Chapter 10 Problem 5 Keith Jones

Given the equation z2%y” — zy/' + y = 0 with solution y; = —x; verify that y;
is solution, find a second independent solution ¥,, and check your answer.

First, we verify that y; = —z is a solution. To do this, we compute y|
and y{, and plug them in to the original equation to make sure it simplifies
to 0.
pw=—cz=y=—-1=y/=0
Plugging in gives 2%(0) — x(—1) + (—z) = 2 — z = 0. So we've verified

that y; is in fact a solution.

Now to find a second solution, y,. The trick we always use here is to let
Yo = uy; = —ux for some unknown function u of x. The work we are about
to do is to figure exactly what function of x u must be in order to ensure
that y, is a solution.

We want our function to look like the general form of a second order linear
differential equation. The general form is:

y" +ple)y +q(x)y = 0.
For our equation, we just divide through by z2:
y// _ x—ly/ + x—Qy =0.

Now, our ultimate goal is that ys be a solution to this, i.e., we want
vy — 27 yh + 272y, = 0. We can replace y, in this expression with uy;, since
that’s how s was defined. So we have

(—ux)” — 27 (~uz) + 27 (—uz) = 0.

By the product rule,

(—uz) = —u—u'z
and
(_ux)// — _u/ _ (u/ + u//x)
—u"x — 2u
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Thus, our equation above becomes

—u"z —2u — 7 (~u —v'z) + 27 (~uzr) = 0
" =2 4urt+u —uzTt = 0
—'r—u = 0

So we just need to find a u satisfying this equation. This is a second order
differential equation, but if we let v = u’, we have just

—v'r—v = 0
—d—U:E = v
de”™
©o_ [
v x
In(v) = —In(z)
In(v) = In(z™')
v = z7!

So w/ = 27!, which means u = In(z). Notice in these two integrals, we're

ignoring the constants of integration. We can do this because we just need
to find any u that makes the whole thing work. The easiest thing to do
therefore is let the constants be zero.

Since Y2 = uy;, we have y, = —xIn(z), making the final solution y =
—c1x — cexIn(x), or just y = 1z + coxIn(z), since ¢; and ¢y are arbitrary
constants.

To check that our solution works, we need only verify that y, works. If
1o works, then since we know y; works and we know that differentiation is a
linear operator, we automatically know that ciy; + coys will work.

Check:
yo = xln(z)
Yo = In(z)+1
vy = a7
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(27 —x(n(x) + 1) +2xln(z) =2 —zIn(zr) — 2z +2ln(z) =0

So, our solution is verified.



