4 1. BASICS OF MEASURE AND PROBABILITY THEORY
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Figure 1.1. The setAy = Xx; 4 <f(x) KL . In this

. . . . k
example,Ank is a union of three intervals. The function 5, (X)
equaISZLn for x 2 Ak and is equal to zero otherwise.

1.1. Introduction to measure and integration

This section is meant to be a motivational speech where we olihe the basic
ideas behind the theory of measuré, or assigning \size" to sets, and how to use
this notion of measure to de ne integrals. See Ulam 223] for another exposition.

1.1.1. Lebesgue sums. Recall that the Riemann integral of a function
with domain an interval [ a; b is de ned via Riemann sums, which approximate
the (signed) area of a function relative to partitions of the domain. The basic
idea of Henri Lleon Lebesgue (1875{1941) is that he forms \L&esgue sums"
relative to partitions of the range of the function. In his words [138, p. 180],
(taking the translation from [ 35, p. 236] with a slight change in notation),

Henri Lebesgue It is clear, then, that we must partition not (a; b), but rather
(1875{1941). the interval (f; f) bounded by the lower and upper bounds
of f (x) in (a;b). We do this with the aid of numbersyy dif-
fering among themselves by less thah we are led, for example,
to consider the values off (x) de ned by

Yo o fO) 0 Ykn

The corresponding values ofx form a set Ay ::: [which] might
be very complicated. But, no matter | it is this set Ax which
plays the role analogous to that of the interva(xx 1;Xk) in the
de nition of the integral of continuous functions :::

To visualize what Lebesgue is saying, consider a bounded nnagative function
f, such as shown in Figure 1.1. Our goal is to determine the arebelow the graph.
For concreteness, we shall choose speciy's that Lebesgue mentions in the above
guote. Specically, let us x an n 2 N and break up the y-axis using the partition

2Numero pondere et mensura Deus omnia condidit (God created e verything by number,
weight and measure). Sir Isaac Newton (1643{1727).
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given by yx = k=2" fork =0;1;2;::::

12 ok k+l
O! Z_ny 2_ny 3 Z_n! 2n )
For eachk = 1;2;::: consider the set
k k+1 "k k+10
(1.1) Ag =f 1 oo T x;2—n<f(x) o

In Lebesgue's quote, he uses setsy, consisting of thosex such that y,  f (x)
Yk+1 (with two signs), but we shall use values ok whereyy <f (X)  Vk+1;
the reasons will become apparent later on. Also, we denote thset in (1.1) by A
because these sets depend anas well ask. Figure 1.1 shows the setAx, which
in this case is a union of three intervals, but as Lebesgue stas in the above quote,
for a general function the setsA,x can be \very complicated". Figure 1.2 shows a
slightly di erent graph and shows sets Ak:

12 2 3 34
— 1 -.< . — 1 £.92 . — e
Ap =f 55 Ap=f 55 Az =f 55
In this case we haveA;x = ? for k =6;7;8;:::. More generally, for any bounded

function f, all the Ank's are empty for k large enough (namely for thosek where
k=2" is larger than f).
The characteristic function of a setA is de ned by

1 ifx2A;

A= i e

Notice that the solid horizontal lines at height k=2" above the setA,x shown in
Figure 1.1 represent the graph of the function

if X2 Ank;
if X 62An:

Zhn A (X) = CZ)L"
6=2
5=2
4=2
3=2
2=2 |-

1=2

a“uAlz A13 A14 A13 A4 Alsb

Figure 1.2. The setsAi1;:::;As; all Aik's are empty fork 6.
(In Figure 1.2 we were careful with the endpoints ofAn ; e.g. we
wrote Api in terms of left and right-hand open intervals. In this
gure, for simplicity we omit the details of the endpoints.) The
dark horizontal lines make up the function f ;.
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If we add up all such \rectangular functions" we get a function f, that is a type
of rectangular approximation to f (see Figure 1.2 forfi): If we chooseN large
enough so thatAnk is emptyé‘or k>N , then f,, is given by

2 ifx2An

%% if X 2 Ann
0 ifxisnotinany An;
which, as you can check, can be written as
Xk
fn = 2—n
k=0

A function that is a linear combination of characteristic fu nctions is called asimple
function . Since the area of a rectangle is just its height times the legth of its

base, it is \obvious" how to de ne the integral of (k=2") 4, ; hamely as

height length of base = (k=2") m(Ank);

Ank :

where
m(Ank ) = the \measure" or \length" of the set Ap.

For the function in Figure 1.1, it is clear that Ak has a length becausé\ . is just

a union of intervals, but for general functions the setsA,k can be, as remarked
by Lebesgue, \very complicated"”, so it is not clear that a \length" can always

be assigned toA.x. Roughly speaking, a set that has a well-de ned notion of
\measure" or \length" is called measurable . (By the way, there are some sets
that don't have a well-de ned notion of length | see Section 1 .1.3 for a discussion
of this fact.) Overlooking this potential di cultly, itis\  obvious" how to de ne the

integral of f:

z

X
(1.2) fn := The area under f, = ZL“ m(Ank);

k=0
which is an approximation to the area below the graph off by inscribed \rectangles”
makingup f,. Asn!1 | these approximations should get closer and closer to the
true area underf . Thus, we are lead to the de nition: For an \arbitrary" bound ed
nonnegative functionf on [a; b,

-

=

1.3) f = r!l!rln fn:

-
=

Assuming that each setA is measurable, this de nition actually works!® A func-
tion for which each set Ay« is measurable is calledmeasurable . In particular,

a Riemann integrable function is measurable, and the limit (.3) is equal to the
Riemann integral of the function, see Section??. However, many more functions

3 you are interested, see Chapter ?? for the details, the integral of a function taking on
both positive and negative values is de ned by breaking up th e function into a di erence of two
nonnegative functions. The integral of the function is the d ierence of the integrals of the two
nonnegative functions, provided these integrals exist.
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have integrals that can be de ned via (1.3). Such a function & called Lebesgue
integrable and the corresponding integral is called theLebesgue integral of the
function. As we shall see in the sequel, this integral has soepowerful features as
hinted in the prologue in regards to the Riesz-Fisher theoren, limit processes, the
Fundamental Theorem of Calculus,:::. Moreover, just as the notions of open sets
in Euclidean space generalize to abstract topological sp&s, which is indispensable
for modern mathematics, the Lebesgue integral for Euclidea space has a valuable
generalization to what are called abstract measure spaces:or this reason, we shall
develop Lebesgue's theory through abstract measure theorythis will take some
work but the rewards are worth it. We shall see the usefulnessf abstract measure
theory in action as we study probability in this book.

Before we go on, here is a nice description of the di erence teeen Lebesgue
and Riemann integration from Lebesgue himself138, pp. 181{182]:

One could say that, according to Riemann's procedure, one ted
to add the indivisibles by taking them in the order in which tay
were furnished by the variation in X, like an unsystematic me
chant who counts coins and bills at random in the order in whia
they come to hand, while we operate like a methodical merchan
who says:

| have m(E1) pennies which are worthl m(E,),
I have m(E2) nickels worth5 m(E3),
| have m(E3) dimes worth 10 m(E3), etc.
Altogether | have
S=1 m(E;)+5 m(Ez)+10 m(Es3)+

The two procedures will certainly lead the merchant to the sae
result because no matter how much money he has there is only
a nite number of coins or bills to count. But for us who must
add an in nite number of indivisibles the di erence betweenthe
two methods is of capital importance.

1.1.2. Measurable sets, -algebras, and integrals.  Now what properties
should measurable sets have? Certainly the empty se?, since it has nothing in
it, should be measurable with measure (or \size") zero. Alsgany bounded interval
(a;b), (a; 4, [a;b), [a; b should be measurable (with measurd a). Noting that R
can be written as a countable union of intervals, e.g.

R= ‘ ( nin);
n=1
we also would like measurable sets to be closed under countabunions (that is,
a countable union of measurable sets should be measurablefpnother reason we
would like measurable sets to be closed under countable ums is that you might
recall that any open subset ofR can be written as a countable union of open inter-
vals* Since open sets are so fundamental to mathematics, we wouldisely want
open sets to be measurable. Since closed sets are also fundsmal, and closed
sets are just complements of open sets, we would like measinla sets to also be

4f you don't remember this, see Section 1.4.
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closed under taking complements. To summarize: The empty seshould be mea-
surable, measurable sets should be closed under countableians, and measurable
sets should be closed under complements.

Generalizing these considerations, we are lead to the folldng de nition. A
collection of subsetsS of a setX is called a -algebra of subsets ofX if®

1) ?2s; S

2 Ah 2 S, n = 1;2;::: implies rlﬁl A, 2 S (that is, S is closed under
countable unions);

(3) A2S impliesA®= X nA2S (thatis, S is closed under complements).

For example, the Borel sets B, to be discussed more thoroughly in Section 1.4, is
roughly speaking the -algebra of subsets oR obtained by taking countable unions
and complements of intervals, and doing these operations #ier nitely or in nitely
many of times® We say that B is the -algebragenerated by the intervals or that
B is the smallest -algebra containing the intervals. Thus, every Borel set slould
have a measure. Another important -algebra is the Lebesgue measurable sets

M . In a sense that can be made precise (see Theore®?), the classM makes up
the largest -algebra containing the intervals such that the notion of measure has
\nice" properties, where we now describe \nice".

Now what properties should our measuren have? Certainly the measure of any
interval should be the length of the interval, e.g. for a left-half open interval (a; b,
we havem(a; b= b a. Also, the empty set should have zero measurem(?) = 0.
Now observe that

N T L L A LA
n

Ou= e T 2l gzl g3

> [

n=1

is a countable union of pairwise disjoint intervals. Moreowr, observe that

% 11
(1.4) m(0; 1] = m N l'n
n=1
since the right-hand side is equal to
R
0 oy o
_ n+1 2 2 3 3 4
n=1
The property (1.4) is called countable additivity . Of course, this example was

certainly concocted, but later on (see Theorem 1.26) we shbkee that even inR™,
if you write an (m-dimensional) box as a countable union of pairwise disjoinboxes,
then the volume of the box is always the sum of the volumes of th countably many
boxes. Thus, countable additivity is an inherent property of volume.

We generalize these considerations as follows. Aeasure on a -algebra$S
(of subsets of some seK) is a map

S J0;1]

5Since the complement of a union of sets is the intersection of complements of the sets, we
can replace (2) with the condition that S be closed under countable intersections.

6Actually, to make this precise, we need the notion of transn ite induction. You can read
about trans nite induction and the Borel sets on page 101 of [ ?].
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such that (?) =0 and such that is countably additive in the sense that

b
(A) = (An)

n=1

forany setA 2 S which is written as a union of pairwise disjoint sets,A = S ﬁzl An

with A, 2 S for all n; this countable additivity is a generalization of (1.4). The
spaceX (really, the triple ( X; S ; )) is called a measure space . Johann Radon
(1887{1956), in his 1913 paper 182], seems to be the rst to de ne measures on
abstract spaces | spaces that are not Euclidean.

With the de nition of a measure space, we can present the de ition of the
integral in complete generality! Let S be a -algebra of subsets of a seX and
let be a measure orS . The sets inS are calledmeasurable sets . We call a
bounded nonnegative functionf : X | [0;1 ) measurable if each setAp of the
form (1.1) is measurable, that is,Anx 2 S ; in particular, the sum (1.2) is de ned
for eachn. We then de ne the integral of the function f by the formula (1.3). Note
how general this de nition is! (The domain of the function f is a setX , which need
not be Euclidean space.) As mentioned earlier, the ability b de ne the integral of
functions on abstract spaces is one of the most far reachingrpperties of Lebesgue's
theory. However, in order to develop the properties of the itegral, it turns out that
de ning the integral via (1.3) is very cumbersome to work with. For this reason, we
will not de ne the integral in this way. After our work is done, the for mula (1.3)
will be a trivial consequence of our theory.

1.1.3. The measure problem.  The problem is how to assign measure, or
length, to an arbitrary subset of R? We can do this rather quickly (and many
books do this | including how | learned this material!), but w e're going to take
the baby step approach and go slowly.

Now we certainly know how to measure lengths of intervals, . m(a; b = b a.
Because of the various assortments of intervals availablepr concreteness we shall
choose one kind to work with. We de nel * as the collection of all bounded left-half
open intervals (a; bl. Thus, we have a completely natural measure function

m:l 11 o[0;1);

dened by m(a;bj = b awherea b The question is how to assign lengths to
more general subsets oR.

The rst step is to de ne m on more complicated sets such as nite unions of
intervals. We denote byE?, the so-called \elementary gures” of R, as the collection
of all nite unions of elements of I 1. Thus, we shall try to extend the function
m:1 11 [0;1) to a function

m:EY! [0;1):

This step is relatively easy.

Second, the hard part, is that we would like to extendm so that it's de ned on
a -algebra containing E® such as the Borel sets. The trick to do this is to de nem
on all subsets ofR; that is, we assign a length to all subsets oR. Unfortunately,
this notion of \length" is not additive! For example, there e xist disjoint subsets
A;B R such that the length of A[ B is strictly less than the sum of the lengths
of A and B (see Section??). Strange indeed! However, we shall prove that there
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Archimedes (287 BC{212 BC)
Figure 1.3. Circumscribing and inscribing a circle with regular polygons.

is a -algebraM of subsets ofR, called the Lebesgue measurable sets, which we
mentioned earlier and will turn out to contain the Borel sets, such that

m:M ! [0;1]
is a measure. Here is a summary of our measure theory program.

Our Measure Theory Program:

(1) The collection | * has the structure of what's called a \semiring." Hence,
the rst thing we need to do is understand the properties of senirings.
This is done in Sections 1.3, where we study other structuresuch as rings
and -algebras. (The collectionE* turns out to be a \ring".)

(2) In Section 1.4 we study the Borel setsB .

(3) In Section 1.5 we study Lebesgue measure, and a slight geralization
called the Lebesgue-Stielties measure, oh *.

(4) We then extend m to a function on E*. This is done in Section 1.7.

(5) Next, we de ne the length of any subset ofR. The idea on how to do this
goes back more than 2000 years to Archimedes of Syracuse (2BC{212
BC). In Proposition 1 of Archimedes' book On the measurement of the
circle [?], he found’ the area of a circle of radiusr to be r 2. He did
this by approximating the area of a circle by the areas of cirtmscribed
and inscribed regular polygons, whose areas are easy to ndsee Figure
1.3. The area of a region found by circumscribing it by simplegeometric
shapes is called the \outer measure" of the region, and at lest for measure
theoretic purposes, nding areas of regions by circumscrilmg the region
has been favored over inscribing the region. We can also ndhe outer
measure of a subset irR", for any n, by similar means. Outer measures
will be studied in Section ?7.

(6) Finally, in Section ?? we show that this whole process of extendingm
from | 'to E?, then nallyto M and B works.

Lastly, we shall meet many interesting friends and sights abng our extension
journey such as Pascal, Fermat, and some probability.
| Exercises 1.1.

R
1. Let f (x) = x on an interval [0; b]. Compute the Lebesgue integral f using the limit
formula (1.3). You should, of course, get b?=2.

7Proposition 1 actually says that the area of a circle is equal to that of a right-angled triangle

where the sides including the right angle are respectively e qual to the radius and circumference
of the circle.
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1.2. Probability, events, and sample spaces

After reading the last section, you might be wondering what's up with the
abstract notion of a -algebra and integration on such abstract objects? Why cart'
we just focus on concrete sets like Euclidean space? In thisestion we answer
this question and a lot more through probability. In fact, we show that abstract
spaces and notions such as countable unions and interseatie are not just \abstract
nonsense" but arerequired in order to answer very concrete questions arising from
simple probability examples?

1.2.1. The beginnings of probability theory. Probability started
to ourish in the year 1654, although there have been isolaté writings on
probability before that year. For example, Girolamo Cardano (1501{1576)
wrote Liber de Ludo Aleae on games of chance around 1565, which can be
considered the rst textbook on the probability calculus® (posthumously
published in 1663; a translation is found in [L69]), and Galileo Galilei
(1564{1642) wrote Sopra le Scoperte dei Dadion dice games around 1620.
In the year 1654, the French writer Antoine Gombaud Chevalie¢ de Mee  Bjaise Pascal
(1607{1684) asked Blaise Pascal (1623{1662) a couple of cateons related (1623{1662).
to gambling (see [L68] for the history). One problem can be called the
dice problem and the other can be called theproblem of points The dice
problem has to do with throwing two dice until you get a double six; more
speci cally,
How many times must you throw the dice in order to
have a better than50{ 50 \chance" of getting two sixes?

The problem of points (also called thedivision problem) deals with how to Pierre de Fermat
divide the stakes for a un nished game; more speci cally, (1601{1665).

How should one divide the prize money for a \fair* game

(that is, each player has an equal \probability" of win-

ning a match) that is started but was ended before a player won
the money?

Pascal solved these problems in correspondence with Pierge Fermat (1601{
1665); you can read their letters in P03]. These problems have been around for
many years before Pascal's time, for example, Girolamo Carho (1501{1576) dis-
cussed the dice problem for the case of one die in his 1565 book games of chance
Liber de Ludo Aleae To my knowledge, the rst published version of the problem o
points was by the founder of accounting, Fra Luca Pacioli (14/5-1517), inSumma

8|f abstract spaces were of no use except for the sake of being abstract, then we should only
talk about Lebesgue measure and integration on Euclidean sp ace! This reminds of a quote by
George Polya (1887{1985): \A mathematician who can only generalise is like a monkey who can
only climb up a tree, and a mathematician who can only special ise is like a monkey who can only
climb down a tree. In fact neither the up monkey nor the down mo nkey is a viable creature. A
real monkey must nd food and escape his enemies and so must be able to incessantly climb up
and down. A real mathematician must be able to generalise and specialise." Quoted in [ 153].

S\Calculus" conjures up images of limits, di erentiation, a  nd integration of functions. How-
ever, \calculus" has a much broader meaning (from Webster's 1913 dictionary): A method of
computation; any process of reasoning by the use of symbols; any branch of mathematics that
may involve calculation. In this broader sense, there are many calculi in mathematics such as
the probability calculus, variational calculus (calculus  of variations); some of my research involves
what are called pseudodi erential calculi.
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Figure 1.4. My daughter about the ip a coin.

de Arithmetica [173] in 1494. However, it is reasonable to say that probability
theory as a mathematic discipline was developed through thaliscussions between
Pascal and Fermat. For more on the dice problem, seelB0] and for the problem
of points, see §5]. For the general history of probability, see the classic (fee) book
[219] and dealing with relations to measure theory, see e.g. therécles [25], [57],
[94], and especially R0]. We study the dice problem and the problem of points in
Section ??.

The words \chance," \fair," and \probability" in the above d escriptions of
the dice problem and the problem of points are in quotes becae they need to
be de ned; in other words, do wereally know exactly what these questions are
asking? In some sense these words should represent numbersni which you can
make certain conclusions (e.g. that a game is \fair"). Naturally, whenever we
speak of numbers we think of functions. More precisely, thes functions are called
probability measures , which we'll talk about in due time, and which assign
numbers to the outcomes (orevents ) of a random phenomenon such as a game,
for example. In this section we study events and in Section®? and ?? we study
probability measures in great depth.

1.2.2. Sample spaces and events. Probability theory is the study of the
mathematical models of certain random phenomena such as, ifanstance, what
numbers land up when you throw two dice or what side of a coin isright-side
up when you ip a coin. Whenever you conduct an experiment inwlving random
phenomenon, the most fundamental fact you need to know is althe possible out-
comes of the random phenomenon. A set containing all the po#se outcomes of
the experiment is called asample space for the given experiment.

Example 1.1. If you toss a coin once, a sample space is (see Figure 1.4)
X =fH;Tg;
where H represents that the coin lands with heads up andT with tails up. We
could also useX = f0;1g where (say) 1 represents heads and O tails.
Example 1.2. A sample space when you throw two dice is
S= (1;1);(1;2);(1;3);(1;4);(1:5); (1, 6)
(2;1);(2;2);(2:3);(2;4); (2:5);(2;6)
(3;1);(3;2);(3:3);(3;4): (3;5); (3; 6)
(4:1);(4,2);(4;3); (4;4); (4;5); (4,6)
(5:1);(5;2); (5; 3); (5;4); (5;5); (5; 6)
(6:1); (6;2); (6;3);(6:4); (6;5); (6;6) ;
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(m;n), wherem;n 2f1;2;:::;6g. The numbersm and n represents the numbers
die 1 and die 2, respectively, show.

Example 1.3. What if you want to study the phenomenon of throwing the
dice twice in row; that is, throwing them, picking them up and then throwing them

the dice, a sample space for two throws is
X = f(X1;X2); X1;X22Sg=S S;

the rst entry x; 2 S represents the roll of the dice on the rst throw and the
second entryx, 2 S what happens on the second throw. Similarly, a sample space
for throwing the dice n-timesinarowisS" =S S S (n factors of S). (Note
that S S can also represent the sample space for throwing four dice aince.)

Example 1.4. Now if we want to answer Antoine Gombaud Chevalier de
Mee's dice problem, we are not told how many times one shoud throw the dice.
In this situation one can use an idealized phenomenon of threing the dicein nitely
many times. In this case, a sample space is the set of all sequees of elements of

X = f(X1;X2;X3;::2); Xj 2 Sforallig
=S S S S
\Z
= S:Sl'

i=1
the in nite product of S with itself. Here, x; represents the outcome on the rst
roll, x, the outcome on the second roll, and so on.

An event is simply a set of possible outcomes of an experiment; in otmavords,
an eventE represents the outcome that one of the elements d& occurs as a result
of the experiment.

Example 1.5. Suppose that our sample space iX = S S, whereS =

dice twice. Here are some examples of events.

(1) The trivial events are the two extremes: anything or nothing occurring. The
event that anything can happen on the rst and second throws s X = S S,
which is called the certain event , and the event that nothing happens on both
throws is ?, which is called the impossible event

(2) The event that we throw a double six on at least one of the two throws is given
by the subset

A = f(x1;x2) 2 S?; x; = (6;6) for somei = 1;2g:
(3) The event that we throw a pair of odd numbers on at least one of he throws is
B = f(x1;X2) 2 S?; x1 2 O or x; 2 Og;

whereO = f(m;n); m;n 2 f 1;3;5g0.
(4) We now consider events formed by performing set operations ith A and/or
B. First, the event that we do not throw a double six on either throw is

A= S?nA = f(x1;x2) 2 S%; x; 6 (6;6) fori =1;2g:
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Symbol Set theory jargon | Probability theory jargon
X (universal) set | sample space
X (universal) set | certain event
? empty set impossible event
A subset of X event that an outcome in A occurs
A¢= X nA complement event that no outcome in A occurs
A[ B union event that an outcome in A or B occurs
A\ B intersection event that an outcome in A and B occurs
AnB di erence event that an outcome in A and not in B occurs

Table 1. A set theory/probability theory dictionary.

(5) The event that we throw either a double six or a pair of odd numbers on at
least one throw is

C=A][ B:
(6) The event that we throw a double six on one of the throws and a pa of odd
numbers on the other throw is
D = A\ B:
(7) Finally, the event that we throw at least one double six and we don't throw
any odd pair is
E =AnB:

See Table 1 for a dictionary of set theory/probability theory jargon. This
simple example shows that the usual set operations (uniongli erences, etc.) are
an essential part of probability. As a side remark, in the nest section we'll study
the notion of a ring of sets, which is a collections of sets thais closed under unions,

intersections, and di erences. The above dictionary showshat the concept of a
ring is a very natural object of study in probability.

Example 1.6. Now consider the sample spacX = S S where S =
dice in nitely many times. Given a natural number n, what is the event that we
throw a double six on the n-th throw? It is

An = f(X1;X2;:22); Xn = (6,;6)9
=S S S f (6;,6)g S ;

where the setf (6; 6)g occurs in the n-th position. An obvious question is: What is
the event that we throw a double six at some point? It is

A = f(Xg;X2;:::); Xi =(6;6) for somei 2 Ng:
Notice that

A= A, (Event that we throw a double six at some point).
n=1

Hence, A is a countable union of sets.
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Thus, the notion of countable union is an essential part of pobability in the
sense that countable unions result from very simple probaldistic questions. In
(4) of Example 1.5 we saw that forming complements is also an es#@l part of
probability. (E.g. the event that we never throw a double six is the complement of
the event that we do throw a double six at some point.)

Conclusion: We see that the idea of studying -algebras is not a
gment of the imagination but is required to study probability!

This conclusion will be even more obvious after we look at theconcept of: ::

1.2.3. In nitely often. Consider again the random phenomenon of throwing
two dice in nitely many times. What is the event that we throw a double six not
just once (which we covered at the end of Example 1.6), but innitely many times?
To answer this question, consider the following propositio.

Proposition 1.1 Let Aj;Ay;::: be subsets of a seX .
(1) De ne
fAq;iog:= fx 2 X ; x belongs to in nitely many A, 'sg;
the set ofx 2 X that belong to theA,'s \in nitely often." Then
L
fAq;iog=limsup A, ; where limsupA, = Ay:
n=1 k=n

(2) Now de ne
fA,; aag= fx 2 X ; x belongs toA, for all but nitely many n'sg;

the set ofx 2 X that \almost always" belong to anA,,. Then
v
fAL; aag=Iliminf A, ; where liminf A, = Ax:
n=1 k=n

Proof. We shall prove (1) leaving (2) for you. Since \in nite" is by def-
inition not \ nite" instead of proving (1) as stated we shall instead show that
X 2 limsupA, if and only if x 2 f A, ; iog, which meansx belongs to at most
nitely many A,'s. To prove this, note that, by de nition, x 2 limsup A, means
there is ann 2 N such that for all k n, x 2 Ax. Thatis, x 2 limsupA, means

means that x is in at most nitely many A,'s.

Example 1.7. Consider again the sample spacX = S S represent-
ing the phenomenon of throwing two dice in nitely many times. Given a natural
number n, let A,, be the event that we throw a double six on then-th throw:

Ap=S S S f (6;6)g S ;

where the setf (6;6)g occurs in the n-th position. Then the event that we throw

in nitely many double sixes is just fA, ; iog. Hence, according to our proposition,
\L

The event that we throw in nitely many double sixes = Ag:
n=1 k=n
Notice that the right-hand side is a countable intersection of a countable union
| again, the notion of  -algebra pops out at us!
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Figure 1.5. A Monkey typing

1.2.4. Bernoulli sequences, Monkeys, and Shakespeare. A Bernoulli
trial is a random phenomenon that has exactly two outcomes, \sucas" and \fail-
ure" (or \yes" and \no," \pass" and \fail," etc.). For exampl e, if we declare heads
to be a \success" and tails to be \failure," then ipping a coi n is a Bernoulli trial.
Say that we have two dice and we're interested in obtaining a duble six. Then
throwing two dice becomes a Bernoulli trial if we regard a doule six as \success"
and not obtaining a double six as \failure." A sample space ofa Bernoulli trial can
be

S=1f0;1g; where 1 =\success" and 0 = \failure."

We are mostly interested in an in nite sequence of trials sut as, for example,
ipping a coin in nitely many times. ° Sequences of Bernoulli trials are called
Bernoulli (or Bernoullian) sequences after Jacob (Jacques) Bernoulli (1654{
1705) who studied them in his famous treatise on probability Ars conjectandi,
published posthumously in 1713 by Jacob's nephew Nicolausé&noulli (1687{1759).

Here is an interesting example of a Bernoulli sequence. We argiven a type-
writer that has separate keys for lower case and upper casetters and all the other
di erent symbols (punctuation marks, numbers, etc::: including a \space"). Let's
take a sonnet of Shakespeare, say

\Shall I compare thee to a summer's day?"
Here it is:

Shall | compare thee to a summer's day? Thou art more lovely
and more temperate: Rough winds do shake the darling buds of
May, And summer's lease hath all too short a date: Sometime
too hot the eye of heaven shines, And often is his gold compiex
dimm'd; And every fair from fair sometime declines, By chane,

or nature's changing course, untrimm'd; But thy eternal sunmmer
shall not fade, Nor lose possession of that fair thou owest; o
shall Death brag thou wander'st in his shade, When in eternal
lines to time thou growest; So long as men can breathe, or eyes
can see, So long lives this, and this gives life to thee.

My word processor tells me there are a total of 632 symbols her(including spaces).
Now let's do an experiment. We put a monkey in front of the typewriter, have him
hit the keyboard 632 times, remove the paper, put in a new pape have him hit the
keyboard 632 more times, remover the paper, etc: repeating this process in nitely
many times. See Figure 1.5 for a picture of this situation. Weare interested in
whether or not the Monkey will ever type Shakespear's sonnel8. Here, a \success"

10Techni(:ally speaking, in an in nite (or even nite) sequenc e of trials we require the prob-
ability of \success" to remain the same at each trial. Howeve r, we haven't technically de ned
probability yet, so we won't worry about this technicality.
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is that he types it and a \failure" is that he doesn't type it. T hus, the sample space
for this experiment is a Bernoulli sequence

X =38! = f(X1;X2;X3;::2); s 2 S:= f0;1gg;

where on thei-th page, s; = 1 if the monkey successfully types sonnet 18 and
s; = 0 if the monkey fails. One might ask if given n 2 N, what's the event that the
monkey types Shakespeare's sonnet 18 on theth try? The answer is

An=S S Sflg S S

where f 1g occurs in the n-th factor. Here are some more questions one might ask,
whose answers can be written in terms ofA,:

(1) Question: Givenn 2 N, what's the event that the monkey types Shakespeare's
sonnet 18 at least once in the rstn pages? Answer:
[n
Ax:
k=1
(2) Question: Given n 2 N, what's the event that the monkey does not type
Shakespeare's sonnet 18 in any of the rsh pages? Answer:
P
Ay =1f0g f Og f 0g S S S ;
k=1
where the f Og's occur in the rst n factors.
(3) Question: What's the event that the monkey eventually ty pes Shakespeare's
sonnet 18?7 Answer: It is e
An;

n=1
(4) Question: Finally, what is the event that the monkey type s Shakespear's sonnet
18in nitely many times? Answer: It is
vt
fAn;iog= An:

k=1 n=k
Once we learn more about probability measures, we will be alel to compute the
probability of each of these events occurring. In particula, it is interesting to note
that the probability Shakespear's sonnet 18 is typed in nitely many times is one
(see Section??)! On the other hand, it is quite impossible that the monkey will
type Shakespear's sonnet 18 in any nite amount of time (see &ction ??)!

1.2.5. The measure problem for probability. Back in Section 1.1.3 we
studied the measure problem for length. Before jumping intothe abstract material
in the next section we briey study the corresponding problem for probability.
In Section ?? we will give a thorough discussion on probability, so here weshall
proceed intuitively and not worry about being precise. Belov, when we use the
term probability, it means what you think it means: It's a num ber between 0 and
1 measuring the likelihood that an event will occur. Conside the sample space for
an experiment consisting of an in nite sequence of coin tosss:

st=s s s s

where S = f0; 1g and 1 represents heads and O tails.
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The event that we throw a head on the rst toss (not caring what happens on
the other tosses) is
E=flg S S S
What is the probability of the event E occurring? That is, what is the probability
that we toss a head on the rst toss? Of course, the answer is=2. The event that
we throw a head on the rst toss and a tail on the third toss is
F=flg S fOg S

What is the probability of the event F occurring? After some thought, the answer

subsets ofS and consider the event
(1.5) ST S, S S« S S S S :

the event that an outcome in S; occurs on the rst toss, an outcome inS, occurs
on the second toss;::, and an outcome inSy occurs on thek-th toss. What is the
probability of this event occurring? After some more though, the answer should
be

L
1.6 =
( ) 2 ?
where " is the number of sets amongstS;;:::; Sk that equal f0Og or f 1g.

A set of the form (1.5) is called acylinder set . The empty set is also considered
a cylinder set. If we denote the collection of cylinder sets ¥ C, then we have a
map

:C ! [0 1]
de ned by assigning a nonempty cylinder set the number (1.6)and by (?) = 0.
By the way, the collection C has the properties of a \semiring," to be discussed in
the next section.

Now, we know how to de ne the probability of any event represeited by a
cylinder set. The question is: Can we de ne the probability o an event that is
not a cylinder set? For instance, what is the probability of tossing in nitely many
heads? Givenn 2 N, the event of throwing a head on then-th toss is

Apb=S S Sflg S S

where f 1g occurs in the n-th factor. Thus, the event of throwing in nitely many
heads is

v f

fAn;iog= Ax:

n=1 k=n
This event is really quite complicated so it's not entirely obvious what the proba-
bility is! (You'll be able to prove that the probability is on e after reading Section
??.) We are now in a position similar to what we talked about in Section 1.1.3 for
length: We have to extend the function from C, where it's perfectly de ned, to
a -algebra containing C. The rst step is to dene  on more complicated sets
such as nite unions of cylinder sets. The collection of nite unions of cylinder
sets has the structure of a \ring." The next step is to extend further so that
it's de ned on a -algebra containing C. This extension process is very similar to
the extension process for length! The beauty of abstract mesure theory is that it
unites seemingly unrelated topics such as length on the oneamd and probability
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on the other. Our next order of business is to understand semings, rings, and
-algebras, which we have already mentioned many times.

| Exercises 1.2.
. Given subsetsA1;Ay;::: of a set X prove that

fAn; aag= fx 2 X ; x belongs to A, for all but nitely many n'sg

equals

§

liminf A, = Ag:
n=1 k=n

. (Gambler's ruin ) Let S = f0;1gandlet X = S S be the sample space of
tossing a coin in nitely many times where 1 represents heads and 0 tails. Suppose
a gambler starts with an initial capital of $ i. (He is playing again a person with an
in nite amount of money.) On each ip, the gambler bets $1 tha t a head is thrown; if
it's a head he wins $1 and if it's a tails he loses $1. He plays uriil he goes broke. For
eachk=1;2;:::;,dene Ry : X ! Ras follows: If x = (x1;X2;::1) 2 X,

1 if Xk =1
1.7 Ry (x) :=
@7 <(x) 1 ifxxk=0:
(i) Foreach n =0;1;2;:::;,dene S, : X ! R as follows: Given a sequencex =

(X1;X2;:::) of coin tosses,
Sn(X) = Ri(X)+ R2(x)+  + Rn(X); So(x):=0;

where Ry is de ned in (1.7). Let
n\ 1
A, =fi+ S, =0g\ fi+ Sk > 0g;
k=1
where fi+ S, = 0g = fx 2 X;i+ Sy(x) =0gand fi+ S¢ > 0g = fx 2
X ; i1+ Sc(x) > 0g. Show that A, is the event that the gambler goes broke on
exactly the n-th play.
(ii) Show that

§
An

n=1
is the event that the gambler eventually goes broke.

(iiiy The gambler aspires to gain $a wherea >i. As soon as he reaches & he quits (if
he hasn't gone broke before reaching &). What is the event that he actually does
reach $a? (If you're interested in the foolishness of gambling, please see Section
?? for an analysis of the folly of gambling.)

. (Winning streaks ) Let X =S S , where S = f0; 1g, be the sample space
for the experiment of tossing a coin in nitely many times. Le t n 2 N. In an in nite
sequence of coin tosses, what is the event that at some point ahead is tossedn times
in a row? What is the event that no run of heads more than n occurs in a sequence
of coin tosses? Considering the gambler from the previous pioblem who bets on coin
ips, what is the event that the gambler has a streak of n wins in a row?

. (Random walks ) Suppose that you put a particle at the origin. Each second th e
particle moves either one unit to the right or one unit to the | eft. The path the particle
follows is called a random walk

(i) Let O denote a move one unit to the left and 1 a move one unit t o the right. Let
S =f0;1g and explanwhy X =S S S represents a sample space for
the random phenomenon of a particle undergoing a random walk.
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Figure 1.6. In this picture, we see that (a;; ]\ (az; b] = (az; ]
and (a1; ] n(az; k] = (a1; az].

(i) A more traditional sample space is (see e.g. Feller's classic [f1, Ch. 3]) the set
Xz f 0;1,2;:::9g Z, where

X2 = f(0;X0); (1;X1);(2;%2);::: 3 Xo=0;%Xi+1 x; 2f 1;1gfori=0;12;:::0:
Explain why X, can also be considered a sample space for random walks. Find a
bijection between X and X.

(i) Dene S, :X ! Rby Sp(x):=0and Sy(x):= Ri(x)+ Ra(x)+ + Rn (x) for
n 1 where R¢ is de ned in (1.7) in the Gambler's ruin problem. Let a2 Z.
In terms of S,, what is the event that the particle is at the point a at time n?
What is the event that the particle visits the point a for the rst time at time
n (if a = 0, we mean that the particle visits the origin for the rstti me since
starting the particle's journey)?

(iv) Given a2 Z, what is the event that the particle visits the point a in nitely many
times?

1.3. Hierarchy of classes of subsets

The setl ! of left-half open intervals in R has a simple structure of a \semiring",
while the Borel sets has a more robust structure of a -algebra. A fundamental
problem in measure theory is that of extending an additive séfunction on a basic
class of subsets (e.gmon| ') to a -algebra containing the basic class (e.gB,
the Borel sets). For this reason, the purpose of this sectionis to understand these
two classes, and classes that lien between

1.3.1. Semirings. Let us start by noting some basic properties of
| *=f(ab;ab2Rg;

where @;b = ? if b a. First of all, note that ? 2 | , for ? = (a;a] for any
a2 R. Also observe thatifl;J 21 1, thenl\ J 21 ! Indeed,

(a1; ]\ (ag;p]=(a;b; wherea=maxfag;axgand b=min fhby;bg;

as should be veri ed. Finally, observe that if I;J 2 1 1, then | nJ is a union of
pairwise disjoint sets inl 1, for if | = (a;; ] and J = (ay; b,], then

I nJ =(a;b[ (a;bn]; whereb=minfby;a,g and a = maxfay; bg;

which can be veri ed by drawing pictures such as in Figure 1.6(of course, one can
prove this rigorously too).

Generalizing these properties, we arrive at the following @ nition: A collection
of subsetsl of a setX is called asemiring of subsets ofX if
@221 ;
(2 If A;B 21 ,thenA\ B 21 ;
(3) If A;B 21 , then thege are nitely many pairwise disjoint sets Az;:::;An in

| suchthat AnB = ,’:‘:1 An.



