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Finitely Generated Groups

Definition
A generating set for a group G is a set S such that each g ∈ G
can be written as a product of elements of S .

Elements of S are called generators.

The group G is finitely generated if there exists a finite generating
set for G .
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The Cayley Graph Γ(G , S)

Definition
For a group G and a fixed generating set S , let Γ = Γ(G , S) be the
graph with vertices and edges:

vert Γ = G edge Γ = {(g , gs) | g ∈ G , s ∈ S}

Remarks:

– There is an edge between g1 and g2 in G if you can get from
g1 to g2 by right multiplication by a generator.

– Has “loops” only if 1 ∈ S .

– Circuits correspond to trivial words (i.e., relations).
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Cayley graphs of cyclic groups
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Two Cayley graphs for the infinite dihedral group D∞
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G = D∞ S = {s1, s2} such that |s1| = |s2| = 2 and s1 and s2 satisfy no relations.
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Different generating sets ⇒ different Cayley graphs

But if you stand far enough away, they look similar!
– Same large-scale behavior.
– (Only true with finite generating sets.)

Geometric group theory doesn’t sweat the small stuff.
– Ignore fine details.

Motto: “Coarse Geometry”
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Other interesting Cayley graphs: Z2 (free abelian group)
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Other interesting Cayley graphs: F2 (free group)
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A Very Nice Theorem

Theorem (A)

Let G be a group acting on a connected graph Γ such that the
stabilizer of any point is finitely generated. If the quotient graph
G\Γ is finite, then G is finitely generated.

(Appears in Serre’s Trees.) Is it older?



Natural Action on the Cayley Graph

Let G be a finitely generated group, S a fixed finite generating set.

G acts on itself by left multiplication.

This induces an action on the Cayley graph Γ = Γ(G , S),
satisfying:

– No (nontrivial) element of G fixes any point of Γ.

– G\Γ consists of a single vertex and (no more than) |S | edges.

– The Cayley graph of G is always connected.

So G acts on its Cayley graph with trivial point stabilizers and
finite quotient graph. (So what? We assumed G was finitely
generated to begin with!)
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Finite index subgroups

Theorem (B)

If H ≤ G has finite index in G , then H is finitely generated if and
only if G is finitely generated.

“H finitely generated ⇒ G finitely generated” is easy.

“G finitely generated ⇒ H finitely generated” is a consequence of
Theorem A, since the finite index subgroup H will also act on
Γ(G , S) with finite quotient.

(But so what!? This can be proved with pure group theory!)
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Wider application of Theorem A?

If H ≤ G has infinite index, then H\G is infinite, so that H\Γ is
not a finite graph.

Can we apply Theorem A to subgroups of G which do not have
finite index in G ?

Yes! (Sometimes.)

Let N / G . Perhaps we can find a connected subgraph ΓN ⊆ Γ on
which N acts with finite quotient.
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We want to impart a sense of direction on our Cayley graph.



If N translates Γ in a certain set of fixed directions...

1



...then even though the quotient is not finite ...

1Γ(G, S)

N\Γ(G, S)



...we can take a “strip” of Γ...

1Γ(G, S)

N\Γ(G, S)



...on which N acts with finite quotient.

1Γ(G, S)

N\Γ(G, S)
N\ΓN

ΓN



Two Problems

Problem 1: How do we impart a sense of direction on the Cayley
graph?

Problem 2: How do we know if a strip is connected?
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A Sense of Direction

A vector space has a sense of direction:

Take rays eminating from the origin.

The set of directions forms a sphere.
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The Sphere at Infinity, S∞

The Little Prince can see all directions from his tiny planet.



The vector space V = Gab ⊗ R admits a natural G -action by
translations.

There is a minimal N-invariant subspace VN .
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We use a control map h : Γ→ V to “lift” these directions to Γ.
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Finding connected strips with Σ1(G )

For each direction ~u in V , there is a half-space H~u ⊂ V .

Let Γ~u be the largest subgraph of h−1(H~u).

If Γ~u is connected, we say Γ is connected in the direction of ~u.

Σ1(G ) = {~u | G is connected in the direction of ~u}
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Let S⊥N be the set of directions orthogonal to VN .
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If every G is connected in every direction of S⊥N .

1Γ(G, S)

N\Γ(G, S)

Then we can find a strip wide enough that is connected.
This is technical.

– Uses the fact that a sphere is compact.

– Uses the fact that G is finitely generated

– Uses the fact that Σ1(G ) ⊂ S∞ is open.
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Theorem (Bieri-Neumann-Strebel)

Let N / G such that G/N is abelian. Then N is finitely generated
if and only if S⊥N ⊆ Σ1(G ).

In particular the commutator subgroup is finitely generated if and
only if Σ1(G ) = S∞.
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