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0. INTRODUCTION

0.1. Results. We study the automorphisms of some generalizations of Thomp-
son’s groups and their underlying structures. The automorphism groups of two of
Thompson’s original groups were analyzed in [2] and were shown to be “small” and
“unexotic.” Our results differ sharply from [2] in that we show that the automor-
phism groups of the generalizations are “large” and have “exotic” elements. The
term exotic is from [1] and is explained later in this introduction.

Richard J. Thompson introduced the triple of infinite groups ¥ C T C G in the
1960s and showed that they have several interesting properties. These groups were
later generalized to infinite groups Fy, o € Fy, €15, € Gy r forn > 2 and r > 1
for which F' = F5 oo = F5, T =T5; and G = G ;. Further background is given in
the second part of this introduction.

The automorphism groups Aut(F) and Aut(7) were analyzed in [2]. In this
paper, we study Aut(F), ), Aut(F,) and Aut(T, ,,—1) for n > 2. We find that all
three contain exotic elements, and that the complexity increases as n increases. We
also find that the structures of Aut(F,,) and Aut(7}, ,—1) are closely related, while
differing significantly from the structure of Aut(F), ). This difference increases
as n increases. Our analysis is only partial in that we discover large subgroups of

these groups containing exotic elements, but we do not know whether the subgroups
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are proper. Automorphism groups of a class of groups that include the Thompson
groups were studied in the unpublished notes [1] where the structures were analyzed
modulo the unanswered question of whether exotic automorphisms could exist.

We now give more details. Throughout the paper, functions will be written to
the right of their arguments and composition will proceed from left to right.

We give two fundamental facts that underly our analyses. The first is that
F, o and F,, act faithfully by homeomorphisms on the real line R, and T;, , acts
faithfully by homeomorphisms on the circle S, = R/rZ of length r. (The groups
G.r, not studied, act on the Cantor set.) Further, all the homeomorhpisms used
in the representations satisfy certain “local structure conditions.” That is, for each

n > 2, the representations use only homeomorphisms that

(1) preserve orientation,

(2) are piecewise linear (PL) ,

(3) have slopes restricted to (n), the multiplicative, cyclic subgroup of the
positive reals generated by n,

(4) have “breaks” (discontinuities of slope) restricted to a discrete subset of
Z[1], the ring of fractions with denominators in (n), and

(5) preserve Z[1] as a set.

In fact, T}, , is exactly the set of self homeomorphisms of S, that satisfy 1-5.

For F,, «, there is another restriction. There is a surjective ring homomorphism
¢n @ Z[L] — Z,_; defined by (a/n’)¢, = a (mod n — 1) (see Section 1) that
extends modding out by n — 1. If we let A,, denote the kernel of ¢,, then the

homeomorphisms used in the representation of F), o satisfy 1-4 above and
5. preserve A, as a set.

See Section 2 for full definitions of the generalized Thompson groups.
The second fundamental fact is that the actions above are highly transitive. Be-

cause of this, a theorem of McCleary-Rubin [20] applies which allows us to identify



the automorphism group of a generalized Thompson group H with its normalizer
N(H) in the full homeomorphism group of the real line or circle. Thus we can
identify an automorphism with a homeomorphism that normalizes the group in
question and discuss properties of the homeomorphism (e.g., satisfies properties
1-5 above) as if they were properties of the automorphism. This practice starts
with the next paragraph.

It is very easy to analyze the automorphisms of T}, ,,_1 and F;, that satisfy 1-5
and the automorphisms of F,, o, that satisfy 1-4 and 5’. The automorphisms that
are PL can also be fairly completely analyzed. Automorphisms that are not PL are
labeled ezxotic in [1].

The structure of exotic automorphisms depends only on the local structures of
the Thompson groups and the transitivity properties that bring in the McCleary-
Rubin Theorem. Thus it suffices to study just one group with each of these sets of
properties, and we choose the largest available. We thus invent “containers” where
the containing group for groups with the properties of F,, is A,(R) consisting of
all self homeomorphisms of R or S, that satisfy 1-5, and the containing group for
groups with the properties of F), » is B, (R) consisting of all self homeomorphisms
of R that satisfy 1-4 and 5. Note that A3(R) = B2(R). The group T}, ,,—1 can
serve as its own containing group.

The generalized Thompson groups are countable while A, (R) and B, (R) are un-
countable. However, the outer automorphism groups Out(A4,(R)) and Out(B,(R))
are countable, and each of Aut(F,,) and Aut(F), ) can be largely determined from
Out(A,(R)) and Out(B,(R)) respectively. Conversely, we use our knowledge of the
Thompson groups to help understand the outer automorphisms of the containing
groups. It is a consequence of [2, Lemma 3.7] that Out(A4,(R)) and Out(T, ,—1)
are isomorphic, so the role of 7}, ,_1 as a containing group will be brief.

In [2] it is shown that Out(T) = Out(A3(R)) is the cyclic group of order 2

(generated by a reflection). From there it is shown that the automorphism groups
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of F and T are “small” and easy to describe. In particular, an index 2 subgroup in
each of Aut(F') and Aut(7T) consists entirely of elements that satisfy 1-5 above.

For n > 2, we show that B, (R) is a characteristic subgroup of index n — 1
in A,(R) and that the automorphism groups (normalizers) satsify Aut(A,(R)) C
Aut(B,(R)). Thus there is a subgroup Out.(A,(R)) of Out(B,(R)) that surjects
to Out(A,(R)) with kernel of order n — 1.

For n not a prime, there are PL automorphisms of A,(R) and B,(R) that
are not in A,(R) and B,(R) in that slopes outside of (n) are used. We can
define Autpr(A,(R)) and Autpr(B,(R)) as those automorphisms that are PL,
with images Outpr, (A, (R)) and Outpr, (B, (R)) in the outer automorphism groups.

We can now indicate some of our results.

(1) Autpr(An(R)) = Autpr(Br(R)) and the structure is describable modulo
difficult questions in number theory (Section 3 and Theorem 6.1.4).

(IT1) Aut(B,(R)) is complete (has trivial center and trivial outer automor-
phism group so that Aut?(B,(R)) = Aut(B,(R))), but we know noth-
ing about Aut?(A,(R)) (to the extent of not knowing if it is contained in
Aut(B,(R))) (Theorems 2.4.3 and 6.1.9).

(III) For n > 2, Outpr(A,(R)) is of infinite index in Out(4,,(R)) and in par-
ticular intersects trivially an isomorphic copy of F» (Theorem 6.1.5).

(IV) For n > 2, Out.(A,(R)) is of infinite index in Out(B,(R)) and in partic-
ular intersects trivially an isomorphic copy of Fy, o for each 2 < m < n
(Theorems 6.1.6(d) and 6.3.2).

(V) For n > 4, there is an element of order n — 2 in Out(B,(R)) (Theorem
6.1.10).

(VI) For all n > 2, F = Fy = F» o, contains isomorphic copies of F,, and F,, o

(Proposition 2.5.2).
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Item VT is completely different from the others and its relevance(?) is touched
on in the second part of the introduction. It is elementary but seems not to be
known.

In IV, Out.(4,(R)) actually has trivial intersection with large parts of copies

of Aut(Fy, o) for 2<m < n—1.

0.2. Background and remarks. Thompson invented the groups FF C T C G in
connection with studies in logic. Later, Thompson established 7" and G as the
first known examples of infinite, finitely presented, simple groups [25] (see [7] for
published details). Higman [18] defined an infinite family of finitely presented,
infinite groups Gy, » with G = G2 1 and showed that G, , is simple when 7 is even,
and that it contains a simple subgroup of index 2 when n is odd.

Brown and Geoghegan [6] established F' as the first known example of a torsion
free group of type F Py and not of type FP. Later Brown [5] defined infinite
families of groups Fj, o C F,, C T}, , contained in G, , with F' = Fy = F; o and
T =T with the F,, and F}, o torsion free. Brown showed that all F,,, F}, o, Ty »
and G, , are of type F'P,, and not of type F'P.

Thompson’s groups have also appeared in homotopy theory [12], dynamical sys-
tems [14], the algebra of string rewriting [8], and diagram groups over semi-group
presentations [16]. In abstract measure theory, Geoghegan has conjectured (see
[4] or [13, Question 13]) that F might be a counterexample to the conjecture that
any finitely presented group with no non-cyclic free subgroup is amenable (admits
a bounded, non-trivial, finitely additive measure on all subsets that is invariant
under left multiplication). The contents and bibliographies of [2, 3, 5, 7, 8, 16, 19]
give access to all that the authors know concerning Thompson’s groups and their
connections to other areas of mathematics.

Our results give no information on the amenability question, but they do raise

interesting parallels between Thompson’s groups and free groups. The free group on



n > 1 generators has a complete automorphism group [10, 11], and the correspond-
ing outer automorphism group is large and contains copies of the automorphism
groups of the free groups on m < n generators. Also, the free group on 2 generators
contains copies of all countable free groups. These observations can be compared
with II, IV and VI above.

The authors are rather surprised with V. We have no idea if there is an upper
bound on the order of torsion elements in the outer automorphism groups.

TItem IIT contains the main divergence with the results of [2]. It implies that for
n > 2 there are large groups of automorphisms of the Thompson groups that do not
share the local structure of the elements of the Thompson groups and in fact are not
even PL. This item proves the existence of exotic automorphisms of Thompson’s
groups. In [1] exotic endomorphisms are found: non-PL homeomorphisms of R
that conjugate the Thompson groups into themselves, but not onto.

Item IV shows that very closely related groups (one a finite index, characteristic
subgroup of the other) can have very different automorphism groups (one is of
infinite index in the other). This phenonemon is not new, but examples require
some work to construct. See Section 6.

We have small things to say about other subgroups of A, (R) and B,(R). We
point out that certain subgroups that capture enough of the local structure of
the elements will have their automorphism groups contained in Aut(4,(R)) and
Aut(B,(R)). Thus we discuss a class of groups associated to each of A,(R) and
B,(R). We have nothing to say about T), , when r is not congruent to 0 modulo
n — 1 since in this case, Out(A4,(R)) and Out(7T}, ) are hard to compare.

When n — 1 has non-trivial divisors, there are containing groups between A,,(R)
and B, (R). It is clear that some of our techniques could be applied to these groups,

but we do not do so here.



The results in this paper were obtained by exploiting various algebraic and geo-
metric relationships between the various Thompson groups. For example, the al-
gebraic Proposition 4.1.2 and geometric Lemma 4.1.5 combine to yield Theorem
4.1.6. A more purely geometric point of view is taken in [2].

The unpublished notes [1] of Bieri and Strebel contain much material about
the automorphisms of groups of piecewise linear homeomorphisms of the real line.
There is overlap of varying amounts between the material in [1] and material below
in Sections 1, 2.6 and 3 and some material in Section 6 that ties our various results
together. The parts of the current paper that do not overlap with [1] are Sections
4 and 5. The contents of the various sections are discussed briefly below. See [2,
Section 1.3] for a discussion of material in [1] that complements our results. There

are also some details from a very small part of [1] given in an appendix to [24].

0.3. The structure of the paper. We combine algebraic and geometric analysis.
The algebra is easier to work with on R and the geometry is easier to work with
on the circle. The results of [2] allow us to move back and forth between the two
settings. Most of the paper takes place on the line with a few short trips to the
circle to establish some key geometric facts. By and large the algebra furnishes
examples and the geometry shows that the examples are non-trivial.

The point of view of [2] is adopted here that the groups we work with consist
of locally defined homeomorphisms and it is the local properties that determine
the automorphisms. It is for this reason that we define two classes of groups with
the local properties of F,, and F), », and work with A, (R) and B, (R), the largest
members of each class. The classes are introduced in Section 1 and the Thompson
groups are introduced in Section 2. The piecewise linear automorphisms are an-
alyzed in Section 3. Techniques for constructing automorphisms are developed in
Section 4. The emphasis to this point is the existence of automorphisms. Section

5 develops restrictions on the automorphisms. From the results in Section 5 all



“negative” results are obtained: certain automorphisms are not PL, certain auto-
morphisms of B,, are not automorhisms of A,,, etc. Results are gathered in Section

6, and some questions are raised in Section 7.

1. THE CLASSES

1.1. The class “containers”. We define the groups that contain all the groups
in their class.

For n > 2 an integer, let Z[1] = {an’|a,b € Z} and let (n) = {n*|k € Z}. For a
PL function f from R to itself, a break of f is an x in the interior of the domain of

f at which f’ is discontinuous.

Definition 1.1.1. Let n > 2 be an integer. Let A,(R) be the set of all homeo-

morphisms h : R — R so that

1) h is orientation preserving,

2) his PL,

(1)
(2)
(3) the slopes of h are all in (n),
(4) the breaks of h are in a discrete subset of of Z[1], and
(5) (Z[;Dh = Z[3].

Item 1 follows from item 3, but is included for emphasis. The fact that Property 5
can be weakened to (Z[1])h C Z[1] in the presence of Property 3 will be of no use

in this paper.

Lemma 1.1.2. The set A,(R) is a group, and so is the set of all homeomorphisms

h: R — R that satisfy Property 1, 2, 4 and 5 of Definition 1.1.1.

Proof. That Properties 1-2 are preserved under inversion and composition is stan-
dard. That Property 5 is preserved by inversion and composition is immediate.
That Property 4 is preserved by inversion follows from Property 5, and that Prop-
erty 4 is preserved by composition follows from the chain rule and Property 5. That

Property 3 is preserved by composition and inversion follows from the chain rule.



For n > 2 an integer, define ¢,, : Z[+] — Z,,_1 by (an®)$, = a (mod n—1), and

for f € Ay(R), let fp, = (zf)dn — (z)y, for some x € Z[1].

Lemma 1.1.3. Forn > 2 an integer,

(a) ¢ is well defined and a surjective ring homomorphism,
() if f e AL(R) and z, 2’ € Z[%}, then (zf)pn — xdn = (' f) o — T' P,

(c) pn:An(R) = Zy_1 is a well defined, surjective homomorphism.

b — ¢'n¥ with all of a, b, @/,

Proof. (a) The function ¢,, is well defined since an
b’ integers implies that a = @’ = 0 or a/a’ is an integral power of n and we know
n =1 (mod n — 1). It is a ring homomorphism for the same reason. That it is
surjective is trivial.

(D) Let x = a9 < @1 < 23 < -+ < Ty < Tpy1 = ¢’ where 21,...,x, are the breaks
of f between z and z’. The lemma follows if it is true that (x;f)¢, — z;0, =
(Tit1f)Pn — Tiy10, so we assume that there are no breaks between = and z’/. We
have 2’ f — 2 f = n*(2’ — x), and since ¢,, is a ring homomorphism taking n to 1,
we get (' f)dn — (@f)bn = &' dn, — £, which implies the result.

(c) That p, is well defined follows from (b). It is surjective since all translations

by integers are in A, (R). Now

(9f)pn = (xgf)Pn — xPn
= (ng)¢n - (xg)¢n + (asg)qbn — TPn

= fpn +9pn
0

For n > 2 an integer, let A, be the kernel of ¢, : Z[%] — Z,_1. For an
f € A, (R), we think of fp,, as the amount that f rotates the cosets of A,, in Z[1].

Let B, (R) be the kernel of p,, : 4,(R) — Z,_1. The following is immediate

from Lemma 1.1.3(c).
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Lemma 1.1.4. Forn > 2 an integer, |A,(R) : B,(R)| =n — 1. O
For a real 7 > 0, we let S, = R/rZ be the circle of length r. If r € Z[1], then
rZ C Z[%], and we will denote the quotient Z[1]/rZ C S, by Z[L]. If r € A, then

rZ C A, and ¢, induces a surjective homomorphism ¢, : Z[%] /rZ — Z,,_1. From
now on we will let context determine whether we are in S, or R.

For a real r > 0, 7 € Z[X], we let A,(S,) be those self homeomorphisms of S,
that satisfy the 5 properties in Definition 1.1.1. An argument similar to the proof

of Lemma 1.1.3(c) shows the following.

Lemma 1.1.5. For a real r > 0, r € A,,, there is a well defined homomorphism

P An(Sy) = Zn_1 given by fp, = (xf)by — ¢y, for any x € Z[1]. O

Note that in the proof of Lemmas 1.1.3(b) and 1.1.5, we do not need f to be a
homomorphism, and that fp, is well defined for any continuous self-map of R or
S, that satisfies 1-5 in Definition 1.1.1.

For areal r > 0, r € A,,, we let B,,(S,) be the kernel of p,, : A,,(Sr) — Zp—1.

1.2. Transitivity and the equality of automorphism and normalizer.

Lemma 1.2.1. Forn > 2 an integer, let 11 < 20 < - < Xy and y1 < ys < -+ <
Yn all be in Z[%] such that x;¢,, = y;dpn for all i with 1 < i < mn. Then there is an

f € Ba(R) so that x;f =y, for each i with 1 < i <mn.

Proof. By putting together pieces of a function with infinite portions of slope 1, it is
clear that the lemma follows if we show that there is a function taking [x1, z2] onto
[y1,yo] satisfying all the local properties of elements of B, (R). We can divide the
interval [z, x5 into subintervals of length n* for some integer k¥ and we can do the
same to [y1,y2] with intervals of length n! for some integer I. Since (y; — 1)¢, =
0 = (y2—x2)dn, we have (y2 —y1)dn = (x2— 1)@, and thus the number of intervals

used in the subdivision of [x1,x2] is equivalent to the number of intervals in the
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subdivision of [y, y2] modulo n — 1. We can increase the number of intervals in
a subdivision by any multiple of n — 1 by taking intervals in the subdivision and
subdividing them (repeatedly if necessary) into n intervals of equal length. This
preserves the property that each interval has length an integral power of n. In
this way we can get subdivisions of [z1, z2] and [y1, y2] that have the same number
of intervals. Now a function can be defined from [z1,x2] onto [y1,y2] that takes
the intervals in the subdivision of [z, 23] in order to those of the subdivision of
[y1,y2] so as to be affine on each interval. The properties of elements of A4, (R)
are automatically satisfied, and the extra property required to be in B,(R) is

guaranteed by the fact that z1¢, = y1¢n,. O

The techniques in the proof of previous lemma yield the next lemma.

Proposition 1.2.2. Let —co < a < b < 0o be extended integers and let {x;} and
{yi}, a < i < b, be discrete sets in Z[%] which satisfy ©; < xiv1 ¥i < Yir1, and
(Yi—x;)n = (Yit1—Tig1)dn for each i witha < i < i+1 < b. Assume that for each
J for which a < 2j < 2j+1 < b that there is a homeomorphism f; from [xa;, T2;j+1]
onto [ya;,Yaj+1] satisfying the 5 properties in Definition 1.1.1. Then there is a

function f € A,(R) that agrees with f; for each j with a < 2j < 2j+1 <b. O

Let D be a subset of R and let a group G act on R by order preserving homeo-
morphisms. We say that G acts o-k-transitively on D if for for every x1 < --- < z,
and y; < .-+ < y in D, there is an f € G so that z;f = y; for each i with
1 < i < k. For a subset D of S,., we say that a group G that acts on .S, by orienta-
tion preserving homeomorphisms acts o-k-transitively on D if for every x1,..., xg
and y1,...,yx in D with 1 < --- <z and y3 < --- < yg in some closed interval
in S, with the order inherited from the projection R — S, = R/rZ, there is an
f € G so that x; f = y; for each i with 1 < i < k.

For an f € Homeo(R), we let the support of f be the set of all z € R for which

xf # x. If G acts on R by order preserving homeomorphisms, then we say that G
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has a non-trivial element of bounded support if for some f € G not the identity, f
is fixed off some compact subset of R. If G acts on S, by orientation preserving
homeomorphisms, then we say that G has a non-trivial element of bounded support

if for some f € G not the identity, f is fixed on some open set.

Lemma 1.2.3. The groups A,(R), A,(S,), (r € Z[1]), B,(R) and B,(S,), (r €
A,,), all have non-trivial elements of bounded support and act o-k-transitively on

Z[L] or A, (in the appropriate domain) for all k.

Proof. This follows from Lemma 1.2.1 and an easily proven corresponding lemma

for S,. O

Theorem 1.2.4 (McCleary-Rubin [20]). Let G act on R or S, by orientation
preserving homeomorphisms. Assume that G has a non-trivial element of bounded
support. If G acts on R, assume that G acts o-2-transitively on a dense subset of
R. If G acts on S, assume that G acts o-3-transitively on a dense subset of S,.
Then for each automorphism a of G, there is a unique self homeomorphism h of R

or S, (whichever is appropriate) so that fa = h=1fh for every f € G.

1.3. The two classes and their automorphisms. Let the class [A,] consist of
all subgroups G of A, (R) or A,(S,), 7 € Z[1], that have a non-trivial element of
bounded support, that act o-2-transitiviely on R or o-3-transitively on S;., and that
use all the germs of 4,(X), X = R or X = S,, in that for each © € X and each
f € A,(X), there is a g € G so that f = g on some open neighborhood of x.

Let the class [B,] consist of all subgroups G of B, (R) or B,(S,), r € A,, that
have a non-trivial element of bounded support, that act o-2-transitively on R or
o-3-transitively on S,., and that use all the germs of B,(X), X =R or X = 5,, in
that for each x € X and each f € B, (X), there is a ¢ € G so that f = g on some
open neighborhood of x.

We immediately get the following.
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Lemma 1.3.1. The groups A,(R), A,(Sy), (r € Z[]), are in the class [A,], and

1

n
the groups B, (R) and B,(S,), (r € A,), are in the class [By). O
Let Homeo(X) be the group of homeomorphisms of the topological space X.
If G is a subgroup of Homeo(X), then let N(G) denote the normalizer of G in

Homeo(X).

Lemma 1.3.2. Let X = R or X = S,, and let C = A or C = B. Then the
following hold.
(a) For G in the class [Cy], taking h € N(G) to conjugation of G by h is an
isomorphism from N(G) to Aut(G).
(b) If G is in [Cy], we have N(G) C N(Cp(X)).
(c) G € [Cy] is characteristic in Cp(X) if and only if N(G) = N(Cn(X)).

Proof. (a) This follows immediately from the McCleary-Rubin theorem.

(b) For h € N(GQ), f € Cr(X), and z € X, some g € G agrees with f on a
neighborhood of z so that h='gh and h~! fh agree on a neighborhood of zh. Since
h € N(G) and G C C,,(X), the behavior of h~*gh on a neighborhood of xzh satisfies
the requirements in Definition 1.1.1. Thus =1 fh is in C,,(X).

(¢c) If G is characteristic in C,,(X), then restriction gives a homomorphism from
N(C, (X)) to N(G) which is seen to be the bijective inverse of the inclusion in (b)
by the uniqueness part of the McCleary-Rubin theorem. The converse follows from

(a). O

For X = R or X = S,, the isomorphism between Aut(A,(X)) and N(A,(X))
allows us to identify Out(A,, (X)) with N(A,(X))/A,(X). Similarly for B, (X). We
let Outo (A, (X)) and Out, (B, (X)) be the images in Out(A, (X)) and Out(B,(X))
of the orientation preserving elements of N(A, (X)) and N(B,(X)). They are
index 2 subgroups since all elements of A, (X) and B, (X) preserve orientation and
T +— —zx is a normalizer on both R and S,. For » € R, let ¢, be the translation

xt, =x+r.
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The next lemma follows from [2, Lemma 3.7] and its proof.

Proposition 1.3.3. (a) The projection R — S, = R/rZ induces an isomorphism
Out(B,(R)) — Out(B,(S;)) forr € A,.

(b) Each element of Out,(B,(R)) has a representative that fizes t,_1. O

1.4. B, is characteristic in A,,. We start with the geometric property that makes

B,, characteristic.

Lemma 1.4.1. With X either R or S,—1, B,(X) is the subgroup of A,(X) gen-

erated by elements with non-empty open sets of fixed points.

Proof. Elements fixed on non-empty open sets are all in the kernel of p,, giving one
containment. When X = R, and an o € B, (X) is given, then Proposition 1.2.2
gives a 8 € A, (X) that is the identity off some finite interval that agrees with a on
an open set. Now a = ((a~1)3 and both 3 and a3~! have non-empty open sets
of fixed points. When X = S,,_1, an open set U is chosen so small that the closure
of U U Uw is contained in an open interval I in S,,_; whose complement contains
a non-empty open set. Now [ can be chosen with support in I to agree with « on

U. O

Proposition 1.4.2. With X either R or S,_1, the normalizer of A,(X) is con-
tained in the normalizer of B,(X). This implies that B, (X) is characteristic in

Ap(X).

Proof. Conjugation preserves the property of being fixed on an open set. The last
statement comes from the fact that the normalizers are naturally identified with

the automorphism groups. (I

1.5. The permutation induced by a normalizer. In this section we visit the

circle to obtain information that is then lifted to the real line.
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Fix an integer n > 2. Let II,, be the permutation group on the set {0,1,...,n—
1}. Let pup : Sp—1 — Sp—1 be the map defined by zu,, = nz. We say that a map is
a local homeomorphism if there is an open cover of the domain so that, for each U

in the cover, the map restricted to U is a homeomorphism onto the image of U.

Lemma 1.5.1. The map py s a local homeomorphism, is not a homeomorphism,
and otherwise satisfies the 5 properties in Definition 1.1.1. There are n — 1 fized
points of p, and these are the n — 1 integer points in S,_1. The germs of ., are
contained in the germs of By(Sn—1). For x € S,_1 in Z[L], the forward orbit of x
under iterates of puy, ends at the fized point x¢p,.

Proof. The first sentence is immediate, and the second sentence is shown by noting
that the solutions to nz = x4+ k(n—1) in R are the integers. We already know that
the germs of p, are contained in those of A, (S,—1). The third sentence follows
because u, has fixed points, so by the remarks following Lemma 1.1.5, p,p, = 0.
For the last sentence, the action of u, on the base n expansion of z is to shift
the n-ary point one position to the right and then reduce the integer part modulo
(n—1). This preserves the value of ¢,,. Eventually, the characters in the fractional

part are used up and an integer remains. O
Lemma 1.5.2. If h is a normalizer of B,,(Sn—1), then Z[%]h = Z[%]

Proof. The germs at an x € S,,_; of elements of B,,(S,,—1) that have a fixed point at
x form a group. If z € Z[%], then this group is isomorphic to Z x Z with generators
being “slope n to the right of " and “slope n to the left of z.” For any x ¢ Z[1],
this group is either isomorphic to Z or is trivial. Conjugation by h induces an
isomorphism from the group of germs at = of elements with fixed point = to the

group of germs at xh of elements with fixed point zh. The result follows. O

Lemma 1.5.3. Let h be a normalizer of B, (Sn—1). Then the germs of both both

hi,h=t and h= pnh are germs of By, (Sn_1).
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Proof. This follows immediately from Lemma 1.5.1. O

Proposition 1.5.4. There are homomorphims that we ambiguously refer to as m,
from each of N(Bn(Sn-1)), N(An(Sn-1)), Out(Bn(Sn-1)), N(Bn(R)), N(An(R))
and Out(B,(R)), toIl,_1. For h in one of these groups, the equation (x¢y,)(hmy,) =
(zh)dy holds for any x € Z[1] and gives a well defined permutation on the residues
Thn, © € Z[L], in that (xh)p, = (yh)dy, if and only if xdy = yon, for any x and y

Proof. Any result for N(B,,) will apply to N(A,,) since normalizers of A,, are nor-
malizers of B,.

We start with an h in N(B,,(S,—_1)). Since the forward orbit of each 2 € Z[1]
ends in the fixed point ¢ = x¢,,, we have that the (n — 1) sets of pre-images of the
fixed points under iterates of i, are exactly the (n — 1) classes of points in Z[1]
with the same values of ¢,,. These are carried to the (n — 1) sets of pre-images of
the fixed points under iterates of h~'y,,h. However, since the germs of h~'u, h are
in the germs of B, (S,_1), each of these sets consists entirely of elements of Z[]
with a common value of ¢,. Since Z[1]h = Z[L], these sets cover all of Z[1] and
therefore all of the (n — 1) values of ¢, on Z[1]. Thus the (n — 1) sets of pre-
images of the fixed points under iterates of h=1u,h are exactly the (n — 1) classes
of points in Z[%} with the same values of ¢,,. The fact that 7, is a homomorphism
follows from the fact that i(hm,) = (ih)¢,. We get an induced homomorphism on
Out(B,(Sy—1)) since B, (S,—1) is contained in the kernel of 7.

To get m, defined on N(B,(R)), we note that Proposition 1.3.3(b) implies that
any h in N(B,(R)) induces a permutation on the values of ¢, modulo an element
of B,(R)). However, elements of B, (R)) act trivially on the values of of ¢,,. Thus
we get a well defined hm,,. That this is a homomorphism and that we get an induced

homomorphism on Out(B,(R)) follows as on Sy, _1. O
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2. THE THOMPSON GROUPS

2.1. Definitions and presentations. We define the groups referred to as gener-
alized Thompson groups in the introduction, and we prove basic facts about them.
The material here (through Proposition 2.4.2) can be found in [5, pp. 51-63] where
the Thompson groups are defined as subgroups of automorphism groups of certain
algebras and it is proven that they are isomorphic to the groups defined below.
Since the basic setting, the arrangement of material and some of the proofs are
different from what is found in [5], and since we will need some of the details of
arguments, we give full proofs. See the references in [2] for other papers that treat
all or parts of this material when n = 2. Our notation is largely, but not entirely
consistent with that of [5].

Fix an integer n > 2. For a real i, let g; be the self homeomorphism of R defined
by

T z <1,

29 = yn(zx—i)+i i<z <i+]l,

rz+n—1 z>1+ 1.
Typically, ¢ will be an integer. Recall that xt, = = + r. Note that all the g; for
i € Z[1] are in B,,(R) and that ¢, is in 4,(R) if 7 € Z[1] and in B, (R) if r € A,,.
The Thompson groups will be defined by fixing an n and chosing various of
the homeomorphisms g; and ¢, as generators. Parts of this paper make use of
the relationships that exist between the Thompson groups for different values of
n. When such discussions take place, it will be necessary to distinguish between

the g; for various values of n. In those places, we will use g,; to refer to the

homeomorphism g¢; that is defined in the previous paragraph.

Definition 2.1.1. Fix an integer n > 2. If Y is a set of elements in a group G, then
we use (Y) to denote the subgroup of G generated by the elements in Y. Using the

elements of A, (R) and B, (R) described above we establish notation for certain
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subgroups of 4,,(R) and B, (R).

Frnoo ={tn-1,---,9-1,90,91,-.-)
F, ={t1,--,9-1,90,915---)
F i =(Gis Jit1,---)

Frn- =(..,9-1,90,01,---)

The group F,,; is not the same as the group F,, in [5]. Our group F), o cor-
responds more closely to the embedding of F, o in F,, in [5, Prop. 4.3] than the
definition of Fj, o in [5, Prop. 4.1].

The next item is established by direct checking. Shortly, we will see that the

relations given there are sufficient to give presentations of the groups defined above.
Lemma 2.1.2. Each of the following relations

9939 = gjin for all 4 < j
t;ilgjtn—l = Ggj+n-1 for all j
tflgjtl = gj+1 for all j

is satisfied by the generators of F o0, Frn, Fp; and F,, _o whenever the generators

in the relation are in the group in question. ([

Thus the groups F;, o, Fy, and F;, ; are finitely generated and:

Fn,oo - <tn71790,gl,-~‘7gn72>
Fn = <t1;gO>
Foi  =A{9is9ix1s- - Gitn—1)-

The group F,, _ is not finitely generated since it is the union of
Fn,Oan,fl an,72 g .

Definition 2.1.3. Let F*

n,00?

Fy, F,,; and F; _ be the groups presented with

generators as given in Definition 2.1.1 of the corresponding unstarred group and all

relations in Lemma 2.1.2 that apply to the generators of the group.
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Lemma 2.1.4 (Semi-normal form). An element of E}* can

* * *
1,007 Fn7 Fn,i or Fn,—oo

be written as PN~ where both P and N have the form
) 1)

where € > 0 and is positive only if appropriate to the group, r isn —1 or 1 as

appropriate to the group, each §; > 1, and i1 < iz < -+ < iy.

Proof. The relations of Lemma 2.1.2 imply the following;:

9;91‘ = gig§+n_1 for all 1 < j
97195 = g5 pnrg;t foralli<j

g5tn—1 =1tn-1954n_1 for all j

g5 = g5 atnty  forallj
git1 = t19544 for all j
—1 e __ € —1 .
b7 95 = gt for all j

where € is +1 or —1 in each relation. In words, the first equation above says that
positive powers of g; can move to the left of a g5 with j > i at the expense of
raising j. There are similar wordings of the remaining equations. The achievement
of the semi-normal form now follows by sliding generators to their appropriate

positions. O

The above is not a normal form. For example, when n = 2, we have g3gogy z =
909190 1. We can achieve a normal form by making suitable restrictions, but we

have no need for this. A discussion for n = 2 is in [6] and [7].

Proposition 2.1.5. In F; , F;, and F} _

oo any non-trivial normal subgroup

oo

contains the commutator subgroup. In F¥, any non-trivial normal subgroup contains

n’

the commutators of all pairs in {t,—_1,...,9-1,90,91,--- }-
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Proof. Let a non-trivial element in a normal subgroup K have semi-normal form
PN~!. By conjugating (if necessary), we can assume that P and N start with
different generators. By inverting (if necessary), we can assume that P starts with
t,. (with an appropropriate r) or with a g; of lower subscript than the generator at
the start of N. Let the generator at the start of P be v and let P = * P, where
P, does not start with a non-zero power of ~.

From this point to the end of the proof, all statements of equality, triviality or
commutativity are modulo the normal subgroup K. Now either 7" is trivial, or v*
equals a word w = P N1, in generators of “higher subscript” than that of ~ (all
g; have “higher subscript” than that of ¢,.). We claim:

(%) These facts imply that v¥ commutes with all g; and with t,,_; if applicable.

We can assume that v* is not trivial. For an integer g, let w, be w with the

subscripts of all its generators raised uniformly by ¢(n—1). Conjugating vy*w=! € K
by powers of v, gives v¥ = w, for all ¢ > 0. Any g; or t,_1 conjugates some w, to
wqy1 for some sufficiently large ¢, and so commutes with 4*. This proves ().
(#x) If g; has subscript higher than that of v, then +* conjugates g; to some g,
with m > j and we have g; = g, by the conclusion of (x). This says that g;
satisfies the hypotheses about 7% in (x), so g; commutes with all g; and with ¢,,_;
if applicable.

If g; is arbitrary and o = g; for some i < j or o = ¢, if applicable, then a4
conjugates g; to (gj), (notation as above), and a?*! conjugates g; to (gj)q+1. For
q sufficiently large, (g;)q = (9j)q+1 by (¥x). Thus a = a?(a4)~! commutes with

g; and the proof is complete. ([

Corollary 2.1.5.1. Each of the groups F, o, Fy, F,; and F,, _ is presented by

the “starred” presentation given in Definition 2.1.3.
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Proof. The homomorphism taking each formal generator to the homeomorphism
it denotes yields an injection since no two of the homeomorphisms g; and g; with

1 # j commute. O

Note that conjugating by either ¢; or t,_; induces an automorphism on each of
Fr 00, Fy and F,, o and an endomorphism on each F), ;. Conjugating by t; fixes
t; and t,,—1 and takes each g; to g;+1 and conjugating by t,,_1 fixes t; and ¢,,_; and
takes each g; to g;4n—1. We use o1 to denote the automorphisms and endomor-
phisms induced by conjugation by t; and use o,_1 to denote the automorphisms
and endomorphisms induced by conjugation by ¢, _1.

The next lemma follows easily from the lemmas thus far established.

Lemma 2.1.6. The groups F,, o and all F, ;, i € Z, are isomorphic. The group
Fr 0o is a semidirect product of F,, _o and Z where the action of one generator
of Z on F, _ is that of o,—1. The group F,, is a semidirect product of Fy, oo
and Z where the action of one generator of Z on F,, _ is that of o1. The groups
F, o and Fy, are also ascending HNN extensions of each F, ; where the defining

endomorphisms are o1 and oy respectivley. O

2.2. Characterizing the elements of Thompson’s groups. For each of the
groups defined above, we characterize the self homeomorphisms of R that are its
elements. To do this we will build new machinery for describing self homeomor-
phisms of R. For the rest of this section, we fix n at some integer greater than
1.

A subdivision of R into closed intervals is a locally finite collection of bounded,
closed intervals whose union is all of R and whose interiors are non-empty and
pairwise disjoint. Note that a subdivision of R can be described completely by its
set of endpoints, and that the sets of endpoints of subdivisions of R are precisely
those subsets of R that are closed, discrete and that have neither an upper nor a

lower bound.
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Definition 2.2.1. Let the standard subdivision S of R refer to the collection of
closed unit intervals [i,i+1], ¢ € Z. The intervals in the standard subdivision S will
be called the standard intervals. Given a subdivision of R into closed intervals, an
allowable modification of the subdivision is to replace one of the closed intervals [a, b]
in the subdivision by its subdivision into the n intervals [a+(b—a)<, a+ (b—a) ],
0 < ¢ < n. An dllowable subdivision of R is one obtained from the standard
subdivision S of R by a finite number of allowable modifications. Note that all
but finitely many of the intervals in an allowable subdivision of R will be standard
intervals. An allowable interval is an interval in some allowable subidivision of
R. Tt is immediate that the allowable intervals are those intervals of the form
[in*, (i + 1)n*] for some integer i and non-positive integer k. We say that an
allowable subdivision of R is supported in a subset A of R if A contains all the

non-standard intervals of the subdivision.

Let D and R be two allowable subdivisions of R. An isomorphism from D to R
is an orientation preserving homeomorphism from R to itself that is the identity
near —oo and that takes each interval in D affinely onto an interval of R. There is
only one isomorphism from a given D to given R. The definition of isomorphism
could be made more flexible, the next lemma could cover more groups than F, g,
and Definition 2.2.3 extended to cover these changes, but we will have no need of

this.

Lemma 2.2.2. The group F, o consists of all isomorphisms between pairs of al-

lowable subdivisions of R that are supported in [0,00).

We will give a constructive proof since we will have later need of the construction.
We first give a lemma that will go into the proof and whose statement we will need

later.

Definition 2.2.3. We call a word P in the generators g;, ¢ > 0, of F,, o as given

in Definition 2.1.1 a positive word if all generators appear with positive exponent.
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Note that each of the parts P and N of a semi-normal form PN ! of a word in
the generators of F;, o is a positive word. We will define the subdvision of R that
we associate with such a positive word P. Let P = g¢;, i, - - - g5, - Let the prefixes
of Pbe Po =1,P, = giy,...,Pu_1, P, = P where P; = Pj_19;;- We inductively
associate subdivisions Dy, ..., Dy to the prefixes where Dy = S. To do so we need a
numbering scheme. Note that any allowable subdivision of R has 0 as an endpoint
of an interval. We number the intervals of an allowable subdivision of R that is
supported in [0, 00) so that interval 0 has 0 as its left endpoint and the intervals are
numbered by the integers consecutively from left to right in R. We now define D; as
that subdivision obtained from D;_; by subdividing interval numbered i; in D;_;
into n subintervals of equal size (here i; is the subscript of the ending generator in
Pj). The subdivision associated with each P; is D;. In Fj, o, the subscripts of all

the g; are non-negative, so all of the subdivisions D; will be supported in [0, c0).

Lemma 2.2.4. (a) Every allowable subdivision of R that is supported in [0,00) is
associated with some positive word in semi-normal form in the generators of Fy, .
(b) If P is a positive word in the generators of F, o, then P represents an isomor-
phism from the subdivision D associated with P to the standard subdivision S of
R.

(¢) If PN~ is a semi-normal form for an element of F, o, then it represents
an isomorphism from the allowable subdivision D of R supported on [0,00) and
associated with P to the allowable subdivision R of R supported on [0,00) and

associated with N.

Proof. We get (a) from the definitions by always choosing the leftmost interval to
subdivide when there is an ambiguity as to which interval to subdivide next. We
get (b) by induction on the length of P and the observation that (b) is true when

P is a single generator g;, and we get (c) from (b). O
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Proof of Lemma 2.2.2. Both containments of the claimed equality follow from the

previous lemma. O

Proposition 2.2.5. The group F, o consists of all elements f of A,(R) that are
the identity to the left of 0 and are translations by integegral multiples of n — 1 near

oo in that there are integers i and M so that xf = x4+ i(n — 1) for all x > M.

Proof. The generators of F,, o all fit the description in the statement and the de-
scription is preserved under inverses and composition. Thus it remains to show
that all elements as described are in F, g.

Let f be as described in the statement. By the previous lemma, we must show
that f is an isomorphism between two allowable subdivisions P and @ of R that
are supported in [0,00). Near +oo, the standard subdivision supports f as an
isomorphism. We must arrange things on a compact set. There is an allowable
subdivision P of S so that f is linear on each interval in P. This is done by
subdividing intervals until the breaks of f are contained in the endpoints of the
subdivison. Since f is the identity to the left of 0, only intervals in [0,00) will
have to be subdivided. The image subdivision Pf has its endpoints in Z[%], and
it can be subdivided to a subdivision @’ by allowable modifications so that Q' is
equal to S except on some interval [a,b], 0 < a < b, a,b € Z, where Q' consists of
intervals of one constant length n~*. Let P’ be the subdivision Q' f~! of P. Since
f is linear with slope an integral power of n on each interval of P, this subdivision
of P uniformly subdivides each interval of P into subintervals of length n=7 for an
integer j that depends on the interval. Tt follows that P’ is an allowable subdivision

of P and f is an isomorphism carried by the allowable pair (P’, Q). O

In the proof above, we did not use the fact that the translation near co was by
an integral multiple of n — 1 because we did not have to. Any element of 4, (R)
that fixes 0 and is a translation by an integer near co is a translation by an integral

multiple of n — 1 near oco.
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The next proposition follows easily from the proposition just proven.

Proposition 2.2.6. The group F,, _ consists of all elements f of A, (R) that are
the identity near —oo and that are translations by integral multiples of n — 1 near
00. The group F,, o consists of all elements f of A,(R) that are translations by
integral multiples of n — 1 near +oo in that there are integers i, j and M so that
of =x+i(n—1) for all x < —|M| and zf =z + j(n — 1) for all x > |M|. The
group F, ; consists of all elements f of F, o that are the identity on (—o0,i). The
group F,, consists of all elements of A,(R) that are translations by integers near
+oo in that there are integers i, j and M so that xf = x4+ for all x < —|M| and

xf =x+j forall x> |M)|. O

Since F,, C A,(R), each f € F, rotates the cosets of A, by p,(f). Thus the
values of 7 and j in the description of elements of F, in the previous statement
must be congruent modulo n — 1. This observation and the preceeding proposition

yield:
Corollary 2.2.6.1. |F,, : F}, | =n — 1. O

Lemma 2.2.7. The group F, is in [Ay], and the groups F, oo, Fpn,—oo and F,; are

in [By].

Proof. If C' is any compact subset of R and f € A,(R), then Proposition 1.2.2
implies that there is a g in A, (R) that agrees with f on C and is a translation by
f&n near £oo. This suffices to put g in Fj,, and suffices to prove that F,, is in [A,].

Similar arguments give the rest of the statement. O

2.3. Thompson’s group on a closed interval. Let F), [o,,—1) be the set of el-
ements of A,(R) that have support in [0,n — 1]. By Proposition 2.2.6, this is a

subgroup of F,, ¢ and thus of B, (R).

Lemma 2.3.1. There is a homeomorphism from [0,00) to [0,n — 1) that induces,

by conjugation, an isomorphism from F,, o to F, 0n—1]-
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Proof. Let Dy be the subdivision of [0,n— 1] that consists of the n—1 standard unit
intervals [i,i+1],0 < ¢ < n—1, in [0,n—1]. Let D; be obtained from the subdivision
D;_1 by subdividing the rightmost interval of D;_; into n equal intervals. Let S’
be the limit of this process. This is a subdivision of the interval [0,n — 1) into
countably many allowable intervals. If we define allowable subdivisions of S’ as
the result of finite sequences of allowable modifications of S’, then we can define
isomorphisms between pairs of allowable subdivisions of S'.

We note that an allowable modification raises the number of intervals in given
closed interval by n — 1. Thus an isomorphism between allowable subdivisions of
S’ results in a shift of the intervals of S’ near n — 1 by some integral multiple k of
n — 1. It is easy to show that shuch a shift is an affine function in a neighborhood

of n — 1 with fixed point n — 1 and slope n~F.

Thus every such isomorphism
represents a function in F), [o,—1)- An argument identical to that of Proposition
2.2.5 shows that every element of F), o, 1) is such an isomorphism. The claimed
conjugating homeomorphism in the statement of the lemma is the isomorphism

taking the intervals in the standard subdivision S that are in [0, c0) to the intervals

in §. O

Corollary 2.3.1.1. The subgroup BO(S,,_1) of Bn(S,_1) that consists of all ele-

ments that fix 0 is isomorphic to Fy, o n—1], to Fp o and also to Fy, .

Proof. The subgroup is clearly isomorphic to F}, 0,,—1], and we use Lemmas 2.3.1

and 2.1.6. O

2.4. A simple subgroup. We define two more subgroups by properties of their
elements. The subgroups are not conveniently given as presentations.

Let F consist of those elements of F, that are the identity near +oo.

Lemma 2.4.1. We have F,? C Fy—o € Fyo. The group FS consists of all
f € F,,—« whose every expression as a word w in the generators g; has the exponent

sum of w over all g; equal to zero.
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Proof. The containments are clear. The second claim follows because each genera-

tor g; behaves as translation by n — 1 near +ooc. O

Let F} consist of those elements f of F}, . so that an expression of f as a word
w in the generators g; satisfies that for each ¢ with 0 < ¢ < n — 1, the exponent
sum of w over all generators g; with j = ¢ (mod n — 1) is zero. Note that this is

well defined since the relations in F,, _, preserve such sums.

Proposition 2.4.2. The following are true:

(a) F$ CF) CF, 0o CFp oo

(b) If g € Bn(R) and a compact C C R are given, then there is an f € F? that
agrees with g on C.

(c) F2 and F? are in [B,).

(d) F? is characteristic in F,, _, and B,(R).

(e) F3 is the commutator subgroup of F,, _ and FP.

(f) Fg is characteristic in F2, F,, _o and By, (R).

(9) F2 is simple.

Proof. (a) This is immediate.

(b) As mentioned in the proof of Lemma 2.2.7, it is easy to find an f € F), _, that
equals g on C. To get f into F}J one composes f on the right by powers of various
generators g;. Since one can choose the subscripts j up to integral multiples of
n — 1, the subscripts can be chosen so large that each new g; is the identity on C.
(c) This follows from (a) and (b).

(d) From the McCleary-Rubin Theorem, every automorphism of B, (R) and every
automorphism of F,, _ is realized as conjugation by a self homeomorpism of R.
Such a conjugation preserves the property of being fixed off some compact set.

(e) The relations of F;, o establish that g; is conjugate to g; if and only if i = j

(mod n—1). Modulo the commutator subgroup, there are no other relations. Thus



28

the abelianization of F;, _ is the sum of n — 1 copies of Z and F}] is the kernel of
the abelianization homomorphism. Thus F}; is the commutator subgroup of F;, _ .

Since F? is characteristic in F}, _, the commutator subgroup of Y is normal
in F,, _o and it lies in F;J the commutator subgroup of F,, _. By Proposition
2.1.5, the commutator subgroup of F? is all of F? if the commutator subgroup of
F? is non-trivial. However this follows from (b) since F; C FY.

(f) This follows from (e) and (d).

(g) We can use a simplification of an argument of Higman [17]. We must show
that every non-trivial normal subgroup of F; contains all of F)J the commutator
subgroup of FY. That is, we must show that the commutator of any two elements
of FY lies in the normal closure in F* of any non-trivial element of F%.

Let f be non-trivial in F¥ and let g and h be in F. There is an open set U C R
so that U fNU = (). Since g and h are in F, the union of their supports lies in some
compact set C C R. Because F? is in [B,], it has enough transitivity properties
so that there is a j € F'* so that C C Uj. Now j~!fj carries Uj to Ufj which is
disjoint from Uj. Thus j~!fj carries C C Uj to a set disjoint from C. The support
of h conjugated by j ! fj lies in C'j~! f4 and is disjoint from the support of g. Thus
h conjugated by j~!fj commutes with g, and modulo the normal closure in F? of

f, we have that g and h commute. O
Theorem 2.4.3. The automorphism group of Aut(B,(R)) equals Aut(B,(R)).

Proof. By Lemmas 1.3.2(c) and 2.4.2(f), Aut(B,(R)) = Aut(F?), and since F}? is
simple, [23, Theorem 13.5.10] or [22, Stmt. 6.2.1.5] give that Aut(F}?) is its own

automorphism group. (Il

2.5. Monomorphisms from universal properties. This short section recalls
a universal property of the Thompson groups and uses it to show the existence
of monomorphisms between the Thompson groups defined for different values of

n, including monomorphisms from any Thompson group acting on R to Fro. In
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Section 4, we will derive different monomorphims between Thompson groups that
allow for extensions of automorphisms. The monomorphisms in this section do not
seem to have such extension properties.

The endomorphism o4 : F}, 0 — Fj, 0 taking each g; to g;+1 has the property that
o # o1 but o' = 01Ty where Tj : F,, o — F), o is the inner automorphism gotten
by conjugating by the generator g, . The next lemma shows that F}, o is universal
in this behavior. This is a trivial extension of the n = 2 case [12, p. 95] and [6,

Prop. 1.1].

Lemma 2.5.1. Let the group G admit an endomorphism o : G — G with the
property that ¢ # o but o™ = o1, for some non-identity a € G where T, :
G — G is the inner automorphism gotten by conjugating by a. Then there is a
homomorphism k : F, o — G with g,k = ad’, for each i > 0. Further, if a fails

to commute with ao, then k is a monomorphism.
Proof. Note that for 0 < j < k we have
(a0?) ™" (a0*) (a0?) = (a0?) ™" (a0*I57) (ac?)

= [ail(aakfj)a] Vord
= [ail ((aakij*l)a) a] ol
= [(aokij*l)an} ol
= qoFtn-t,

Thus the images of @ under non-negative powers of o satisfy the relations of F, o. If

a does not commute with ao, then k is a monomorphism by Proposition 2.1.5. 0O

Proposition 2.5.2. Let 2 < m < n satisfy (m—1)|(n—1) with (n—1) = (m—1)d.
Then there is a monomorphism Ap m @ Fno — Fmo with gnidmn = gfm for each
i > 0 and there is a monomorphism A}, ., : Fyno — Fpo with gm i\, ,, = gn.ai for

each i > 0.
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Proof. We consider Ay, .. If Tp, 0 denotes conjugation by gn, 0, then we have
01Tm,0 = of". The hypotheses on m and n now imply that alT,f%O = of. But
Tf,llyo is just conjugation by gg%o and the images of gg%o under powers of ¢ are just
the elements gfm. Since gﬁzﬁo and g;inyl do not commute, the properties of A, ,,, now
follow from the previous lemma.

For \

L let X = of. Now

— d+d(m—1
ETmo = Uan,O = O'ii+" 1_ O'1+ (m—1) — O.tlim —

The properties of )\;nn follow from the previous lemma and the fact that g, o and

9n,d = Gn,0>= do not commute. 0

Note that the hypothesis in the previous proposition is satisfied for all n > 2 if
m = 2. Further, if we send t; to g2 and, for each 7 > 0, g,; to g;l;jl, we get
a monomorphism from F,, into F5 . This implies that there are monomorphisms

into F5 o from each of the groups in Definition 2.1.1 and Section 2.3.

2.6. Applying the Thompson groups to automorphisms. We are interested
in Out, (A4, (R)) and Out, (B, (R)) as defined just before Proposition 1.3.3. We will
show that these groups can be obtained from the Thompson groups and their auto-
morphisms and that to a large extent, the automorphism groups of the Thompson
groups can be obtained from Out,(A,(R)) and Out,(B,(R)).

Because of Proposition 1.3.3, it is convenient to look at automorphisms that
commute with certain translations. We will use the notation of the next paragraph
extensively. When we do, g will always be a translation.

Let G be a group of self homeomorphisms of R to which the McCleary-Rubin
theorem applies and identify Aut(G) with the normalizer of G in the full group
of self homeomorphisms of R. If g is a self homeomorphism of R, with g not
necessarily in G, then let Aut(G, g) be the set of automorphisms of G that fix g,
and let C'(G, g) be the set of inner automorphisms of G that fix g (and so is the

centralizer of g in G). We refer to Aut(G, g) as the automorphism group of the pair
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(G,g). We use Aut’(G, g) and C°(G, g) to denote the subgroups of the respective
groups that consist of the elements that fix 0.
The automorphisms of B, (R) are somewhat better behaved than those of A, (R),

and so we start with B, (R). The following is a definition:
1 — B,(R) — Aut,(B,(R)) — Out,(B,(R)) — 1.

From Proposition 1.3.3, we know that every element of Out, (B, (R)) has a represen-
tative the commutes with ¢, _;. Automorphisms (normalizers) that commute with
tn—1 preserve the defining property of F,, o within B, (R). Conversely, Lemma
2.2.7 says that automorphisms of F), o, are automorphisms of B,(R). Thus we

obtain

1 = Autp(Fh o) = Auto(F, o) — Outy(Br(R)) — 1

where Autp(F,00) = Bn(R)NAut,(F, ). If we push further the observation that

elements of Out, (B, (R)) have representatives the commute with ¢,_1, we get
1 — C(Bnh(R),tn-1) = Aut(Fy, 0, tn—1) — Oute(B,(R)) — 1.

We now pass to a normal subgroup of finite index. We define Aut,(F,, o, tn—1) and
Out, (B, (R)) to be the kernels of the homomorphism 7, applied to Aut(F,, oo, tn—1)
and Out, (B, (R)) repsectively. We will see in Theorem 4.4.3 that (Out, (B, (R)))m,
is all of IT,_; which will show that the index of these subgroups is (n — 1)l. We

have

1 - C(B,(R),th—1) = Aut(Fy 0o, tn—1) — Outr(B,(R)) — 1.

We can make a further reduction. Given h € Aut;(F}, oc,tn—1), we have bp,, =
(0h)¢,, = O(hmy,) = 0. Thus tp is in B,(R), and b’ = htb_l fixes 0 and represents

the same element in Out,(B,(R)) as h. We now have

1 — CY%Bu(R),tn_1) = Aut(Fp o0, tn_1) — Out,(B,(R)) — 1.
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The order in the above sequence of short exact sequences is largely forced. We
cannot restrict to normalizers that fix 0 before we restrict to normalizers that have
7y, trivial. This is because without the triviality of 7, the translation ¢, used above
might not be in B, (R).

The automorphisms of A,(R) are better behaved in that they contain more
translations, and the restriction to normalizers that fix 0 is easier to achieve. How-
ever, Proposition 1.3.3 does not apply to Out,(A,(R)). We will get around this
by trivializing permutations once again, but here we are not dealing with a normal
subgroup of Out, (A, (R)) since 7, is not well defined on Out,(A,(R)).

We start with the defining sequence
1— A,(R) — Aut,(4,(R)) — Out,(4,(R)) — 1.

Given h € Aut,(A4,(R)), we have b = 0h € Z[-]. Thus ¢ is in A,(R), and

1
n

k' = ht; ' fixes 0 and represents the same element in Out,(A,(R)) as h. We have
1 — A%(R) — Aut?(4,(R)) — Out,(4,(R)) — 1.

However, elements of A, (R) that fix 0 are in B, (R), so we get
1 — B%(R) — Aut?(A4,(R)) — Outy(A4,(R)) — 1.

With the kernel in the above sequence containing only elements with trivial m,,
we can pass to a subgroup. We let Aut? (4, (R)) be the kernel of m, restricted to
Aut’(4, (R)). Welet Out, (A, (R)) be the image of Aut? (A, (R)) in Out,(A,(R)).
We will see in Theorem 6.1.8 that the indexes are not (n—1)! and are not completely

known. We get
1— Bg(R) — Aut?T(An(R)) — Out,(4,(R)) — 1.

We now observe that a minor change to the proof of [2, Lemma 3.7] gives the
following. In the change, we can assume that the normalizer h fixes 0 and our extra

assumption says that (1h)¢, = 1.
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Proposition 2.6.1. Fach element of Out,(A,(R)) has a representative that fizes

t1. (]

Since automorphisms (normalizers) that commute with ¢; preserve the defining
property of F, within A,(R) and automorphisms of F, are automorphisms of

A, (R), we can now bring in a Thompson group:
1 — AutG(F,) — Aut?(F,) — Out-(4,(R)) — 1

where Aut%(F,) = BY(R) N Aut(F,). As with B, (R) above, we can push our use

of Proposition 2.6.1 farther and get
1 — C%B,(R),t;) — Aut(F,,t;) — Out,(A4,(R)) — 1.

The following summarizes how we can relate automorphism groups of Thompson
groups to Out(A,(R)) and Out(B,(R)). We have been somewhat more successful
with B,(R) than with A, (R). More information about the kernels Autg(F, o)

and Aut%(F;,) will be given in Proposition 6.1.3.

Proposition 2.6.2. There are short exact sequences and isomorphisms
1 — Autp(Fp 00) — Auty(Fh 00) — Outo(Br(R)) — 1,
1 — Auth(F,) — Aut®(F,) — Out,(4,(R)) — 1,
Outr(Bn(R)) =~ Aut? (Fp.o0,tn_1) / C°B,(R),t,_1), and

Outy (An(R)) = Aut? (F,, 1) / C%(Bn(R), ).

3. PL AUTOMORPHISMS
3.1. Inner automorhpisms.
Definition 3.1.1. We concentrate on the denominator C°(B,,(R),t,_1) in Propo-

sition 2.6.2. The group C°(B,,(R),t,_1) is clearly isomorphic to the group BY(S,,_1)

and by Corollary 2.3.1.1 to F}, [9,,—1). The group F,, [9,,,—1) is a subgroup of F}, g so
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each W € F), j0,,—1) is a word in generators g;, ¢t > 0. Given W € F}, j9,,—1) We can
build an element of C%(B,(R),t,_1) from W as the infinite composition (written

as a product)

(oo} (oo}
we, =[] t,Fwis,= J[ wolb_,.

k=—o0 k=—o0

Note that the infinite composition makes sense (and the order is irrelevant) since

the supports of Wok_, and Wa? | are disjoint if k # 7.

Lemma 3.1.2. Letn > 2.
(a) @y : Fyjon—1 = C°(Bn(R), tn_1) is an isomorphism.
(b) For0 < j <n—1, W € F,,-1 and w = W, we get wlgw =

W‘lngWl where W1 = Wo,—1.

Proof. (a) is clear.

Let Wi = Wak_,. To see (b), note first that all W), commute with g; when
k < 0. Note next, that as a word in the generators g;, Wy, for k > 2 uses only those
g; with 4 > 2n — 2. These values of i exceed n — 2 by at least n, and for k > 2, we

get Wk_lgj = ngk_Jrll. Since Wy, and W, commute when k # [, (b) follows. O

3.2. General PL automorphisms. We will show that Autpr(B,(R)) has a
structure similar to that of B,(R), but that a larger set of slopes is used. We
start with some definitions needed to accomodate the larger structure.

For an integer n > 2 let ((n)) denote the multiplicative subgroup of Q generated
by the (prime) divisors of n. We have that ((n)) is the group of multiplicative units
of Z[1], and that n is prime iff (n) = (n)). We let U,_1 denote the group of units
in Z,_1 and we note that all divisors of n are in U,,_1. We let D,,_; denote the
subgroup of U, _1 generated by the divisors of n. The group U,,_1 acts on Z,_1 by
multiplication and this action gives an isomorphism from U,_; to Aut(Z,_1). It

seems to be a non-trivial number theoretical problem to determine the structure of

D, ;.
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Note that ¢, : {(n)) — U,—1 is a homomorphism whose kernel contains (n) and
whose image is D,,_1. Thus we get an induced epimorphism ¢,, : {(n))/{n) — Dy_1.

If A and B are groups and there is a homomorphims 7 : B — Aut(A), then we
can form the semidirect product A x B using the action of B on A given by 7.
We can think of A x B as acting on A affinely in that (a,b) € A x B takes g € A
to g’a. If A is abelian, the result can be written gb + a. By sending the function
x — mx + a to the pair (a,m), we can identify Aff(R), the affine functions on R,
with R x R* (where R* is the multiplicative group of non-zero elements of R) and
we refer to Z,—1 X Aut(Z,—1) = Zp—1 X U,y as Aff(Z,_1), the group of affine
transformations of Z, 1.

We will use the following standard constructions that give new semi-direct prod-

ucts from A x B.

(i) If H C A is invariant under the action of G C B we get H x G C Ax B
with the action of H x G on H given as a restriction of the original action
on A.

(#) If N<A is invariant under the action of B, then we get a surjection Ax B —
(A/N) x B with the action of (A/N) x B on A/N induced by the original
action on A.

(iii) If K < B centralizes A (is in the kernel of 7), then we get a surjection
Ax B — Ax (B/K) with the action of A x (B/K) on A induced by the

original action on A.

Recall that II,, is the group of permutations of the set {0,...,n —1}. We let 119

be the subgroup of II,, consisting of all elements that fix 0.

Lemma 3.2.1. Let n > 2 be an integer and let f : R — R be a homeomorphism
satisfying Properties 1,2, 4 and 5 of Definition 1.1.1. Then all the slopes of f are
units in Z[L], and therefore elements of (n). If G is a group of homeomorphisms

f: R — R satisfying Properties 1,2, 4 and 5 of Definition 1.1.1 and
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(8’) the slopes of f are in a single coset of {(n))/(n),
then:

(a) ¢ is constant on the set of slopes of any given f € G,

(b) There are homomorphisms
G — Zn,1 X <<7’L>>/<TL> — Zn,1 X Dn,1 - Aff(Zn,l)

where the first homomorphism is given by f — (0f¢n, xf") for any real x.
(¢) The composition is a homomorphism m, : G — Aff(Z,_1) C II,,_1 giving
the action of any f € G on the values of x¢,, for x € Z[1].
(d) If f € G fives 0, then fm, € 1I°_, is the automorphism of Z,_1 given by

multiplication by x f' ¢y, for any x € Z[L].

Proof. 1If s is the slope of one affine segment of f, and two points are given in the
domain of this segment which are in Z[1] at a distance 1/n* of each other, then
their images will be in Z[1] at a distance s/n*. This shows that s € Z[1]. By
Lemma 1.1.2, f~! also satisfies 1,2,4,5, so 1/s € Z[1] and s is a unit in Z[1].
Now suppose that all f € G also satisfy 3'.

(a) Since ¢, is a ring homomorphism, and n¢, = 1, ¢, is constant on each coset
i ((n))/(n).

(b) An f € G is made up of pieces of functions in Aff(R) so we can define [f] as
the set of affine functions used by pieces of f. For f,g € G we have [fg] C [f][g]-
Identifying Aff(R) with RxR* let us note that [f] C Z[X]x ((n)) which is a subgroup
of R x R* by (i) above. Since A,, C Z[1] is invariant under multiplication by ((n))

and Z, 1 ~ Z[1]/A, is centralized by multiplication by (n), we get surjections
Z[5] % () = Znoy @ (n)) — Zno1 @ (n))/(n)

from (ii) and (i) above. We are interested in [f]* the image of [f] under the

composition of these surjections.
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Any two affine pieces of f that are adjacent in the graph of f give elements in [f]
that agree on some element of Z[1]. For h; and hs in [f] and an = € Z[1] on which
they agree, we have x:h} +0h; = 2hl,+0hy which implies that 0ho—0hy = x(h] —hb).
Applying ¢, and using (a) gives Ohi¢,, = Oha¢,. This fact and (a) imply that
[f]* is a single element of Z,_1 x {n))/{n). Now [fg]* C [f]*[g]" gives the first
homomorphism.

The kernel of ¢, : {(n))/(n) — D,_1 centralizes Z,,_; and we get the second
homomorphism from (%) above.
(c) Consider again the set [f] of affine actions on R used by pieces of an f € G.
Under the surjection Z[1] x (n)) — Z,_; x {(n)) induced by ¢, : Z[1] — Z,,_1,
these actions are reduced to their actions on the values of ¢,,.

(d) This is immediate. O

Lemma 3.2.2. Let n > 2 be an integer and let h : R — R be an orientation

preserving PL homeomorphism. The following are equivalent:

(a) h normalizes A, (R).

(b) h normalizes B, (R).

(c) All of the following hold:
(i) all the breaks of h occur at elements of Z[1]
(it) (Z[;Dh = Z[;]

(#i) all the slopes of h are in a single coset of {(n)/(n).

Proof. (a) = (b) Follows from Proposition 1.4.2.

(b) = (c¢) Notice that since N(B,(R)) is a group, we actually have that both h
and h~! normalize B, (R), and it suffices to check each of the three conditions for
one of h and h™'. For the first condition, let 2 be a break point of A~!, and let
y = zh~1. By Proposition 1.2.2 there is f € B,,(R) that maps a neighborhood of y

affinely into the domain of an affine segment of h. Since f does not break at y and
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h does not break at yf, we know that h=!fh breaks at x. Since h=!fh € B,(R)
we get « € Z[1].

We get the second condition from Lemma 1.5.2, Proposition 1.3.3 and the fact
that elements of B, (R) take Z[1] onto Z[1].

For the third condition, let z,y € R be points where the derivative h’ is contin-
uous. We want to show to show that zh’ = yh’ (mod (n)), i.e., (zh')"tyh’ € (n).
Since h is affine in neighborhoods of x and y, we may assume that z,y € Z[%}
and x¢, = y¢,. By Proposition 1.2.2 there is f € B,(R) such that zf = v,
and moreover we may assume that f’ is continuous at x. Since h normalizes
B,(R), we have h™1fh € B,(R). If we let 2 = xh, then the chain rule gives
2(h=Vfh) = (zh=Y)(zh =L f')(zh =L fB/) = (zh/) " (xf")(yh'). Since the slopes of f
and h=!fh are in (n), we get (zh/)"L(yh’) € (n), as needed.

(c) = (a) Let f € A, (R). Since h satisfies Conditions 1,2,4 and 5 of Definition 1.1.1,
then so does h~! fh. Since all the slopes of h are in the same coset of {(n))/(n), then

the chain rule implies that the slopes of h=1 fh are in (n) and h='fh € A, (R). O

Lemma 3.2.3. For each coset of (n)/(n) there is a homeomorphism h: R — R
in Autpr (B, (R)) with slopes in the given coset. Moreover, h commutes with t,_1

and fizes 0.

Proof. Tt suffices to prove the statement for cosets of the form p(n) where p is a

prime divisor of the composite n. Consider the map hy : [0,n — 1] — [0,n — 1]

consisting of two affine segments—one from (0, 0) to (% —1,n—p) with slope p and
n

the second from (2 —1,n —p) to (n — 1,n — 1) with slope p/n. Since p | n, the

break points are all in Z C Z[%] Now h = h1®,, has the required properties. [

Proposition 3.2.4. There are homomorphisms that commute as shown in Figure
1(a), with the kernels of those compositions with domain Autpr(B,(R)) forming

corresponding subgroups and consecutive quotients as shown in Figure 1(b). The



39

1 AutpL(Bn(R))
’ Dy 1
K
/ \ zn/ \\Q
n 1 X Dn 1 > PLﬂ- An(R
n 1 X < B (R)

] B, (R)

AUtPL(Bn 1

FiGURE 1. PL automorphisms

group Q is defined only as the kernel of ¢, : {(n)/(n) — Dyp_1. The group K
is the set of elements f € Autpr(B,(R)) with xf'¢, = 1 for all z € Z[L], and
PL, is the set of elements with fm, trivial. The diagram (b) is a lattice in that

PL.NA,(R) = B,(R) and PL,A,(R) = K.

Proof. Two of the homomorphisms in (a) come from Lemma 3.2.1. The remain-
ing homomorphisms and the fact that the diagram commutes are straightforward.
Checking that K, PL,, Axy(R) and B, (R) are the kernels of the corresponding ho-
momorphisms is also straightforward from the definitions. That (b) forms a lattice
follows from the fact that the corresponding diagram of kernels of homomorphisms

with domain Z,_; x {(n))/(n) forms a lattice. O

Corollary 3.2.4.1. We have isomorphisms

Outpr(An(R)) = (n))/(n), and  Outpr(Bn(R)) = Zn_1 > (n)/(n).
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O
From here we can determine the torsion of Outpr(A,(R)) and Outpr(B,(R)).

Corollary 3.2.4.2. Let n > 2, let k be the largest positive integer such that n
is a k-th power, and let m be such that n = mF. Identify Outpr(A,(R)) and
Outpr, (B, (R)) with the groups {(n))/(n) and Z,_1 x {(n))/{n) as given in Corollary
3.2.4.1.
(a) The torsion elements of Outpr(A,(R)) form the cyclic subgroup (m)/(n)
of order k in {(n))/(n).
(b) The torsion elements of Outpr (B (R)) form the subgroup Z,,—1 x (m)/(n)
in Zp—1 x {n)/{n). The orders of the torsion elements are all the divisors
of %(md — 1) where d ranges over all divisors of k.
(¢) Outpr(A,(R)) and Outpr(B,(R)) have elements of infinite order if and

only if n is not a prime power.

Proof. (a) Write m = p{* --- p"* with py,...,p; distinct primes and a1, ...,a; > 0.
Let s € {(n), s = pfl ~-~pr with £1,...,0; € Z be such that s(n) has finite order
u. Then s* = n® = m* for some v € Z, and ged(u,v) = 1. It then follows that
uf; = kva;, and ulka;. By the choice of k we have ged(aq,...,aq) =1 so ulk, and
s = mu”. Therefore the torsion elements of ((n))/(n) are precisely the powers of
m(n), i.e., (m)/(n).

(b) For s € ((n)) let us also use s to denote its coset s(n) in {(n))/(n). Since
the action of {(n))/(n) on Z,_; is by multiplication, for any a € Z,,_1, (a,$)* =
(a+sa+ -+ s“"ta,s"*). So (a,s) has finite order if and only if s(n) has finite
order in ((n))/(n). Thus the torsion elements of Z,,_1 x {(n))/(n) form the subgroup
Z,—1 x (m)/{n).

For d a divisor of k,

ok mk—1 _(n—1
(Wm* = a1 ) = (!
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so the element (1, m?) has order £(m? —1).
For any 0 < v < k if we let d = ged(v, k), v =v/d, k' = k/d, then for a € Z,,_1
we have

d
ko’ m®—1
(@, m?)d(m* =1 — (ai(m )" —1 m”/k>

()" =1

d_
B 1+mk)_’_”._’_mk(v/—1) mk_ll mi—1
= a 1+md,,,+md(v’*l) .md—l,

1 EN d\k (v/ —1)
Y P 0 e e o UL (n—1),1 = (0,1).
1+md_,,+md(v—1)

In the last line, the denominator divides the numerator since a standard exercise
using the factorization of " —1 into cyclotomic polynomials [9, (2) on P. 191] shows
that if P(x) =1+ 2+ ---2¥"1 and ged(v, k) = 1, then P(z) divides P(z*).

(c) Follows from (a) and (b) and the definition of {(n)). O

4. RELATIONS AMONG THE AUTOMORPHISM GROUPS

In this section we let the Thompson groups with elements whose slopes are in
(m) interact with groups with elements whose slopes are in (n). By being careful,
we keep all references to the generators g; confined to those with non-negative
subscript—the generators of F,,, g and F,, o.

Because of Section 2.6 we are interested in the automorphism groups of cer-
tain pairs (G,g). We will use homomorphisms between pairs to relate their au-
tomorphism groups. For groups G and H with ¢ € G and h € H, we say that
0:(G,g) — (H,h) is a homomorphism of the pairs if § : G — H is a homomor-
phism and gf = h. Recall that the definition of the automorphism group of the
pair (G, g) does not require g € G.

This section studies monomorphisms between the pairs (F,, o0, tn—1) for various
values of n and uses this information to develop two techniques, lifting and rotating,

that create “new” automorphisms of B, (R) and A,(R) from “old” ones. We also
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study how lifting and rotating interact with the homomorphisms 7,, to show that

the 7, are onto.

4.1. Lifts. We are interested in automorphisms of the pair (F}, o, tn—1). We will
obtain interesting automorphisms of the pair (F), o0, tn—1) from automorphisms of
the pair (Fin 005 tm—1), m < n, by the process that we will call lifting whose details
are given in Theorem 4.1.6. We do this by showing that there is a monomorphism
from (Fiy 005 tm—1) t0 (Fi 00, tn—1) that is “extensible” in that every automorphism

of the pair (F, 00, tm—1) extends to one of the pair (F), oo, tn—1)-

Definition 4.1.1. The proof of the next lemma, and several others after, will use
the following function. Let 2 < m < n be integers. For every j € Z there are unique
0<i<(m—2)and k € Z for which j = i +k(m—1). If we set j(m,n =i+k(n—1)
with ¢, 7 and k as in the previous sentence, then we have a well defined, strictly
increasing function from Z to Z that satisfies satisfies (j+m—1)Cm,n = j¢mn+n—1,

and that “commutes” with ¢ in that (§(m,n)dn = jom for any j € Z.

Proposition 4.1.2. For integers 2 < m < n, there is a unique monomorphism

Of group pairs Tm,n : (Fm,ooutmfl) - (Fn,oo>tn71) S0 that (gm,i)Tm,n = gn,i fO?"

0 <i < (m—2). For this monomorphism, (gm.;j)Tmm = Gn,jcm.. for all j.

Proof. With j equal to the unique expression i+ k(m —1) with 0 < i < (m—2) and

k € Z, we get that g,, ; is equal to a unique t;,f,l(gm,i)tk

m—1

for 0 <i < (m—2)

and k € Z. From the requirement that ¢,,—17m n = tn—1, We get

—k —k
(gm,j)Tm,n - (tmflgm,itfnfﬂ'rm,n - tnflgn,itﬁfl = On,i+k(n—1) = 9n,5¢m.n

and the function 7, , is uniquely determined on its generators. There is thus at

most one monomorphism with the properties given.



43

The defining relations of F, « take the form g;hligmngmﬁ = (gm,j+n—1) When-

ever ¢ < j. Now

(Q;L,liTm,n)(ngTm,n)(gm,iTm,n) = gr:jgmyngn,j(m,ngn,icm,n
= 9n,5C¢m n+n—1
= In,(j+m=1)Cm,n
= (9m,j+m—1)7'm,n
where the second equality holds because i(p,n < j¢m,n. Thus 7, , preserves the

relations of F,, .. and extends to a homomorphism. It is a monomorphism by

Proposition 2.1.5 since the elements g,, ; do not commute. ]

The next few lemmas will be needed to show that automorphisms of the image of
the monomorphism of the previous lemma extend to automorphisms of the larger
group. We refer to Definition 2.2.1 for what it means for a subdivision of R to be

supported in a subset A C R.

Lemma 4.1.3. Forn > 2, let P = g;,9i, -+ ¢i, be a positive word in semi-normal
form in the generators of Fy, o and let k <l be integers. Then the subdivision D
associated with P is supported in [k,l] if and only if k < iy and for all1 < j <'s

we have i; <1+ (n—1)(j —1).
Note the shift in role of j from subscript to value in the last inequality.

Proof. The interval subdivided by g;, is the interval [i1, 41 + 1] so the conditions on
11 are necessary and sufficient as far as i; goes. We need to show that the second
condition is necessary and sufficient to guarantee that the interval subdivided by
each remaining generator is contained somewhere within [k,!]. Since P is in semi-
normal form, i; > 4;_q for each 2 < j <'s. Let [k;,k; + 1], k; € Z, be the standard
interval containing the interval subdivided by g;;. It is clear from the numbering

scheme of Definition 2.2.3 that the interval subdivided by g;; is either contained in
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[kj—1,kj—1+1] and k; = k;j_1, or it is some [k;, k; +1] with k; € Z and k; > k;_1.
Thus the interval subdivided by g;; cannot be to the left of k.

In the numbering scheme of Definition 2.2.3, the interval [k;, k; + 1] is assigned
the number k; before any subdivisions are done and this number increases by (n—1)
each time an interval to the left of [k;, k; + 1] is subdivided. If k; > k;_1, then all
generators in P before g;, are associated to subdivisions of intervals to the left of
[k;, kj+1] and the number of [k;, k;+1] is k;j+(n—1)(j—1) = ¢; when the subdivision
associated to g;; is done. If k; = k;_1, then when the subdivision associated to g,
is done, the number of [kj_1 +1,kj_1 +2] is kj_1+ 14+ (n—1)(j — 1) > i; and we
get i <kj+(n—1)(j—1). Ifall k; <, then all i; <1+ (n—1)(j —1). For the
converse, assume all i; <!+ (n—1)(j —1). Clearly ky =41 <. If k; = k;j_1, we

are done by induction, and if k; > k;j_q, then k; =i; —(n—1)(j — 1) < . O

Lemma 4.1.4. For 2 <m < n, let P = ¢;,¢i, - gi, be a positive word in semi-
normal form in the generators of F,, o and let k < I be integers. Assume the sub-
division D associated with P is supported in [k,l]. Then the subdivision associated

with PTy, ,, is supported in [k',1'] where k' = k(. and ! = (I — 1)(mn + 1.

Proof. From Lemma 4.1.3, we have k < i1 so k' = k(pn < i1(m,n and k' satisfies
the only inequality from Lemma 4.1.3 that it needs to satisfy. Now i; < [+ (m —
1)(j — 1) can be rewritten ¢; < (I — 1) + (m — 1)(j — 1) which implies ;¢ n <
(I = 1)¢mm + (n—1)(j — 1) and we have i;(mn < (= 1)(mn+1+(n—1)(j — 1)

and we are done. O

In the next lemma, the support of a homeomorphism refers to its set of non-fixed

points.

Lemma 4.1.5. For2 <m <mn, let f be in F,, let k <1 be integers, let k' = kpm n
and letl = (1 = )¢+ 1. (a) If f has support in [k, 1], then [T, has support in

[K',U']. (b) If f is the identity to the left of k and is translation by (m — 1) to the
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right of I, then fT,, , is the identity to the left of k' and translation by (n — 1) to

the right of l'.

Proof. Let f = PN~! be in semi-normal form where P and N are positive words.
There are allowable subdivisions D and E associated with P and N respectively.
We can assume that D subdivides no interval [s, s + 1], s € Z, that is outside [k, ]
since such a subdivision would have to be matched exactly by E on [s, s+ 1] in case
(a) or [s+m — 1,5+ m] in case (b) and the two matching subdivisions could be
removed. Similarly, E' can be assumed to subdivide no such interval outside [k, ]
in case (a) or outside [k,I +m — 1] in case (b). We also note the the number of
generators in P equals the number in N in case (a) and exceeds the number in N
by one in case (b).

By Lemma 4.1.4, P’ = Pr,,, and N’ = N7, are supported in [k',I'] and
[k', '] respectively in case (a) or [k',l'] and [k’,1' + n — 1] respectively in case (b).
Further the number of generators in P’ equals the number of generators of N’ in
case (a) and exceeds the number in N’ by one in case (b). Since f7,, , = P'(N')~*
is the identity near —oo, the conclusions in (a) and (b) follow from the information

gathered. 0

Theorem 4.1.6. Let 2 < m < n be integers. Let T, be as in Proposition 4.1.2.

Then there is a monomorphism
O : AW (Fry ooy tim—1) — Aut®(Fpoo,tn 1)

so that if 0/ = 00y, ,, then (a) gni0 = (9m,i0)Tmn for 0 < i < (m —2) and
Gn,j0 = gn; for (m—1) < j < (n—2), and (b) (fTmn)l = (f0)Tmn for all

f€Fno-

Proof. Note that (a) specifies 6’ on the generators gy, ; of F, o for 0 <i < (n—2).
If 0 exists, then it is sufficiently specified by (a) since it is required to fix ¢,

and F, o is generated by {t,_1,0n,0,---,9nn—2}. The specifications in (a) for
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0 < ¢ < (m—2) imply that the equality in (b) holds when f = g, ;, 0 < i < (m—2),
and when f = ¢,,_1. These are the generators of F), o and (b) will hold when it
is shown that 6’ is a homomorphism.

We have to show two things. For a given 0 € AutO(Fm,oo,tm,l), we have to
show that 6/ = 00,, ,, is an automorphism of the pair (F), ,t,—1). We also have
to show that ©,, , is an injective homomorhism. That ©,, , is a homomorphism is
clear from the definition. That ©,, ,, is a monomorphism follows from the fact that
if 6 does not fix some gy, i, then (¢,m,i0)Tm.n # gn,i SINCE Tp, 4 IS @ monomorphism.

To show that 6" is an automorphism, we have to show that it is an invertible
homomorphism. To show that it is a homomorphism, we have to show that the
images of the generators of F), o, satisfy the relations of F, .

Since 0 € Au‘uo(me7 tim—1), we know that 6 is realized as conjugation by a self
homeomorphism of R that commutes with t,, 1 and that fixes 0. We will abuse
notation and use 6 to denote this self homeomorphism of R. Thus 00 = 0 and
(m—-1)0=(m-1).

Take an ¢ with 0 <1 < (m — 2). The generator gy, ; is the identity to the left of
i and is equal to t,,_1 to the right of i + 1. Thus 6~ 1g,, ;0 is the identity to the left
of i6 and is equal to t,,,—1 to the right of (i + 1)§. However, 0 < i < (m — 2) gives
0<i<i+1<(m—1)whichleadsto0 <if < (i+1)0 < (m—1) and 6 1g,, ;0 is
the identity to the left of 0 and equals ¢,,_1 to the right of m — 1. It follows from
Lemma 4.1.5 that (gy,,;)0’ is the identity to the left of 0 and equals ¢,,_1 to the right
of m — 1.

We have gy, itn—10" = (t;ilgnﬁitn,l)y = t;il(gnyﬂ/)tn,l since this is how 6’ is
defined.

Checking that (g, ;6')(9n,76')(9n,i0') = (9nj+n—10") = t;21(9n 30 )tn—1 for all
i < j is straightforward by considering separately the various cases where g, ; and

gn,j are or are not in the image of 7, .



47

This establishes that 6’ is an endomorphism of F, o. Since ©,,, preserves

compositions and inverses, ¢’ is invertible. ([

Corollary 4.1.6.1. Given2 <m <mn, f € F, oc anda and 8 in Auto(fmpo,tm_l)

with fa = 8, then (fTmn)(@Omn) = (fTmn)(BOmn)- O
4.2. Rotations.

Lemma 4.2.1. Forn > 2, let o € Aut®(F, co,tn—1) and let h : R — R be the
homeomorphism fizing 0 and commuting with t,_1 that realizes .. Let j € Z[%] and
let r = jh. Then k = t;jht; ! is a homeomorphism of R that fizes 0 and commutes

with t,,—1. Therefore it realizes a 3 € Aut?(Fy o0, tn—1).

Proof. Since t,—; commutes with h, ¢; and ¢,, it commutes with k. Now, Ok =

0ttt = jht ! =rt; 1 =0. O

In the setting of the lemma above we call k (resp. () the j-step rotation of h
(resp. ). While the j-step rotation is a function from Aut(F, o, t,_1) to itself,
it is not in general a homomorphism. An elementary calculation shows that the
j'-step rotation of the j-step rotation of h is the (j 4 j')-step rotation of h. We
are mainly interested in the case when j is an integer. Note that the (n — 1)-step

rotation of h is h.

Proposition 4.2.2. Forn > 2, let o € Aut®(F,, o0,tn_1) and let h : R — R be
the homeomorphism fizing 0 and commuting with t,_1 that realizes «. Let j be an

integer, and k be the j-step rotation of h.

(a) h normalizes Ap,(R) if and only if k does.

(b) If h commutes with t1 then k = h. Moreover, h commutes with t1 if and
only if h equals its one-step rotation.

(¢) kmp = pj¢n(h7rn)p(7j}bn)(hm) where p; denotes addition of i (mod n — 1) in
the set {0,1,...,n—2}. In particular, if h fizes the residue class of j then

kmy, and hm, are conjugate.
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(d) h fixes residue classes (i.e., hm, = 1) if and only if k does.

Proof. Since h is the (n — 1 — j)-step rotation of k, in parts (a) and (d) it suffices
to prove one direction.

(a) This follows because translations by elements of Z[1] normalize A, (R).

(b) If h commutes with ¢; then r = jh = 0t]h = Oht] = 0] = j so k = t;ht; ' =
tIht;7 = h. For the converse, note that if t1hty," = h, then ¢~ 'ht ;" = h. How-
ever, h commutes with ¢/~ and we get that (tltfhl)”*l is the identity. Translations
form a torsion free group, so t; = t1,. Now we know that h commutes with ¢;.

(¢) From Proposition 1.5.4 we have that (jh)¢, = (jon)(hmy), so

kmn = (tjﬁn)(hﬂn)(tjhﬁn)71 = chbn(hﬂn)p(ij}l)% = ij,(hﬂn)ﬂ(j;n)(hm)-
(d) Follows at once from (c). O

4.3. Symmetric lifts. We introduce special lifts that will create automorphisms

of A, from automorphisms of As whenever n > 2. See Theorem 6.1.5.

Theorem 4.3.1. Let 2 < m < n be integers for which (m —1) | (n — 1) and let
T @ (Fmoost1) = (Frcos tn—1) be the monomorphism of Proposition 4.1.2. Then

there is a monomorphism
Am,n : AUtO(Fm,oov tm—l) - AUtO(Fn,ooa tm—l)

(note the miz of m and n in the right hand group) taking 6 € AutO(meoo,tm,l) to

= AutO(F,wo,tm_l) 50 that gn 0" = (gm,i0)Tm,n for 0 <i<m —2.

Proof. The proof is similar to that of Theorem 4.1.6. With 6" defined on g, ;,
0 < i< m-—2, wecan set g, ,0 = (gn,jﬁ’)ofn_l where 0 < j < m — 2 and
k=j+1(m—1). Thus ¢ is sufficiently specified. The main tasks are to show that
0’ is an automorphism and that A,, , is an injective homomorphism. An argument
identical to that in the proof of Theorem 4.1.6 shows that the g, ;60 satisfy the

relations of F, oo. That 6’ is an automorphism follows as it does in Theorem 4.1.6.



49

By the way ¢’ is defined, it commutes with ¢,,_1, and it is thus an automorphism of
(Fh,00,tm—1). That A,, ,, is a monomorphism is argued as it is for ©,, ,, in Theorem

4.1.6. (]

It might be surmised that if 2 < m < n and (m —1) | (n — 1), then a 6 €
AutO(me, tm—1) that is also a normalizer of A,,(R) should lift to a 8/ = 0A,,, ,, €
Aut’(F}, 00, tm_1) that is also a normalizer of A,,(R). We will see in Theorem 5.4.8

that this is not always the case.

4.4. Lifting permutations. Let n > 2. For w € F), o, w # 1, the leftmost
break of w is the largest a € R such that w is the identity on the interval (—oo, a).
Also recall that II,, is the permutation group on {0,...,n — 1} and that II? is the

subgroup of elements that fix 0.

Lemma 4.4.1. Forn > 2, let w € F,, _o, w # 1, and let a be the leftmost break
of w.

(a) If h is an orientation preserving normalizer of F,, , then h™'wh € F,, _ and
the leftmost break of h~ wh is ah.

(b) Let w = PN~1 be a semi-normal form of w. Let v = g; gi, --.gi,_, be the
largest common prefix of P and N as positive words in the generators. Let g;, be

the lowest indexed generator in the remaining suffives. Then ap, = ixPn.

Proof. Item (a) follows because conjugation takes fixed points to fixed points. To
work on (b), we note that P’ = v=!P and N’ = v~ !N start with different genera-
tors, and that the lower subscript of the two starting generators is i;. This implies
that the semi-normal form P’(N’)~! has its leftmost break at i,. The leftmost
break of PN~ = vP/(N")"'v=! is at (ix)v~!. Since v is a word in elements with

fixed points, we have that v is in B, (R) and that v preserves values of ¢,. O

Proposition 4.4.2. Let 2 < m < n be integers. Let T, , and ©,,, be as in

Theorem 4.1.6. Let 0 € Aut®(Fy, o0,tm—1) and 0' = 00,,,, € Aut’(F, «,t,_1).
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We will abuse notation and denote by 0 (resp. 0') the self homeomorphism of R
that fizes 0, commutes with t,,—1 (resp. tn—1) and realizes the automorphism 6
(resp. 0'). Then the permutation ', is an extension to IV _, of O, in the sense

that for 1 <i<m—2, i(6/m,) =i(0my) and form —1<i<n-—2, i{(0'm,) = 1.

Proof. Since ¢’ carries the fixed point set of g, ; to that of g, ;0’, we have that ¢’
is the leftmost break of (g, ;)0’'. By the way O, , is defined for m —1 <i <n—2,
(Gn.,i)0" = gn,i so its leftmost break is ¢ and i('m,) = ¢ in these cases. For 1 <14 <
m — 2, write (gm ;)0 = PN~! in semi-normal form, and let v = g;,g;, ... g, , be
the largest common prefix of P and N as positive words in the generators. Let g;,
be the lowest indexed generator in the remaining suffixes. Now (P, ) (NTom.n) ™"
is a semi-normal form for (g, ;)0 where v7,,, is the largest common prefix of

Pty and N7y and g i, Tmon = Gn,inCm. 15 the lowest indexed generator in the

remaining suffixes. Now
by the previous lemma and the remarks in Definition 4.1.1. O

Theorem 4.4.3. For anyn > 3, the homomorphism my, : Aut(Fy, oo, tn—1) — Hpo1

is surjective. Further, the restriction m, : AutO(FWX,, tn_1) — H?L_l 18 surjective.

Proof. We start with the restricted homomorphism. There is nothing to show for
n = 3 since 119 is trivial. For n = 4, Lemma 3.2.3 gives a self homeomorphism h of
R that fixes 0 and commutes with t3 with all its slopes of the form 2 - 4%, k € Z.
Consider o € Aut®(Fy o, t3) the automorphism realized by h. By Lemma 3.2.1(d),
amy is multiplication by 2 (mod 3), and therefore it is the transposition (1 2).
For n > 4, let o/ = a®y,, be the lift of « from 4 to n. From Proposition 4.4.2

we have that o'm, = (1 2). From Proposition 4.2.2(c), the permutation of the
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1-step rotation of o’ is

pr(a'ma)py " =p1(0/T)pns

01 2 n—3 n—2 01 2 3 n—2
1 2 3 n—2 0 021 3 n—2
0 1 2 3 n—2
n—3 n—2 0 1 n—4
0 1 2 3 n—2
0 n—2 1 2 n—3
which is a cyclic rotation of the elements {1,2,...,n — 2}. This rotation and the

0
n—1-

transposition <1 2> generate the whole group II

For the unrestricted homomorphism, o; realized as conjugation by ¢; is in
Aut(Fy 00, tn—1) and we get that the cyclic rotation of {0,...,n — 1} is in the
image. For n = 3, this is the only non-trivial element in II,. For mn > 3, this

rotation and the transposition (1 2) found above generate all of II, ;. This

completes the proof. O

5. RESTRICTIONS ON AUTOMORPHISMS

In this section we extract geometric information from the circle, and transfer
that information to the line to get “negative” results about automorphisms—that
certain automorphisms are not PL and that certain automorphisms of B, (R) are

not automorphisms of A, (R).

5.1. Communication between line and circle. Because of Section 2.6, we are
interested in AutO(Fn’oo,tn,l). If o € AutO(Fmoo,tn,l), then « is realized by

conjugation by some homeomorphism A : R — R that commutes with ¢,_; and
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fixes 0. This tells us that [0,n — 1Jh = [0,n — 1]. From the definition

T T <1,
29 = yn(x—i)+i i<z <i+]l,

z+n-—1 x>1i+ 1.

we know that g; is the identity on (—o0,i], is t,_1 on [i + 1,00) and is ji,t.*, on
[i,7 + 1] where i, : R — R is defined by zu, = nx and is the lift of pu, : Sp,—1 —

S, —1 that fixes 0. Now

identity on (—oo,ilh,
h™lgih = (h'Enh)tt, on [i,i+ 1]k

tn—1 on [i+1,00)h.

since h commutes with ¢,,_1. Recall S;,_1 = R/(n—1)Z, and note that h determines

a well defined self homeomorphism hg of S,,_1 with
(x+ (n—1)Z)hg = (zh) + (n — 1)Z

and that h is the lift of hg that fixes 0. If we refer to the restriction of g; to [i,i+1]
as the “active” part of g; and the restriction of h=1g;h to [i,i + 1]h as the “active”
part of h=1g;h, then we have that the active part of g; is a restriction to [i,i + 1] of
that lift of j, that fixes i and the active part of h~1g;h is a restriction to [i,7 + 1]h
of that lift of hglunhg that fixes ¢h. For 0 < i < n—1, we have ¢h € [0,n—1). The
active parts of the h~!g;h determine the functions h=1g;h. Since {t,_1,90-..gn_2}
is a generating set for F), o, the functions h='g;h, 0 < i < n — 1, determine the
action of o € AutO(Fn’oo,tn,l). Lastly, we note that the integers in S,,_; are the
fixed points of u, and their images under hg are the fixed points of h;lunhs. All

of these observations lead to the next definition and lemma.
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Let a € Aut’(F, o,t,_1) be realized as conjugation by h : R — R, and let
hs : Sp—1 — Sn—_1 be determined by h. We call the degree n function hglunhs the

characteristic function x, of a. The remarks above have proven the following.

Lemma 5.1.1. Forn > 2, an«a € AutO(an,tn_l) is determined by its charac-
teristic function xo. Further, for 0 < i < n — 1, the active part of g;« is a lift of
the restriction of xo to the closed interval between the two consecutive fized points

ih and (i + 1)h of Xa- O

5.2. The calculus of break values and a criterion for piecewise linearity.
If f is PL, then we define the break value z f* of f at x to be log(zf/) — log(z f’)
where x f’ is the derivative from the right of f at x and x f’ is the derivative from
the left of f at x. We have zf® = 0 if and only if f is affine on some neighborhood

of x.

Lemma 5.2.1. For PL functions f, g and h with h invertible, we have
o(fg)" = xf* + (xf)g",
(zh)(h~1)? = —zh®, and
(zh)(h'gh)’ = —xh® + zg® + (zg)h°.
Proof. The first equation is an additive chain rule and follows from the definition.

The second equation follows by applying the chain rule to z(hh~!)® and the third

follows from the first two. (I

Lemma 5.2.2. For n > 2, if h is a normalizer of B,(Sn_1), then h™ u,h has
slope n on some neighborhood of all its fized points and thus has break value 0 at

all its fized points.

Proof. Conjugation by h induces an isomorphism from the group of germs of
By, (Sn—1) with a fixed point z € Z[1] to the group of germs with the fixed point zh.

The groups involved are isomorphic to Z x Z with generators “slope n to the right”
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7

and “slope n to the left.” Conjugation by h preserves “to the right” and “to the
left” in that behavior of the conjugate to one side is determined by behavior of the
germ being conjugated on an appropriate side (depending on whether h preserves
orientation or not). The generator to one side is taken to the generator on the
corresponding side or its inverse. But conjugation takes a repelling fixed point to
a repelling fixed point. Thus “slope n to the left” must be taken to “slope n to the

left” as opposed to “slope % to the left.” A similar statement applies to the right.

Since ., has slope n on both sides of all its fixed points, the result follows. O

The above lemma and Lemma 5.1.1 give the following.

Corollary 5.2.2.1. For n > 2, if h is a normalizer of F, oo that commutes with

tn_1, then h=1g;h has slope n on some [i,i+e1)h and on some (i+1—eo,i+1]h. O

Lemma 5.2.3. For n > 2, if h is a non-trivial PL normalizer of B,(Sn—1) that

fizes 0, then h=*u,h has a non-zero break value in each open interval (i,i + 1)h.

Proof. Since h is not the identity on S, _1, it has a non-zero break value at some
point z. Now (4,4 + 1) hits each point of S,_1 at least once under u,. Let y be the
point in (¢,7+ 1) closest to ¢ so that yu, is a point at which h has a non-zero break
value. Note that y is ¢’ u, for a 3’ € (¢,y) where the distance from i to y is n times
the distance from 7 to 3. Thus y'p, = y is a point at which h has zero break value.
Now f1,, has zero break value at all points, so (yh)(h~u,h)? = (yu,)h® which is

not zero. 0

5.3. The unbent generator proposition and locally inner automorphisms.
All results in the rest of this section hinge on the next proposition and its conse-
quences. This proposition will allow us to derive information by studying the effect
of an automorphism on a single generator. Let o be in Aut?(F,, o, t,—1). We say
that « has an unbent generator at i if g is affine on the interval [i,7 + 1]h, where

h is the self homeomorphism of R that realizes a.
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Proposition 5.3.1 (Unbent Generator). For n > 2, let a« € Aut®(F, oo, tn—1) be
piecewise linear. If for some 0 < i <n—1, a has an unbent generator at i, then o

1s the identity.

Proof. This follows from Lemma 5.1.1 and the contrapositive of Lemma 5.2.3. [

The following definitions will help us concentrate on the effect that automor-

phisms have on single generators.

Definition 5.3.2. Let a be in Aut'(F,, o, tn_1), n > 2.

(a) We say that « is inner if there is w € C°(B, (R),t,_1) such that g;a = w™tg;w
for all 4.

(b) We say that « is inner at i (via w) if there is w € C°(B,(R),t,_1) such that
gia = wlgiw.

(d) We say that « is locally inner if it is inner at every i € Z.

Note that if « is inner at ¢ then it is inner at ¢ + k(n — 1) for every k, and the

same w works for all k. Specifically

k
n—

(Gith(n—1))x = (gi)ok o= (g)ack | = (w ' giw)oy_| = w719i+k(n71)w~

Note also that « is locally inner if it is inner at every ¢ € {0,...,n — 2}. Thus
if a is locally inner, then its action is completely determined by an (n — 1)-tuple
(wo, - .., wy_2) of elements of C°(B,(R),t,_1), so that g;a = w;lgiwi for ¢ €
{0,...,n—2}. In turn, by Lemma 3.1.2(a) these w;’s are determined by an (n—1)-
tuple (Wy, ..., W, _2) of elements of F, jo 1] with w; = W;®,,. Clearly, not every
such (n — 1)-tuple determines a locally inner automorphism.

We now define Aut?i (Fh,00,tn—1) to be the set of elements in AutO(Fmoo,tn_l)
that are inner at . We will see shortly that this is a group. We let Autgi (P00, tn—1)
be those elements in AutO(Fnyoo,tn,l) that fix g;. We have Autgi(Fn,oo,tn,l) -

Aut% (Fh.005 tn—1) since an automorphism fixing g; is inner at ¢ via 1. We next let
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Aut? ;(Fpy 00, tn—1) be the set of locally inner automorphisms in Aut®(F}, oo, tn_1)-

This is the intersection of the Aut{. (Fj o0, t,—1) as i ranges over {0,...,n — 2}.

Lemma 5.3.3. Let 0 <i<n—1 wheren > 2.

(a) If « € Aut®(Fy 00, tn—1) is inner at i via both w and w' in C°(B,(R), tn—1),
then w = w'.

(b) Let o € Aut®(Fy, o0, tn—1) be inner at i. Then either a is inner or « is not
PL.

(c) Aut% (Frcostn_1) is a group and has C°(B,(R),t,—1) as a normal sub-
group with complement Autgi (P00, tn—1). Any element in Aut% (Fr,00ytn—1)
and outside C°(By,(R),t,_1) is not PL.

(d) (Autgi (P00, tn—1))Tn = (Aut%_ (Frcostn—1))mn = %4 the group of
permutations that fix {0,4,i+ 1}.

(e) Aut) [ (Froostn_1) is a subgroup of Aut®(F, oo tn_1). In general (for ex-
ample, when n is not a prime power) this subgroup is proper. Any element

in Aut? ;(Fy .00, tn_1) and not in C°(B,(R),t,_1) is not PL.

1is a non-

Proof. (a) If w # w', then conjugation by the PL homeomorphism w'w™
trivial element of AutO(an, t,—1) that fixes g;. This violates Proposition 5.3.1.
(b) If o is inner at i via w, then o € Aut’(F, »,t,_1) obtained by composing «
with conjugation by w™! fixes g;. By Proposition 5.3.1, o' is either trivial or not
PL.

(c) To show closure under inversion, let a € AutO(FmOO, tn—1) be inner at i via the

element w € C°(B,(R),t,_1). From g;a = w™lg;w, we get that g; = w(g;a)w™?

1 1

b= is inner at i via (w™'a™!). To show

and g;a™! = (wa l)gi(wta™t) so a”

closure under composition, let o, g € AutO(Fnyoo, t,—1) be inner at ¢ via wy,we €
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C°(B,(R),t,_1) respectively. Then

giopog = (wflgiwl)ag
= (wy ' a2) (gic2) (wyovp)

= (wy " ag)(wy ' giws) (wiaz)

This shows that a;aq is inner at i via w(wyag) which is clearly in C°(B,(R), t,_1).
The group C°(B,(R),t,_1) is normal in AutO(Fn,oo,tn,l) and so is normal in
Aut% (Frcostn—1). If o is inner at i via w € C°(B,(R),t,_1), then o’ obtained
by composing a with conjugation by w™! is in Autgi(an,tn_Q. Any element
common to C%(B,(R), ty—1) and Aut) (F ,tn—1) is trivial by Proposition 5.3.1.
The last provision follows from (b).

(d) We will use superscripts to indicate that certain points are fixed by automor-

phisms or permutations. The inclusions
<AUt2L (Fn,ooa tn—1)>7rn g <AUt?L (Fn,oo; tn—1)>7rn g H%iﬂjrl

are obvious. For the inclusion M%%iT1 C <Aut2i (Fh,00,tn—1))m, consider o €
04+ and let 7 = p, 1y 0pp_o_i € %" 2747=2 Now 7 € II2";>~* and by The-
orem 4.4.3 there is an o € AutO(Fn_l’Oo, tn—2) such that am,_1 = 7. Since 7 fixes
(n—2—1i), Proposition 1.2.2 gives a W € F{ [g ,—9) taking (n—2—i)a to (n—2—1i). If
o’ is a composed with conjugation by W®,,_1, then o’ € Auto’"_2_i(Fn,1’oo, tn—2)
and &/m,_1 = 7. Let § = &/O,_1,,. By Proposition 4.4.2, fm, = 7, and by
Theorem 4.1.6, 8 € Autgﬁgz(Fn,oo,tn_l). An easy argument using the notion of
leftmost break shows that 3 € Aut2;1";27"’"72(Fn,00,tn_l). By Lemma 4.2.1, the
(n—2—1)-step rotation of 3 is vy = t;izﬂﬂtn_g_i S0 v is in Autgf’Hl(an, tn—1).
By Proposition 4.2.2, ym, = 0.

(e) When n is not a prime power, the second sentence follows from Example 5.3.4

given after Corollary 5.3.3.1. The rest follows from (c) and (d). O
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From Lemma 5.3.3(a), we get a we get a well-defined injective function

ln : AUt%I(Fn,oo’ tn-1) — F:,Enfl]

so that if o € AutOLI(Fnﬁoo,tn,l) and at, = (Wy,...,W,_2) then for each i with
0<i<n-—2, we have gja = wi_lgiwi, where w; = W;®,,. A further consequence

of Lemma 5.3.3(a) is the following.

Corollary 5.3.3.1. An element o € AutY ;(Fy, 00, tn—1) is inner if and only if au,

is in the diagonal of F;E)ln_l]. O

Example 5.3.4. If n is not a prime power, then let p be a prime divisor of n. For
some k, ¢ = p* will be congruent to 1 modulo n — 1. By Lemma 3.2.3, there is
a PL normalizer h of B,(R) that fixes 0, that commutes with ¢,_; and that has
slopes in ¢(n). The normalizer h is not in B, (R) since ¢ is not in (n). However, it
is easy to show that hm, is trivial. If for some ¢ there were a w € CO(Fn’oo,tn,l)
so that wfflgnﬂ-hw*1 = gn,i, then the PL normalizer hw™! would be non trivial
and commute with g, ; contradicting Proposition 5.3.1. This shows that for our
assumed n, the intersection of Autpr (Fy, o0, tn—1) and Autg(F,Lm, tn—1) does not

lie in Aut%I(Fn’OO, tn—1).

The next lemma shows how lifting affects an automorphism that is inner (at

some 7). We use a’ to represent b~ 'ab or the action of b on a as appropriate.

Lemma 5.3.5. Let 2 < m < n be integers, and let 7, , and O, ,, be as in The-
orem 4.1.6. Let W be in Fp,j0.m-1], let W' = Wy, and let w = Wo,, €
C%( B (R),tm_1) be regarded as an element of AutO(Fm,oo,tm_l).

(a) Then W' is in F, jo.m—1] € Fi0,n—1) and if u = wOp, , € AutO(Fn’oo,tn,l)
and v =W'®,, € C°(B,(R),t,_1) C Auto(Fnyoo,tn,l), then for all 1 with 0 <1 <

m — 2, we have (gn;)" = (gn,i)"-
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(b) Now let i be an integer with 0 < i < m—2. Assume that o € Au‘uO(F,nm,7 tm—1)
is inmer at i via w. Let B = a®Oy, ,, and let v=W'®,. Then (gn.;)”? = (gn.:)* and

0 is inner at i via v.

Proof. We get (b) from (a) and Corollary 4.1.6.1 because (g,,.;)” = (gn.i)* = (gni)"
with u as in (a). We thus concentrate on (a).

Let Wy = Wo,,—1. That W' is in F}, [g,p,—1) follows from Lemma 4.1.5. Let

Wll = Wlanfl = t;ilwltnfl = (t:n171th71)Tm,n = (Wamfl)'rm,n = Wle,n-

Now two applications of Lemma 3.1.2(b) and one of Theorem 4.1.6 give

(gn,i)v - (W/)_lgn,iW/W{ - (W_lgm,iWWI)Tm,n - ((gm,i)w)'rm,n - (gn,z)u

Corollary 5.3.5.1. Letm < n, let a be in AutO(Fm,m,tm,l) and let B = a©,, ,, €

Aut®(F, oo, tn—1). If « is locally inner, then so is 3.

Proof. Lemma 5.3.5 works for each ¢ with 0 <i<m—1. Form—-1<1i<n—1,

let w; = 1. O

Now that we know that locally inner automorphisms are closed under lifting, we
can define another subgroup of AutO(Fnyoo,tn,l). As n ranges over the integers
greater than 1, the groups AutO(Fnyoo,tn,l) form a graded group that we denote
by A. This graded group is closed under lifting. We let L€ be the smallest graded
subgroup of A that contains all the C°(B, (R),t,_1) and that is closed under lifts.
The portion of L€ in Aut(F, o0,t,—1) will be denoted LC?(B,,(R),t,_1). The

next corollary follows from Corollary 5.3.5.1.

Corollary 5.3.5.2. LC°(B,(R),t,_1) is a subgroup of Aut) ;(Fp.co,tn_1). O
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5.4. Normalizers of A,. In this section, we obtain our main results from the
machinery developed in Section 5.3. The results here will prove that certain nor-
malizers of A,, are not PL and that certain normalizers of B,, are not normalzers
of A,.

Let W € F,, oo and 0 < j < n—1. We say that W avoids (the residue class of) j
if W can be written as a product of generators in Definition 2.1.1 and their inverses
that uses no g; with i congruent to j modulo n — 1. Let w € C°(B,(R),t,_1).
We say that w avoids (the residue class of) j if we can write w = W®,, for some
W € F, j0,n—1) such that W avoids j.

Note that if W avoids j then it can be written in seminormal form without using
generators whose subscripts are congruent to j (mod n — 1). This is due to the
fact that the rewriting rules that lead to the seminormal form preserve the residue

classes of the subscripts.

Lemma 5.4.1. (a) {W € F,, o|W avoids j} is a subgroup of Fy, o.

(b) {w € CY(B,(R),tn_1)|w avoids j} is a subgroup of C°(B,(R),t,—1).

(c) Let m < n, W € Fpoo and Tmpn @ (Fmcortm—1) — (Fnco,tn-1) be the
monomorphism of Proposition 4.1.2. Then Wy, , avoids every j with m —1 <

j<n-—1.

Proof. (a) It is immediate from the definition.
(b) This follows from (a) and Lemma 3.1.2(a).

(¢) This is immediate from the definition of 7, , in Proposition 4.1.2. O

Lemma 5.4.2. Let W € F, , and 0 < j < n—1. Then W avoids j if and
only if W can be represented by two allowable subdivisions in the sense of Lemma
2.2.2 such that for every l > 0, the intervals [%, an—ﬁl], a=j (modn-—1), are not

subdivided.

Proof. Note that when an allowable subdivision is constructetd as in Definition

2.2.3, the number of an interval of the form [%, “:,,1} is congruent to @ (mod n—1),




so each generator g; in the seminormal form of W will partition an interval [%, “:{ll]

with a =4 (mod n — 1). O

Corollary 5.4.2.1. Leta<b<cbeinZ,0<j<n—1, and Wy,Ws € F, o with

supp(W1) C [a, b], supp(Wa) C [b,c]. If WiWs avoids j, then so do Wy and Wa.

Proof. Write W1 Wy = PN ! in seminormal form so that the allowable subdivisions

D and F corresponding to P and N respectively, do not subdivide intervals of the

form [7%, a;l] with ¢ = j (mod n — 1). Combining the portions of D and E that
lie in (—o0,b] with the standard subdivision on [b, 00) yields a pair of allowable
subdivisions for Wj. Similarly, the portions of D and E in [b,00) combined with

the standard subdivision on (—o0, b] yield a pair of allowable subdivisions for Wa.

Therefore W7 and W5 avoid j. O

Lemma 5.4.3. Letbe Z,0<j<n—1, and w € C°(B,(R),t,_1) be such that

w fives b. Then tywt, ' € CO(Bu(R),t,—1) and w avoids j iff tywt, * avoids j — b.

Proof. Since w commutes with t,_; we may assume that 0 < b < n — 1. The
fact that tbwtb_1 € CY%B,(R),t,_1) is immediate. For the rest, it suffices to do
one direction. Assume w avoids j. Write w = W, with W € F, 9,1}, so
that W avoids j. Then we have that W fixes b. So write W = W;W5 where
supp(W7) C [0, b] and supp(W2) C [b,n — 1]. By Corollary 5.4.2.1 both Wy and W,
avoid j. Let Uy = t,Waty ' and U =t Wit,_1_p, and U = UyUs. Clearly
both Uy and Us avoid j — b so by Lemma 5.4.1(a), U avoids j — b. Since we have

tywt, ' = U®,, the conclusion is that t,wt, ' avoids j — b. O

Lemma 5.4.4. For n > 3, let a be in Aut®(F, o0,tn—1), and let h be the self-
homeomorphism of R that fizes 0, commutes with t,_1 and realizes cv. Let 0 < i <
n—1 and v;,vi+1 € Autpr (B, (R),tn—1) be conjugation by PL homeomorphisms
w; and w1 such that (g;)a = (g;)vi and (giv1)a = (git1)Viv1- If b normalizes

An(R), then hiltlh = w;ltlel,
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Proof. Observe that (gi)%aflala*yi;llal_ ! = g;. Since h normalizes A, (R), both
h~1t1h and wih_ltlhw;rlltl_l are PL. Applying Proposition 5.3.1 to this PL nor-
malizer of B,(R) which commutes with ¢, ;1 we get wih_ltlhwijrlltfl =1, so

h_ltlh = w;ltlwiﬂ. O

Proposition 5.4.5 (Double unbent generator). Let a € Aut®(Fy, o0,tn-1), n > 3,
be a normalizer of A, (R). If for some 0 < i <n—1, a has an unbent generator at

i and i+ 1, then « is the identity.

Proof. Let h be the self-homeomorphism of R that fixes 0, commutes with ¢,,_; and
realizes a. By Corollary 5.2.2.1, h~'g;h has slope n to the right of ih, and being
affine on [z, i+1]h, forces this interval to have width 1. Similarly for [i+1,i+2]h, and
the two intervals are consecutive. Let b = th—i = (i+1)h—(i+1) = (i+2)h—(i+2).
Then h~'g;h = tb_lgitb and h=lg; 1h = t;lgi+1tb. By Lemma 5.4.4, h= 't h = t1,
so h commutes with #;. It follows that h~'g;h = t;lgjtb for every 0 < j <mn—1,

S0 « is conjugation by t;. Since h fixes 0, we must have b=0so a =1 . O

Lemma 5.4.6. For n > 3, let a € Aut®(F,—1 00, tn—2) be locally inner. If 3 =

a®,,_1., normalizes A, (R) then « is the identity.

Proof. By Lemmas 5.4.1(c) and 5.3.5, for each i there are w; € C°(B,(R),t,_1)
such that ¢;3 = w;lgiwi and w; avoids n—2. Moreover w,,—o = 1 and wj4,—1 = w;.

It follows from Lemma 5.4.4 that h=1t1h = w;ltlwiﬂ, so we get h ™M h = tiwg =

-1 -1 -1
Wy tiwy = - = w, 4t wy_3 = w, 3t SO
(%) Wiyl = t;lwitlwo for 0<i<n—4,
(**) 1= t;lwn,gtlwo.

From (%) and the fact that wo and w;4; fix 0, we get that w; fixes n — 2 when
0 <i<n—4. For w,_3, use (xx) and we have that all w; fix n — 2.
Now from (), Lemmas 5.4.1(b) and 5.4.3, and the fact that w,,_3 avoids n — 2,

we get that wy avoids 0. From this, (), Lemmas 5.4.1(b) and 5.4.3, and the fact
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that all w; avoid n — 2, we get that all w; avoid 0. Once again, iterate the process
to get that all w; avoid each of 0,1,...,n — 2. Therefore we must have all w; =1

and oo = 1. O

Theorem 5.4.7. For 2 < m < n, let a € Aut®(Fy00,tm—1). Form = n —1
assume that « is locally inner. If B = a©,,, normalizes A,(R) then « is the

identity.

Proof. This follows from Lemma 5.4.6, when m = n — 1, and from Proposition

5.4.5, when m <n — 1. O

The next application of Proposition 5.4.5 justifies the remark made after Theo-

rem 4.3.1.

Theorem 5.4.8. Assume (m—1) | (n—1) withm > 2. Let w € C%(B,,(R), tm_1)
represent a non-trivial automorphism o of A, (R) by conjugation. Let § = whAy, .,

as described in Theorem 4.3.1. Then B does not normalize A, (R).

Proof. Assume that § normalizes A,(R). We have w = W®,, for some W €
Fo0,m—1)- Now if W’ = W, ,, then by Lemma 4.1.5, we have W' € F,, j9,n—1] €
Fyon—1)- Ifw" = W’'®,,, then Lemma 5.3.5 (which applies since § and a©,,, , agree
on the relevant generators) gives g, ;8 = (w') " !g, ;w’ for 0 < i < (m —2). Now w’
avoids j unless 0 < jo,, < (m — 2). Thus if w’ were to commute with ¢,,_1, then
w’ would be trivial. Since ( fixes t,,_1, the self homeomorphism A of R for which
Gn.i3 = h™tg, ;h for all j must commute with ¢,,_1 as well. Thus h # w’. Now
the composition (w’)~'h is non-trivial and normalizes A,(R) since v’ € A,(R).
However, conjugation by (w’)~1h leaves each g, ; fixed with 0 < i < (m — 2) which

contradicts Proposition 5.4.5. (]

The next theorem will be used to show that there are many non-PL elements in

Aut(4,(R)).
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Theorem 5.4.9. Let 2 < m < n be integers for which (m — 1) | (n — 1), and
consider o € Aut%I(meoo,tm_l). Let 8 = alp,,n as described in Theorem 4.3.1.

If « is not trivial, then G is not PL.

Proof. From the construction in Theorem 4.3.1, we know that 8 = a©,,, on
those g,; with 0 < ¢ < m — 2. By Lemma 5.3.5, § is inner at ¢ via some w; in
C%(B,(R),t,_1) for all i with 0 <i < m — 2. For any j, gn; = ;" gn.itk,_; for
some unique k and 7 with 0 <7 < m — 2. An elementary calculation using the fact

that 3 commutes with ¢,,_; shows that [ is inner at j via w; where w; is equal to

k
m—1-

the conjugate of w; by ¢

By Lemma 5.3.3(e), we are done if we show that ( is not inner. By Corollary
5.3.3.1, we are done if we show that 3 is inner at two values via unequal elements
of C°(B,(R),tn_1).

Consider an ¢ with 0 < i < m—2. Since 8 = @O, ,, on gy, ;, Lemma 5.4.1(c) says
that w; avoids all j with m —1 < j <n —1. Now [ is inner at ¢ + m — 1 by w} =
t-1 Jwity,—1. By Lemma 5.4.3, w} avoids all j with 2(m—1) < j < (n—1)+(m—1)
modulo (n — 1). However, this includes all j with 0 < j < m — 1 modulo (n — 1).
If we were to have w; = w}, we would have w; = 1. This cannot happen for all

with 0 < ¢ < m — 2 since « is not trivial. This competes the proof. O

5.5. An example of torsion. In the following, we leave to the reader the task of

checking a large number of calculations.
Theorem 5.5.1. Forn > 5 there is an element of order n — 2 in Out,(B,(R)).

Proof. The example will be a rotation of a lift of an element in AutO(F4yoo,t3).

Consider the function fixing ¢3 and sending
94,0 — 94,094,49;%,
94,1 — 94,294,39;51,,

—1
94,2 7 94,294,494 2-
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This extends to a function defined on all the g4 ; that fixes t3. Using the subdivisions
of Section 2.2, it is easy to show that the the images of the g4,, 7 € {0, 1,2}, have
their active parts confined to [0,2], [2,23] and [24, 3] in order, and that they satisfy
the relations defining Fj o.. Thus the function extends to an endomorphism o« of

Fy oo that commutes with o3. It is straightforward to check that the inverse of « is

defined by
94,0 94,094,19;§7
94,1 94,094,29;57

ga2 94,194,59;§~
It is not needed here, but « is the automorphism used in Theorem 4.4.3 that is
conjugation by a PL function with slopes in 2(4) and thus « is not in C°(Fy , t3).

If we lift o to B, by ©4,, for n > 4, then we get an automorphism defined by
Gn,0 — gmognmg;,lza
Gnd = Gn2Gnn—19mni1>
Gn,2 — gn72gn7ng;,125
In,i 7 Gn,i for3<i<n-—2.

If h is the self homeomorphism of R that realizes 3, by conjugation, then the
1-step rotation -, of 3, is realized as conjugation by k = t¢; htl_hl. However, 1h = 2
since it can be checked that the leftmost break of g, 13, is 2. Thus 7, is conjugation

by ti1hts Land ~, = 010n05 1. This gives that 7, is determined by
Gn.0 —Gn.09n.n—39m n1>
In,1 '_)gn,Ogn,n—2g;%)a
Inyi FGn,i—1 for2<i<n-3,
In,n—2 ’_)gn,n—3gn,2n—3g;%_1

-1
:gn,n—2gn,n—3gn,n—1 .
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where the last expression that is not in seminormal form will sometimes be conve-

nient.

Let
— —1 d
Un,k = gn,Ogn,n*kgn,n—P an
o —1
Un,k = nn—29nn—kYp n—1-

Note that gn 0vn = Un,3 and gn.n—2Vn = Un,3. We claim that u, 7y, = up g+1 and

UnkVn = Un,k+1 for 3 <k <n —2. In this range, 2<n -k <n—3 and

_ —1 —1 —1
Un,kTn = g”aognaN—‘?gn,n*lgn,n—(k?+1)gn727l—2gn,2nf4gn,n71

_ —1

= 9n,09n,n—(k+1)9n,n—1

= Un,k+1

where the second equality holds because n — (k + 1) is less than both n — 1 and
n — 3. The claim for v, 17, has an almost identical proof.

NOW gnn-37, = gn-3—j for 1 < j < n —4. Thus, for these values of j, v/ is
non-trivial and satisfies the hypotheses of Proposition 5.3.1. For these values of j
we know that +7 is not represented as conjugation by a PL self homeomorphism of
R and represents a non-trivial element in Out, (B, (R)). When we show that 72

represents a trivial element in Out,(B,(R)), we will know that 77~ represents a

non-trivial element in Out,(B,(R)) as well.
Now
A T
= (Gn.00n. 10 1—1)n
—1

— 2 -1
- gn,Ognﬂl*an,anan,O

where the last equality follows from the definition of ~,, and several applications of

the relations of F}, . A similar calculation gives

n—2 _ _ -1 -1
In,n—2"n = Un,n—1Tn = gn,Ogn,n72gn,3n74gn,2n729n,0'
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To help work with the other generators, we let P = gmn_gg;}). An easy check
shows Py, = P. Now g,,,17n = gn,0F so for 1 <i < n — 3 we have

n—2—1t

Inin ° = (gnoP)m 7" = tnniP
o 1 -1
= 9n,09n,i9pn,n—19n,n—29n0

_ —1 —1
= 9n,09n,i9n,n—29n 20n—29n,0-

We will show that 4?2 is trivial in Out,(B,(R)) by showing that the action

n

n—2

n~= is realized as conjugation by an element of CO(FH,OO, tn—1). We claim that

of v

the action of 77~2 is conjugation by w = P®,. Using subdivisions, it is easy
to check that P has support in [0,n — 1] so that P®,, makes sense. By Lemma
3.1.2(b), w g, ;w = P~ 1g, PP, where P, = Po,_; = gnvgn_gg;ifl. It is now a
straightforward exercise in using the relations of F}, o to check that for 0 <¢ < n—2

we get wlg, ;w = gn ;22 This completes the proof. O

The lemma above holds for n = 4 as well. The example is represented by the
automorphism « in the proof. To verify this, one must actually prove the remark in
the proof that the action of « is conjugation by a PL function with slopes in 2(4).
The order of this outer automorphism is 2. What is surprising is that the finiteness
of the order persists in the particular combination of lift and rotation used. In
fact, all j-step rotations of (3,, n > 4, by integers with ¢,(j) # 1 and ¢, (j) # 2
represent outer automorphisms of infinite order. This follows from Proposition 5.3.1
since each such rotation fixes g, o and is non-trivial (and thus its positive powers
are non-trivial). We do not know the status of the 2-step rotation of (3, although

numerical calculations hint that the order is infinite.

6. ON THE STRUCTURE OF Aut(A4,) AND Aut(B,,)

In this section we collect and comment on the main results of the paper. Section
6.1 gives general results about the automorphisms of A,, and B,, for a single value

of n. Section 6.2 discusses local properties of automorphisms, i.e., the action on a
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single generator. Section 6.3 discusses the relations between automorphims of A,
and A,, and B, and B, for values 2 < m < n. The results are not arranged to
show dependency. All results can be proven using material prior to this section,
but in the order that they are presented here, some results in Section 6.1 depend

on results quoted in Sections 6.2 and 6.3.

6.1. Results for a single n. The classes [A,] and [B,], n > 2, of homeomor-
phism groups on both the real line, and the circle are defined in Section 1.3. For
C = A or C = B, the class [C,] has a container group C,. The McCleary-Rubin
theorem applies to all groups in the classes, automorphisms can be viewed as nor-
malizers, and the characteristic subgroups of C,, are precisely the ones with the
same automorphism group as C,.

The next two lemmas are minor rephrasing of Lemmas 1.3.1, 1.3.2 and 2.2.7.

Lemma 6.1.1. Let X =R or X = S,, C = A or C = B, and r € Z[1] with

r € A, for the case C = B. Then the following hold.

(a) The groups Cp,(R), Cyn(Sy), are in the class [Cy).

(b) For G in the class [Cy], N(G) ~ Aut(G).

(c) If G is in [Cy], we have N(G) C N(Cyp(X)).

(d) G € [C))] is characteristic in Cp(X) if and only if N(G) = N(Cp,(X)).

Each of the two classes contains at least one of the Thompson groups.

Lemma 6.1.2. The group F, is in [A,], and the group F, ~, is in [By].

Moreover, in each case groups of automorphisms of the container and the corre-

sponding Thompson group are closely related.
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Proposition 6.1.3. There are exact sequences and isomorphisms

(1) 1 — Autp(Fp,o0) = Auto(Fr o) — Outo(Br(R)) — 1,
(2) 1 — Auth(F,) — Aut®(F,) — Out,(4,(R)) — 1,
(3) Out,(B,(R)) ~ Aut?r(anoo,tn_l)/C’O(B,L(R),tn_l),
(4) Out,(A,(R)) ~ Aut?r(Fn,tl)/CO(Bn(R),tl),
04
(5) 1] —— ngo — Aut%(Fn) —— Ty1xTy1 ——= 1, and

0 d
(6) 1 — Fn,oo —— AUtB(F7L7oo) ; n,n—1 X T’n,’nfl —— anl — 1.

Note that the middle terms of (5) and (6) are the second terms of (2) and (1).

Proof. Ttems (1-4) are given in Proposition 2.6.2. In (5), the restriction that ele-
ments of F,, must be integer translations near +oo forces an element f of Aut% (F,)
to satisfy (z+1)f = xf + 1 near +00. We thus take 64 to be the pair of germs of
f near +o00 modulo integer translations. This gives a well defined pair of elements
of T, 1. If such a pair of elements is given, then they lift to a pair (f_, f+) where
each is in Aut(F,). Since the lifts are adjustable by composing with translations
by integers, we can arrange that f_p, = fip, =0 and that zf, >z and 2f_ <=z
for all z. Then Proposition 1.2.2 lets us build an element f of A,(R) that agrees
with fi near +oo and that fixes 0. This shows that 64 is onto. The kernel of 64
consists of all elements of B,(R) that fix 0 and are integer translations near +oc.
Since residues are preserved in B,,(R), the translations are by multiples of of n — 1
and the kernel consists of all elements of F}, o that fix 0.

The arguments for (6) are similar to those for (5) except that we cannot adjust
f-pn and fip,. In fact there is a well defined homomorphism p,, : Ty, -1 — Zy—1
giving the amount of shift on residue classes induced by an element of T;, ;1.

The image of 0p is the kernel of the map d : T}, ,—1 X T}, n—1 — Zp_1 defined by

(fl;fZ)d:flpn_f2pn~ O
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The two groups A,(R) and B,(R) have the same PL normalizers which are
completely determined by Lemma 3.2.2. From Lemma 3.2.2 and Corollary 3.2.4.1

we have:

Theorem 6.1.4. Let n > 2.

(a) AutpL(An(R)) = AutpL(Bn(R))
(b) Outpr(An(R)) = (n))/(n)
(c) Outpr(Bn(R)) = Zn_1 > (n))/(n).

See Corollary 3.2.4.2 for the analysis of torsion that occurs in Outpr(A,(R))
and Outpr (B, (R)).

From Theorem 5.4.9, we get infinitely many non-PL automorphisms of A,,.

Theorem 6.1.5. For 3 < n, Aut(4,(R))contains an isomorphic copy F of F ~

Fy ~ Fy o. The intersection ofﬁ with Autpr,(A,(R)) is trivial.

Proof. Theorem 4.3.1 says that Ag, injects AutO(ngo,tl) into AutO(Fn,oo,tl).
Since Fy, oo and t; generate Fy,, Ay p, injects AutO(Fgﬁoo, t1) into AutO(Fn, t1). Since
automorphisms of F), are automorphisms of A,(R), Az, injects AutO(ngoo,tl)
into Aut’(A4,(R),t;). From Theorem 5.4.9, we get that the image of the non-
trivial locally inner elements in Aut®(Fy o,t;) are not PL. However, elements of
Auto(Fg,o07 t1) are orientation preserving, and it follows from the main theorem of
2] that all elements of Aut’(Fy 0, 1) are in C°(By(R),t;) and are thus (locally)
inner. Further C°(By(R),t;) is isomorphic to Fp (0,17 which is isomorphic to each

of F o, F> and Thompson’s original group F'. Il

The two container groups and their automorphism groups present some unusual
behavior in the sense that 4, (R) and B, (R) “almost equal” whereas Aut(A4,(R))

and Aut(B,(R)) are “very different”. More precisely:
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Theorem 6.1.6. Let n > 2, A= A,(R),B = B,(R). The following properties

hold:

(a) B is characteristic in A so that restriction to B gives a homomorphism
from Aut(A) to Aut(B).

(b) The homomorphism from Aut(A) to Aut(B) is a monomorphism so that
we can regard Aut(A) as a subgroup of Aut(B).

(¢) The index of B in A is finite.

(d) The index of Aut(A) in Aut(B) is infinite.

Proof. The first three parts follow from Proposition 1.4.2 and Lemma 1.1.4. For
part (d), Theorem 5.4.7 implies that Aut(A) has trivial intersection with the infinite
groups (Aut’(Fp, o0, tm—1))Om.n for m <n —2 and (Aut) ;(F, 100, tn—2))On 1.1

O

The behavior in Theorem 6.1.6 although unusual, is found in other places. The
following example is a variation of one supplied to us by F. Gross [15]. Note that
while there are other groups having the properties imposed on .S in the hypotheses,

the group F; of Proposition 2.4.2 will also do when n > 2.

Proposition 6.1.7. Let S be a simple group such that Out(S) is infinite, and
P a finite group acting transitively on the set {1,...,n},n > 2. Let B = S™ and
A =8P, sothat A= BxP. Then A and B satisfy the four properties of Theorem

6.1.6

Proof. (a) This follows from from [21, Thm 9.2] since S is not a dihedral group.
However it can also be seen directly using the facts that S is infinite simple and P
is finite as follows: Let o € Aut(A), and let .S; denote the i-th factor of B. Since
by construction B is a normal subgroup of A we have that Ba N .S; is a normal
subgroup of S;, so by simplicity we have BaNS; = S; or 1. But [S; : BanS;] =

[(Ba)S; : Ba] < [A: Ba] = n so we must have BansS; = 5;, ie., S; C Ba.
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Therefore B C Ba. Now use o~ ! to get equality.
(c) Is obvious.
In the rest of the proof, it will be convient at times to use a’ to denote b~ 'ab
when a and b are in the same group, and the action of b on a when ¢ € G and
b € Aut(G). We let ~ : Aut(4) — Aut(B) be the monomorphism induced by
restriction. By [23, Thm. 3.3.20] we know that Aut(B) is the wreath product
Aut(S) 1T, = (Aut(S))™ x II,, where II,, is acting on the set {1,...,n}.

Observe that for b € B and p € P, we have bp = pb?, so for a € Aut(A4) if we
write p* = aq where a € B and g € P, then applying a on both sides of bp = pb?

we get b%aq = aghP® = abP*® ' q, so b%a = abP*? ', and therefore

(%) ag, = pag "

where £, is conjugation by a in B.

(b) Let o € Aut(A) be such that @ = 1. From () we get £, = pg~!, and since
£, € (Aut(S))™ and pg~! € II,,, we must have pg~! =1 and {, = 1s0 ¢ =p, and a
is in the center of B, which is trivial, so p® = p, and o = 1.

(d) Let Aaug(s) be the diagonal in (Aut(S))". We will show that when viewed as
a subgroup of Aut(B) we have Aut(A) C (Aaue(s) - (Inn(S))") x II,,, and therefore
[Aut(B) : Aut(A)] > |Out(S)|"~1. For a € Aut(A), if we write @ = do where
5= (61,...,6,) € (Aut(9))" and o € II,,, then from (x) we get §o&, = pdog~! so
65;’_10 =0 'pog!, and since 67,87 € (Aut(S))" and o, pogt € II,, we get
667 =67 " 506767 € (Inn(S))". Finally, since the action of P on {1,...,n}
is transitive, d1,02,...,0, are all in the same coset of Out(S), and we can write

(51,62, .. 7(Sn) = (61,51, .. .,(51) . (1,5;162, .. 76f15n) S AAut(S) . (IHH(S))". O

The “difference” between Aut(4,(R)) and Aut(B,(R)) is further illustrated by
looking at the permutations in II,,_; that they support. Recall that Aff(Z,,_1)
denotes the group of affine transformations of Z,,_1, i.e., Z,_1 x U,_1, and D,,_4

is the subgroup of U, _; generated by the divisors of n.
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Theorem 6.1.8. Let n > 2.
(a) The homomorphism 7y, : Aut(By,) — II,,_1 is surjective.
(b) The image of Autpr,(Ay) under m, equals Ziy,—1 X Dy_q.
(¢) The image of Aut(A,) under m, contains Z,_1 X Dp_1 and is contained

m Aff(Zn,l)

Proof. (a) follows immediately from Theorem 4.4.3 and Lemmas 6.1.1 and 6.1.2.
(b) For one containment, Lemmas 3.2.1 and 3.2.2 imply that (Autpr(A,))m, C
Z, 1D, 1. Lemmas 3.2.2 and 3.2.3 give the other inclusion.

(c) For the first containment, Z,,_1xD,,_1 = (Autpr(A,))m, C (Aut(4,))r,. Now
for the second containment, given o € Aut(A4,(R)), let a = Oc, and k be the self
homeomorphism of R that realizes a. Let h = kt; ! and let 3 be conjugation by h.
Then § € Aut’(A,), and since t, € A, (R), then by Lemma 1.1.3, t,7, is a power
of the cyclic permutation o = (() 1 2 ... n— 2), which is in Aff(Z,_1). So
it suffices to show that v = fm,, € Aff(Z,_1). Let T = (¢t1)8. On one hand, since
T € A,(R) we have T, is a power of o. On the other hand, since T' = h~'t;h we

1

have that T, is v~ 1oy an (n — 1)-cycle, so T'm,, = o7 for some j relatively prime

to (n—1). So T'n,, = <() i o2j ... (n— Q)j), and since 0y = 0, we must have
o1 2 ... n—2
’)/ =
0§ 2 ... (n—-2)j
which is multiplication by j modulo n — 1, so v € Aff(Z,—1). O

We end this part by quoting two results about Aut(B,(R)) and Out(B,(R)).
First, Aut(B,(R)) is complete (has trivial center and trivial outer automorphism
group so that Aut?(B,(R)) = Aut(B,(R))), and second, Out(B, (R)) has torsion.
These are Theorems 2.4.3 and 5.5.1 together with the comment following the proof

of Theorem 5.5.1.

Theorem 6.1.9. The automorphism group of Aut(B,(R)) equals Aut(B,(R)).
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Theorem 6.1.10. For n > 4 there is an element of order n — 2 in Out(B,(R)).

6.2. Local properties of automorphisms. Most of the analysis in Section 5
comes from studying the behavior of automorphisms on single generators. This
leads to the concepts unbent generator at i, inner, inner at ¢ and locally inner in
Definition 5.3.2.

The next two propositions tell us that, other than the identity, PL normalizers of
F}, o can not have unbent generators, and normalizers of F}, ., with two consecutive
unbent generators can not normalize A,,. These results are Propositions 5.3.1 and

5.4.5.

Proposition 6.2.1 (Unbent Generator). Forn > 2, let « € Aut®(F, o0, tn—1) have

an unbent generator at some i. If o is PL, then « is the identity.

Proposition 6.2.2 (Double unbent generator). Let a € Aut®(Fy, o0,tn—1), n > 3,
be a normalizer of A, (R). If for some 0 < i <n—1, a has an unbent generator at

i and i + 1, then « s the identity.

Section 5.3 introduces several subgroups of AutO(an, tn—1). In the subgroup
diagram in Figure 2, we use empty parentheses to denote (F, oo, tn—1) after “Aut”
and to denote (B, (R),t,_1) after “C°.”

The next proposition summarizes what we know about the diagram in Figure 2.

Proposition 6.2.3. In the diagram in Figure 2, containments 1, 2 and 4 are
proper, the group C°(B,,(R)) is normal in all groups that contain it and the rectan-
gle at the lower right is a lattice. There are no PL elements in Aut) ;() — C°(), but

there are PL elements in Aut® () — Aut? () (at least when n is not a prime power).

Proof. That containments 1 and 4 hold is clear, and the other two follow from
Lemma 5.3.3(e) and Corollary 5.3.5.2. Containment 1 is proper by Theorem 4.4.3,

2 is proper by Example 5.3.4 and 4 is proper by Proposition 5.3.1 since lifts are
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FIGURE 2. Subgroups of the automorphism groups

non-trivial and fix at least one generator. That the lower right rectangle is a lattice
follows from Lemma 5.3.3(c). The existence and non-existence of PL elements is

discussed in Example 5.3.4 and Lemma 5.3.3(e). O

We can say something about structure. For 0 <i <n —1, let Out% (Bn(R)) be
the image of Aut(l)i (Fr 00, tn—1) under the map Aut(F), o0, tn—1) — Out,(B,(R)),
and let OutY ;(B,(R)) be the image of Aut} ;(F,, o0, tn_1). To denote the elements

of Aut? ;(Fpy oo, tn_1) that fix g;, we will use Aut%mgi (P00, tn—1)

Proposition 6.2.4. Let 0<i<n—1.

(a) The sequence
1 — C%B,(R), ty_1) — Aut] (Fy o0, tn—1) — Out) (Bn(R)) — 1
1s split exact with section Out(l),. (B,(R)) =, Autgi (P00, tn—1) ; 50

Aut] (Froo,tn-1) = Fp j0,n—1) % Aut) (Fp oo, tn-1)
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(b) The sequence
1 — C%B,(R),tp_1) — Aut? ;(Fr oo, tn1) — Out? (B,(R)) — 1

is split ezact with a section Out? (B, (R)) = Aut%mgi (Fr,00,tn—1)

for each i. So
At [ (Frysostn_1) = Fo[0,n-1] X Out?;(B,(R))
(c) Out?i (Bn(R)) and Out? ;(B,(R)) are torsion free.

Proof. (a) follows from Lemma 5.3.3(c) and remarks in Definition 3.1.1.

(b) This follows immediately from (a), since conjugation by w € C°(B,(R),t,_1)
is locally inner.

(c) follows from the splittings in (a) and (b) because a non-trivial, orientation

preserving, self homeomorphism of R has infinite order. O

6.3. Results relating two values (m < n). For 2 < m < n there is an embedding
Tmn Of Frm oo into F, o taking t,,_1 to t,_1, that extends to an embedding ©,, ,,
of Auto(Fm)007 tm—1) into AutO(Fn,OO, tn—1). We call the map ©,,, the lift from m
to n. The lift ©,, , also extends the embedding of II,, into II,,. Moreover, locally

inner automorphisms are lifted to locally inner automorphisms.

Theorem 6.3.1. Let 2 < m < n be integers.
(a) There is a unique monomorphism of group pairs Tmn @ (Fimcostm—1) —
(Frcostn—1) 80 that (gm.,i)Tmn = gn,i for 0 <i < (m —2).
(b) there is a monomorphism ©,, , : AutO(FmM,, tin—1) — AutO(anoo, tn_1) SO
that if 0 € AutO(Fmoo, tm—1) then 0 = 0©,, ,, is the only map that makes

the following diagram commute.

Tm,n

(Fm,ooatm—l) I (Fn,ooatn—l) <—)(<gm71;'~'agn72,tn71>;tn71)

A }

Tm,n

(Fm,ooatm—l) I (Fn,ooatn—l) <—)(<gm71;-~'agn72,tn71>;tn71)
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(c) The lift ©,, ., preserves permutations, i.e., the following diagram commutes.

Om,n
AUtO(Fm,ooa tm—l) — AUtO(Fn,ooa tn—l)

-

IT,,, I,

(d) The lift O, maps Aut) ;(Fpoo,tm—1) to Aut?;(Fnoestn_1). The map

T Maps Fo, j0m—1) t0 Fyon-1)- If we define Tpp - Fg,ﬁ)%mfl] —

F o1 0y Wos oo s Wine2) T = (WoTmuns -+ s Win—2Tmyn, 1, .. 1) then

n,[0,n—1

the following diagram commutes.

Om,n
Aut(l)/I(Fm@O’ tm—l) - AUt%I(Fn,ooa tn—l)

-

m—1 n—1
Fm,[O,mfl] Fn,[O,nfl]

Note that the maps tym, L, are not homomorphisms.

Proof. (a), (b), and (c) are just Proposition 4.1.2, Theorem 4.1.6, and Proposition
4.4.2 respectively.
(d) The statement about ©,,, is Corollary 5.3.5.1. The statement about 7,

follows from Lemma 4.1.5. Commutativity follows from Lemma 5.3.5. O

In contrast with Theorem 6.3.1 part (b), standard lifts do not normalize A, (R),

as we get from Theorem 5.4.7.

Theorem 6.3.2. (a) For integer values 2 < m < n — 1, there is an isomor-
phic copy of Aut®(Fy.costm—1) in Aut(B,(R)) that has trivial intersection with
Aut(A,(R)). (b) For integer values 2 < m =n — 1, there is an isomorphic copy of

Aut? ;(Fonoo,tm—1) in Aut(B,(R)) that has trivial intersection with Aut(A,(R)).

However, when m < n are such that (m — 1)|(n — 1), we can do symmetric

lifts from m to n. For o € AutO(Fm,oo,tm,l), the symmetric lift aA,, ., can be



78

thought of as the composition of the standard lift a©,, ,, with its iterated (m — 1)-
step rotations. The lift aA,, ,, normalizes F), o and commutes with ¢,,_;, but in
general it does not normalize A, (R). In the particular case m = 2 we get that
symmetric lifts from Aut’(F, 0, %), do normalize A, (R). From Theorems 4.3.1

and 5.4.8 we get the following.

Theorem 6.3.3. Let 2 <m <n be such that (m —1)|(n —1).

(a) There is a monomorphism A,, : AutO(me,tm,l) — AutO(an,tm,l) 80
that if 6 € AutO(meoo,tm,l), then 0 = OA,, ., is the only homomorphism

in Aut®(Fy, o0, tm—1) that makes the following diagram commute.

Tm,n

(Fm,ooatmfl) D (Fn,oo;tnfl)

A

Tm,n

(Fm,ooatmfl) I (Fn,oo;tnfl)

In particular if 6 € Aut® (F3,00,t1) then OAq,, normalizes A,(R).
(b) If m > 2 and 6 € Aut(A,,(R)) is conjugation by 1 # w € C°(B,,(R), tm_1)

then O\, ,, does not normalize A, (R).

7. QUESTIONS

We gather some questions raised by the material in the paper. Recall the graded
groups A and L€ defined in Section 5.3. We introduce two more graded subgroups
of A to hang questions on. We let LRE be the smallest graded subgroup of A that
contains all the CY(B, (R),t,_1) and that is closed under lifts and rotations. Note
that A is closed under rotations. We let LRPL be the smallest graded subgroup
of A that contains all the Aut%; (Fy, o,tn,_1) and that is closed under lifts and

rotations.

Question 7.1. Is LRPL = A? This asks if we have found all automorphisms of

Bn(R).



79

Question 7.2. Is LRC = LRPL?
Question 7.3. Is LC = LREC?

Example 5.3.4 shows that L€ is a proper subset of LRPL, so at least one of

Question 7.2 or 7.3 has answer no.
Question 7.4. Is containment 3 in the diagram above Proposition 6.2.3 proper?

To answer at least some of the questions above, it seems that techniques will

have to be developed that go beyond the techniques of the current paper.

Question 7.5. Is AutOLI(Fn,OO,tn,l) preserved by rotations? Rotations preserve

AutO(an,tn,l) by Lemma 4.2.1.
Question 7.6. Is there torsion in Out(Bs(R))?
Question 7.7. Is there torsion in Out,(B,(R))?

The example of torsion that we construct in Section 5.5 has a non-trivial per-
mutation and only works for n > 4. Is there an example of torsion that does not

permute the residues?

Question 7.8. Is there a bound on the torsion in Out(B,(R))? Even if non-trivial
permutations have to be involved, there are relevant permutations with order much

higher than that of our example.
Question 7.9. What is the image of Aut(A,) under m,? See Theorem 6.1.8(c).

Question 7.10. Is Aut(A,(R)) normal in Aut(B,(R))? Is the automorphism
tower of A, (R) contained in Aut(B,,(R))? Is Aut*(4,(R)) = Aut(A4,(R))? These
questions ask about increasingly strict conditions on Aut(A,(R)). There is no

particular reason to suspect that even the first question has an affirmative answer.
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Question 7.11. For 2 < m < n with (m — 1) | (n — 1), does image of A,
defined in Theorem 4.3.1 have trivial intersection with Aut(A4,(R))? Theorem
5.4.8 shows that the image of the inner automorphisms of A4,,(R) under A, , has

trvial intersection with Aut(A,(R)).

Question 7.12. Does the image of A, ,, contain a representative of every element of
Out, (A, (R))? This asks if we have found all automorphisms of 4,,(R). This breaks
down into two parts. Is the image of Ay, equal to all of AutO(Fnﬁoo,tl) modulo
CY%(Bn(R),tn_1)? Is there are representative of every element of Out,(A,(R)) in
AutO(F,wo7 t1)? There is no reason to expect either question to have an affirmative

answer.

The authors have thought about the above questions at least to some extent,
and have not pursued such obvious questions as: what is the full structure of the
automorphism and outer automorphism groups, do they have free subgroups, are

any of them finitely generated or finitely presented, etc.
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