MATH 371 - Summer 2007 Exam 1 Name:

Five questions, 20 points each. Show all work for full credit.

1. Solve the following separable initial value problem.

1 /
¥ =wy—wty—1 y(0)=2
Solution.
yo= 2@+D)y-1)
d
y——yl - 2/(:10 +1)da
Injy—1 = 2°4+22+4+¢
(y—-1) = ce(@*+22)
(2-1) ce =c
c = 1
y = e(z2+2z) +1
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2. Consider the matrix A = 41|
(a) Compute the determinant of A.
(b) Is A invertible? Briefly, why or why not?
(c¢) Find the eigenvalues for A. For each, find a corresponding eigenvector.
Solution.
(a) |[A|=2—-20=-18.
(b) A is invertible, since its determinant is nonzero.
() 2=N(1—=X)—20=(2-3X+A?)—20=\2—-3)\—18.
o —4x1 4+ 5292 =0 1 . . .
AL =6: Ay + —Brg =0 " So [ % } is an eigenvector for the eigenvalue 6.
B ~5r1 + 520 =0 1 . . . B
Ao =-3: Ay + dzg = 0 ° So [ 1 ] is an eigenvector for the eigenvalue —3.
O

3. Solve the differential equation 6zydr + (4y + 922)dy = 0

Solution. Let P(z,y) = 6zy and Q(x,y) = (4y + 922) = 0. Then 88—5 = 6z and % = 18z. So this
equation isn’t exact.

1.0Q 0P 12z 2

P or oy "Gy
Since this is a function of y, we can multiply through by:

2 [y ld
efy y:eZIny:y2

obtaining
6zy3dr + (4y° + 92%y*dy = 0

which is exact and has solution y* + 3z2y% = c. O
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4. Let u(z,y) = 3ye®, y(t) = In(t), and z(t) = t>. Find the derivative of u with respect to ¢ using
both the chain rule and the method of substitution.

Solution. Chain rule:
3 xT
[Bye”® + 3e”] [ Qlt ] = OGyte” + %
t

2 3
= e (6tn(¢) + ;)

Substitution:
u(t) = 3mn(t)e’
t2
W(t) = %—+mmmmw2

= £€+&mm

5. Using Picard’s Method, find y; and y, for the equation
y =2 +x+y, y0)=1
Solution.

o= 1+/(t2+t+1)dt
0

1'3 1'2
= 144+t
+5 S+

2 t?’

Y2 = 1+/(t2+t+(1+t+—+—))dt
0 2 3

v 3tz 3
= 1+/ (I4+2t+ —+ 7)dt
0 2 3
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