 4(t — t5) ~; 0 as claimed.

To handle the general case, let U; = 273t and Us = 2" 73t be the free representations
over H=C(2"7!), and let V; = 2" 73t and Va = 2"~3t> be the corresponding free representa-
tions over G = C(2"). Notice that Indg (U1 —Us) = (Vi—Va)+ (V] —V5 ) where 7 is the group
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automorphism 7(t) = t'+2""". By [8, Cor(iii)] we have 2t ~ 2¢1+2 " and 26° ~, 265127
whenever r > 4. Therefore, 2" 2t =V, & Vi =~ V1 & V1 and 27 20 = Vo Vo~ Vo @ Vy.
For r > 3, the assertion is that 2"72(t — t5) € R[T“(G) already. We prove this by
induction starting with 2(t — t°) in R,(C(8)). Suppose that 2"73(t — t°) € R, (H) for
H = C(2"71), where r > 3. Then Indg(A(Uy)/A(Us)) = 0 in HY(Wh(ZG~)/ Wh(ZH)),
since we are dividing out exactly the image of Indg. If » = 4, it follows from Theorem 9.4
that Indg (Uy — Uz) € R (C(16)). For r 2 5 we conclude by induction that Indg (U; —Us) €
Ri(G), for G = C(2") since Ry(G) is closed under induction from subgroups. Now the
calculation above for Indg (U; — Us) shows that 27 2(t — t5) € RI™*(G) for r = 4.

10. THE PROOF OF THEOREM E

Our next example is the computation of Rrop(G) for G = C'(2"). We first choose a nice
basis for R'"¢(G). Let

aD(r) = ' t52r_s_2+i, for 0<i <252 and1<s<r—2
and let o denote the automorphism of G given by o(t) = t°. It is easy to check that the
{agi) (r)} give an additive basis for R/"*¢(G). For later use, we let ay(r) = [ago) (r)] and
Bs(r) = [agl)( )] denote elements in R{(G) for 1 < s < r — 2. When the order 2 of

Top
G is understood, we will just write ag, Gs. These elements admit some stable non—linear

similarities, and behave well under induction and restriction.

Lemma 10.1. We have the following relations.
(i) ResH(agi)(r)) = agzzl(r —1) for0<i <2752 gnd s > 2.
(i) Resyy(a;”(r)) = 0.
) agl)(r) Rt a gl”)(r) for0<i<2r52_-2 withl <s<r—4andr=5.
iv) € R;"Lri}eop( ) forr =4, but 2(ai(r) + B1(r)) = 0.
(v) IndH( ) (r—1)) =2a0) — P (1) + @) for2< s <r— 2.
i)
vii)
iii)

-
<
o
~h
Q
—
+
=)
=
—~
\-/E/

(vi) 2°7 2(0és( ) — (?")) ¢ Rff%eop( ) for s 2 2.

Proof. The first two parts are immediate from the definitions. Part (iii) uses the Cappell-
Shaneson trick described in Example 9.7. Let

" — 1) —1)

(t5° — 1) (5 — 1)

This element represents a unit in ZG provided that a4 b = ¢+ dmod 2"72. As mentioned in
Section 2, we can calculate in a pull-back square for ZG over the corner where these elements
become cyclotomic units. Notice that u(a, b; ¢, d) ™! = u(c, d; a,b) and o(u(a, b; c,d) = u(a+
1,b+1;¢+1,d+1). Consider the units u = u(i,2" 572 44+ 2;2" 7572 44 i + 2) associated
to the Reidemeister torsion quotient A(V;)/A(Vz) for the element al? (r) — al™? (r). We
can write u = o(v)v where v = u(i,2" 572 4+ i+ 1;4 + 1,2"7°"2 +4) also represents a unit
in ZG. Since dim V; = 4 the spheres S(V;) and S(V2) are G-normally cobordant. Then we

u(a,b;c,d) =
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restrict to H and use induction on r, starting with » = 4 where the similarity follows from
[8, Cor.(iii),p.719]. Theorem 9.4 and Galois invariance of the surgery obstruction under the
action of o (by Lemma 8.2(ii)) completes the inductive step.

The non—existence of a 6-dimensional similarity in Part(iv) follows from the calculation
[8, Cor.(iii),p.719]. Theorem 9.4 shows that there is no higher dimensional similarity.

Part (v) is again immediate, and Part (vi) is an easy calculation showing that the element
2572 (as(r) — Bs(r)) € ﬁ{f”(G) fails the first congruence condition in [34, Thm.1.2], which
for this case is the same as the congruence on the sum of the squares of the weights given
in [7, Condition A’]. Part (viii) follows from part (v) and induction on the order of G. In
Example 9.8 we did the case s = r — 2. For s < r — 3 we induce up from the similarity
201 (r—s+1) = 0 provided by [8, p.719], which applies since we now have r—s+1 = 4. Part
(vii) is proved in a similar way, using part (v), starting from the element o (r—1)+ 31 (r—1)

for r 2 5. Inducing this element in Rffi}eop(()’ (271)) gives

2(as(r) + Bo(r) +af () = al(r) + 0l V() — oD ()

and applying part (iii) now gives 2(az(r) + B2(r)) = 0. The required similarities for s > 2
are obtained by inducing up from this one, and using the relations 2a§2) (r) = 0 again to
remove the lower terms in the formula from part (v). O

The proof of Theorem E. We already have the generators and relations claimed in the state-
ment of Theorem E, so it remains to eliminate all other possible relations. In Example 9.8

we proved that ng;(C(S)) = Z/4 generated by a; =t — t°, where 0 # 2, € EZT%EOP(C@).

For G = C(16), we have
RfI‘Toepe(C(16)) = <042, aq, B1>

and we observe that the elements 2o + a1 and 2as + 81 are not Galois invariant, and hence

do not lie in EZT%?OP(G) by [II], Theorem 13.1(iii). Therefore Eﬁ}:}e}f(C(lﬁ)) =Z/A0Z/20Z/2

as claimed in Theorem E.

We now assume the result for H = C(2"7!), with » = 5. By applying the inductive
assumption, it is not difficult to give generators for the subgroup ker Resy ﬁ]é{l?}%p((}).
Indeed, a generating set consists of the elements (type I)

2y +a,a+ |25 050 - 2)
together with the elements (type I7)
(27— |30 r=3),
where the type I elements appear for » = 6. Notice that none of the generators (except

a1 + (1) are in ]TZ;:ETEOP(G), and all the generators have exponent 2.

Let v = 2" Yay 4+ a; and consider an linear relation among type I elements of the form

> neve+elar+ 1) =0

If #{ny # 0} is odd, then the left side is not Galois invariant, so it can’t be a relation. On
the other hand, if #{n, # 0} is even, then we can write the first term as a sum of terms

26—1q, — 20271y, € E{l”e(G) with each ¢; 2 2. Suppose first that e = 1. If the first sum
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on the lefthand side was in éyfl’?op(G), then its surgery obstruction would be a square and
hence trivial by Theorem 9.4. This contradicts the fact that oy + 1 # 0.
We are left with the possibility that #{n, # 0} is even and € = 0. Suppose that {y < r—3

is the minimal index such that n,, = 1, and write the left side as

20071 [N " ng2t o0y + ag,] =0
>4y

However, if we call the term in brackets w and restrict it (¢p — 1) steps to the subgroup of
index 2%~ in G, we get

Z ne2 0 g1+ o

>0y
and this is not Galois invariant. We can arrange the signs of the coefficients ny so that
w € E{LT%ZP(G) Since twice this element is trivial, its normal invariant order equals 2.
Now by [II], Theorem 13.1(iv) we conclude that the normal invariant order (over G) of the
bracketed term w must be 2%. Hence there is no relation of this form.

Next we let & = 2¢72(ay — 3), and suppose that we have a relation of the form

> n& =0

>0

where £y is the minimal non-zero coefficient index as before. If #{n, # 0} is odd, then the
left-hand side fails the first congruence test for the normal invariant and so it can’t be a
relation. If #{n, # 0} is even we write the left side as 202w, with w € R{LT%ZP(G), and

restrict w down to a subgroup K of index 2f0=2 < 27=5_ The restriction has the form

Resg(w) = Y 12" (au—gyr2 — Botgs2) + (02 + 2)
>0y

Since #{ny # 0} is even, this can be re-written as a sum Resg(w) = 6 — o(6) with 6 €
ﬁ{f%f)p([( ). If Resg(w) € ﬁj:flfop(K ), this would imply that its surgery obstruction was
trivial, hence Resg(w) = 0. But restriction one more step down gives a; + 51 # 0 and we
have a contradiction. It follows that the normal invariant order of Resy(w) equals 2, and
that of w is 201 so the original relation was trivial.

We are left with the possibility of further relations among the type I and type I elements

of the form
D v+ Y me&e + e(ar + i) =0.

It is easy to reduce to a relation of the form

anQZ_lctg + Z m52£_2<0zg — ﬁg) =0

where #{ny # 0} =2 - v is even and #{my # 0} + v is even. This follows from the Galois
invariance and the fact that the p;—obstruction for normal cobordism is non-trivial for the
order 2 elements of the form (217 ay, — 227 ay,).

Now if /y denotes the minimal index such that ny; or my is non—zero, we have two cases.
First, if my, # 0, we factor out 2f0=2 and restrict our relation to the subgroup K of index
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2to=2 We obtain

260_2 [ Z n£26_60+1a£7£0+2 + Z m€2£_£0 (Ckg,go+2 — ﬁ5740+2) + (Oéz — ,82)]
fgfo >0y
If the normal invariant obstruction for the term in brackets vanishes, then its surgery
obstruction is zero: when v is even we can rewrite the sum of type I1 elements as above to get

free

a Reidemeister torsion obstruction of the form 6 — o (6), with 6 € Eh,Top(K ). The remaining
type I terms are collected in pairs (21T oy, 12 — 2y, 1 9) whose surgery obstructions are
squares. When v is odd, we replace ag — (32 by the expression (ag — 2ty 2) — (B2 — 2! B142) +
2t (g0 — Biyo) whose torsion has the form 6 — o () plus a square, and continue as for v
even. The vanishing of this surgery obstruction contradicts (v + (31) # 0 on restricting one
step further down.

In the remaining case, if ng, # 0 and my, = 0, we factor out 2f0—1 and restrict to the
subgroup of index 271, As above, the other factor is not Galois invariant and we get a
contradiction to the existence of a normal invariant. This completes the proof. O

11. NON—-LINEAR SIMILARITY FOR CYCLIC 2-GROUPS

In this final section we will apply our previous results to give explicit necessary and
sufficient conditions for the existence of a non-linear similarity Vi & W ~; Vo & W for
representations of finite cyclic 2-groups. The main result is Theorem 11.6.

Lemma 11.1. Let G = C(2") be a cyclic 2-group. A basis for ﬁ{m(C(S)) is given by
4(t —5). A basis for E[“(G), r 24, is given by the elements
(i) 2%as(r) for1 = s<r—2, and
(i) 2(ca(r) + fa(r)),
together with (provided r 2 5) the elements
(iii) 257 (as(r) + Bs(r)) for 2 < s <r—3, and
(iv) fygi) (r)= (ag) (r)— al™? (r)) for0<i<2r2-2and 1 <s<r—4.

Proof. This an immediate consequence of Theorem E. (|

The next step is to rewrite the basis is a more convenient form. It will be useful to
introduce some notation for certain subsets of R/™¢(G). Let

A(r) = {204 (r), 2(ax(r) + Bi(r))}
for r 2 4 and set A(3) = {4a1(3)}. Next, let
B(r) = {201(r), cn(r) + B (r)}
for r > 4, and let B(3) = {2a1(3)}. Finally, let
Cr)={7Pr)|0<i<22-2and 1<s<r—4}

when r 2 5, and otherwise C(r) = 0.

Recall the notation Gj, for the subgroup of index 2* in G. We let Ind;, denote induction
of representations from G to G, and Resi denote restriction of representations from Gy to
Gj+1. Define

B(r) = {Indx(x) | x € B(r — k)}
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for r 2 4 and 0 < k < r—2. Note that € B(r) implies that = Indy () and Resg(x) = 0.

Lemma 11.2. The free abelian group Et "“(G) has an integral basis given by the elements
in the set A(r) U B(r) JC(r).

Proof. This follows easily from the relations in Lemma 10.1, particularly the induction
formula ‘ ‘ .

Indg(a2, (r — 1)) = 20 (r) = (o (r) =0t " (1)
valid for 2 £ s < r — 2. Notice that the second term on the right-hand side is just
ai(r) — Bi(r) if s = r — 2, and otherwise it is a linear combination of the basis elements
'ylj )(7“). The result is easy for r = 3 or » = 4, and the inductively we assume it for » — 1.

Then Indy (25 tas 1(r — 1)) = 2%as(r), plus terms in ker Resy which are all contained in
the span of A(r) and C(r). Similarly,

Indp (27 (a1 (r = 1) + Bom1(r = 1)) = 277 s (r) + Bs(r)),
plus terms in the span of A(r) and C(r). This shows that integral linear combinations of the
set A(r)UB(r)UC(r) span R{"“(G). Since ResH(fygl) (r) = fyél_)l(r—l), Resp oIndy = 2, and

A(r) C ker Resy, we conclude by induction that there are no non-trivial integral relations
among the elements of A(r) U B(r) UC(r). O

Using the basis given in Lemma 11.2, we now define the set of weights 0(z) = {i1,i2,...,1¢}
of an element z € R!"*(G). This will be a subset of {1,2,...,r — 2} arranged in strictly
ascending order. It will be used to identify the minimal set of isotropy subgroups needed
for the construction of a non-linear similarity for z € Rt Q).

Definition 11.3. The weights for = € A(r) U B(r) UC(r) are given as follows:
(i) If = € ker Resy then 6(z) = {1}.
(i) If x = Indg (201 (r — k)), for r > r — k = 4, then 0(z) = {k + 1}.
(iii) If 2 = Indg(a1(r — k) + Bi(r — k)), for » > r —k > 4, or z = Indg(2c;(3)), then
0(z) = {k,k +1}.
(iv) If z = 'ygi)(r), then 6(z) = {1,2,...,s}.
If x = > ny is an integral linear combination of elements wy € A(r) U B(r) U C(r), then

0(z) = U{0(we) | ne # 0}

In other words, after collecting the indices of the subgroups involved in the unique linear
combination of basis elements for x, we arrange them in ascending order ignoring repetitions
to produce (x).

Definition 11.4. We say that an element z € RI™(Q) is even if z = 3 nuwy, wy €
A(r)UB(r) UC(r), has ny = 0mod 2 whenever one of the following holds:

(1) we =2a1(r) € A(r), or

(ii) we € C(r).
Otherwise, we say the element x is odd. An element x has mized type if x is even, but
ng # 0mod 2 for some wy = Ind(2a;(r — k)) with 7 > r —k = 4. Such an element = has
depth equal to the minimum & for which x contains a constituent Ind(2a; (r — k)) with odd
multiplicity.
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Lemma 11.5. An element x = [V; — Vo] € RI™(Q) is even if and only if its Reidemeister
torsion invariant {A(V1)/A(Vz)} =0 in H(Wh(ZG~)/ Wh(ZH)).

Proof. The Reidemeister torsion invariants for elements of ker Resy lie in H'(Wh(ZG ™)),
which has a basis of units Uy ; for 1 £i < 2"1 and i = 1mod4 (see [5, §5]). In particular,

{AQ2ai(r)} =Uix # 0, and {A(aa(r) + Bi(r))} = Urs # 0, but {A(2(eu(r) + p1(r)))} =
Ufs=0in H'(Wh(ZG™)). Note that H'(Wh(ZG ™)) injects into H'(Wh(ZG~)/ Wh(ZH)).

Suppose first that z = [Vi — V3] € RI™(G) is even. It follows that its Reidemeis-
ter torsion invariant is either a square or induced up from H, so {A(V1)/A(V2)} = 0 in
HY(Wh(ZG~)/ Wh(ZH)). Conversely, suppose that = € Etree(G) has an odd coefficient
ng for wy = 2a1(r) or wy = VEZ)(T) in ker Resy. In these cases, {A(V1)/A(Va)} # 0 in
HY(Wh(ZG~)/ Wh(ZH)).

Finally, suppose that ny is odd for some w; = yﬁ“ (r) € C(r) with s = 2. If the Reidemeis-
ter torsion invariant for w, were trivial in H'(Wh(ZG~)/ Wh(ZH)), then its image under
the twisted restriction map would also be trivial. This is the map defined by composing the
twisting isomorphism

HY(Wh(ZG™)/ Wh(ZH)) = H°(Wh(ZG)/ Wh(ZH))

with Resp, followed by another twisting isomorphism at the index two level. But

Resr (1" (r) = 1.2, (r = 1) |
so after restricting s — 1 steps we arrive at ’yfi) (r—s+1) € ker Res;_1, and a contradiction
as in the previous case. ]

For 2 < i < r — 2, let W; denote any irreducible 2-dimensional real representation of G
with isotropy group Gj, let W7 = R_, and let Wy = R4. The terms defined in Definitions
11.3 and 11.4 will be used in the statement of our classification result.

Theorem 11.6. Let G = C(2") and Vi, Va be free G-representations. Suppose that x =
Vi —Va] € ]SL{”“"(G). Then Vi @& W ~ Vo @ W for a given G-representation W if and only
if the representation W contains:
(1) a summand Wy, for each k € 0(x),
(i1) a summand Wy for some 0 < t < depth(xz) when x has mized type, and
(iii) @ summand R4 when x is odd.

Proof. The sufficiency of the given conditions follows immediately from Theorem 9.4, the
basic list of 6-dimensional similarities in [8, Thm.1 (iii)], and the following commutative
diagram

s

Ly, (ZH) Ly, (ZG)
2W‘fResH w l trfw l

Ly s (Cresw,ir(Z)) —— Lby 0 (Cwic(Z))

or the corresponding LP version if W contains an R, sub-representation. The summand
R.; will be unnecessary exactly when {A(V1)/A(Va)} =0 in HY(Wh(ZG~)/ Wh(ZH)), by
Theorem 9.2. By Lemma 11.5 this happens precisely when «x is even.
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For all elements [V; — V3] € R{™(H) we have dimV; = 2k = 0mod4. To handle the
surgery obstructions of induced representations, note that

{A(Ind V1)/A(Ind Vo) } = i {A(V1)/A(Va)} € HP(Wh(ZG))

for any z = [V1— V5] € é't "“(H). For the surgery obstruction of an H-homotopy equivalence
f:8(Va) — S(V1) we have the relation

o(Ind(f)) = ix(0(f)) +1ix(8) € L§(ZG)
for some B € L§(ZH). It follows that

ic(trfresw (0(f))) = trfw (o(Ind(f))) € Ly, (Cw.c(Z))

provided that Res W contains an R_ summand. This formula gives the existence of unstable
similarities for elements Ind(x) € B(r) under the given conditions on W.

The necessity of condition (i) follows immediately from [17, Thm. 5.1], once we relate
the odd p-local components used there to our setting. The surgery obstruction group
Lgk(ZG) has a natural splitting, after localizing at any odd prime, indexed by the divisors
of |G| = 2". An element o € L% (ZG) of infinite order will have a non-trivial projection
in the “top” 2"-component provided that Resy (o) = 0. This applies to our basis elements
201 (r), 2(a1(r) + p1(r)), 4a1(3), and ’yfz) (r). If any of these occurs as a constituent in z, a
summand R_ is necessary to produce the non-linear similarity.

More generally, o will have a non-trivial projection in the 2" *-component for k& > 0
provided that Resg, (¢) is non-zero but Resg,,,(0) = 0. In this case the representation W
must contain at least one summand Wj, 1 which restricts to R_ for the subgroup Gg. To
see this we restrict the surgery obstruction for our element z = [V] — V3] to each Gy, for
k+1 € 6(z) and apply [17, Thm. 5.1]. This establishes part of condition (i) for z containing
any one of the basis elements Indg(x) € B(r). We will deal below with the necessity of the
additional summand W}, for the basis elements Indg(aq (r — k) + 81 (r — k)), or Indg (21 (3)),
having 6 = {k,k + 1}.

For the elements fygi) (r) with s = 2, we use the relation (22 — Indg(Resy x)) € ker Resy

and the induction formula in Lemma 10.1 again. This shows that the elements 'ygz) (r) have
a non-trivial projection into each component of index < 2%, and we again apply [17, Thm.
5.1]. Condition (i) is now established for any = containing some 'ygl)(r) as a constituent.
Condition (ii) applies only to elements x of mixed type. These contain a constituent
Indg (201 (r — k)), for r — k = 4, with odd multiplicity. It says that W must contain a
summand which restricts to a sum of R, representations over the subgroup Gi. Suppose
if possible that W = Wj,1 @ U where U has isotropy groups contained in Ggy1. Then

K1(Cw,,,,c¢(Z)) = K1(Cw,g(Z)) by [IT}, Lemma 6.1, and
Wh(Cw,,,,c(Z)) = Wh(ZG)/ Wh(ZG41) -
However, the results of [5, Prop. 1.2] show that the inclusion induces an injection
H(Wh(ZGy)/ Wh(ZGyy1)) — HY(Wh(ZG)/ Wh(ZG)41)) -

It follows that the surgery obstruction trfy (o) is non-zero, contradicting the existence of
such a non-linear similarity.



SIMILARITIES OF CYCLIC GROUPS 35

To see that a summand W}, is also necessary when x has a constituent of the form
Indg (a1 (r — k) + B1(r — k)), 7 = 4, or Indg(2c1(3)), we start with the argument of the
last paragraph again. It shows that W must contain some W; for ¢ < k. However the
representations W; with ¢ < k all restrict to R4 or Ri over G, so it is enough to eliminate
similarities of the form W = Wy & R4 for G with k = 1. Restriction from G to Gi_1
then gives the general case. However, a non-linear similarity of this form is ruled out by
considering the surgery obstruction trfy (Indg (o)) € L5(Cw.c(Z)). Over the subgroup H
the representation Resy Wo = R?, and the surgery obstruction ¢7fRes »w (o) is computed
from the twisting diagrams tabulated in [18, Appendix 2]. In particular, it is non-zero in
L5(ZH)/LY(ZK) (see [18, Table 2: U — U, p.123]), which injects into L(Cresy w i (Z)),
where K denotes the subgroup of index 4 in GG. Since

0— Lg(ZG)/Lg(ZK) — Lg(CWg(Z)) — Lg(ZK) — 0
we check that the inclusion H C G induces an injection

LY (Cresy w,u(Z)) — L5(Cw,c(Z))

and hence the surgery obstruction ¢rfy (o) # 0 from the commutative diagram above. [
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