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Figure 3.9. The left-hand gure shows the simple fygction s un-
derneath f . The shadgd areas on the right represent s, the area
belows. The integral f is the supremum of all such areas.

3.4. Integration of measurable functions and the MCT

The goal of this section is to validate the recipe we used to dee the integral
of a nonnegative measurable function outlined at the beginmg of this chapter. We
also establish the Monotone Convergence Theorem, which isne of the most useful
results in all of integration theory.

3.4.1. Simple functions. Let (X; S ; ) be a measure space. In Section 1.7
we studied integration of simple functions de ned via semiings. Since -algebras
are in particular semirings, all the results of that section hold for S -simple func-
tions. We summarize some of the main results in our current séing. Recall that
an S -simple function (henceforth just \simple function") is any function of the
form

X
f=a a,; &a2R A2S;
n=1
where the Ap's are not necessarily disjoint (but may be taken to be so), ad its
integral is de ned by
Z 0w
(3.4) f= an (An);
n=1
provided that the right-hand side is de ned. From Theorem 1.25 we know that

given any simple functionsf and g and real numbersa and b, the integral is linear,
z z z

(af +bg=a f+b gqg;

and monotone, 7 7

if f g; then f g;
provided that the integrals and sums above make sense.

3.4.2. Geometric de nition of the integral. Given a measurable function
f X 1 [0;1], we'd like to de ne the \area of the graph of f." The idea is to
approximate the area with simple functions. Lets be a nonnegative simple function
suchthat0 s f; see Figurgd.9 for a graph of a functiorf and a simple function
swithO s f. Theintegral sis always de ned (as an element of [Q1 ]) and it
represents the sum of the areas of the \rectangles" below thgraph of f . Because
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the supremum of all such areas makes sense as the area underwe de ne

e J o 2
- Z

(3.5) f :=sup s;0 s f andsis simple :

This de nition is only for nonnegative measurable functions. The integral of a
general measurable function is taken up in Subsection 3.4.5MVe leave you to check
that the de nition (3.5) agrees with the de nition (3.4) whe nf is agimple function.

In the case that (X; S ; ) is a probability space, the integral f is called the
expected value , or mean value , of the random variable (= measurable function)
f, and is usually denoted byE (f ):

-
[

E(f)= f;

and just as we learned back in Section 3.5, we interpret

‘ E (f ) as the expected average value df over a large number of experiments

Before looking at properties of the integral, we make some maarks on notation.
First, in some cases it may not be clear what measure we are iagrating with respect
to, and in such cases to emphaiize the meaiurewe use the notation

fd for f:

For the Lebesgue measure spacedr('; M "; m) or Borel measure spaceR";B"; m),
it is custgmary to %se any oge of the not%tions familiar from alculus:

fdm= fdx = fXx)dx= f(x)dxy dx,; and so forth;

where \dx" and \ dx;  dx," represent dm, and where we could replacex by any
other letter denoting the coordinate variables onR". For the integral of a function
f on an interval [a; b, we use
zZ, Z, zZ, z
f or fdx or f(x)dx;::: for f;

a a a [a;b]

and we adopt the standard convention that Rba = R; The notation R;f (x) dx
is commonly used for Riemann integration, however, in Sectin 3.8 we will show
that any Riemann integrable function is Lebesgue integrabé and the integral of the

nction de ned by Riemann and Lebesgue give the same valueSo, the notation
;f (x) dx is consistent with Riemann integration. R

Finally, if A X is any mea;urable ;et, then the notation , f means
f = A f;
A

where 4 is the characteristic function of A. Using the de nition (3.6), one can
check that

pa Z
(3.6) f =sup s;0 s f andsis simple :
A A
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3.4.3. The Monotone Convergence Theorem. The Monotone
Convergence Theorem was proved in 1906 by Beppo Lev{1875{1961) in
the paper Sopra l'integrazione delle serie[90] and is one of the most useful
theorems in all of integration theory. We shall have many opprtunities to
use it. It says that for any nondecreasing sequence of nonnegative functions
we always have z z

of the limit = limit of the : Beppo Levi

) (1875{1961).
To prove this, we rst need

Lemma 3.15 If 0 f . g arezmeasurable functions, then
f g (monotonicity)

and for any real numbera 0O,

Proof. If sis a simple function such thats f,thens g as well. Hence,
z z

s;0 s f andsis simple s;0 s f andsis simple :

Taking supremums, we obtalan Rg
The second property is easy to prove fora = 0, so assume thata > 0. Then
given a simple functiogs, noteggthat 0 s f if and only if O s® af where
s®= as, in which case s’= a s. Hence,
z z

a s;0 s f;ssimple = %0 ¢&°

af; s®simple ;

where for any setA R, aA := fax; x 2 Ag. Using the de nition of supremum, on
can show that sup@Ag = agupA, so taking supremums of both sides of the above
equality, we obtaina f = af. This completes the proof of the lemma.

Theorem 3.16 (Monotone Convergence Theorem ). If ff,g is a nonde-
creasing sequence of nonnegaéive measurablg functionseth

limf, =lim  fp:

Proof. We rst makg a few remarks. First of all, by Theorem 3.11, we krow
that f is n\gasurabfjg, so f is dened. Second,f; f; inp_plies, by Lemma
3.15, that f; fo is a monotone sequence, S limf, existsRas an
extended real number. Finally, we remark that the equality Ilimf, =Ilim f, is
meant in the sense of extended real numbers; thusd, = 1 is a possibility. Now to

our proof, we have to frove the inequalities:
z z z

nI!|1rn fn f and nI!|lm fn f:

5Beppo Levi was born on May 14, 1875, a month and half earlier th an Henri Lebesgue who
was born on June 28, 1875.



208 3. BASICS OF INTEGRATION THEORY

Step 1: The rst inequality is easy. Since f, f, by the previous lemma, for
any n we have 7 7

fn f:

Takingn!1l gives 7 7

n!l

Step 2: Before proving the opposite inequality, we prove the following regyit:

If sis a nonnegative simple function, then :S ! [0;1 ]denedby (A):= ,s
is a measure. To prove this, we just have to prove that is continugus from below,

which means ifA; A, Aj are measurable sets and\ = rlﬁl A, , then
Z Z
s= lim S:
A nll An

P
To see this, write s = E':l b s, whereb, 2 [0;1 ) and By is measurable for each
k. Then

X X
AS= b A B, = B A\By;
k=1 k=1
so by de nition of the integral on simple functions,
z z W
s= AS = b« (A\ By):
A k=1

Since is a measure, it's continuous from below, so for eack, we have
(A\ Byg) = rI1||rln (An \ Bg):
Therefore,
X X
s= b¢ (A\ Bg)= lim be (An\ By):
A k=1 R "™

The sum on the right equals A, s = A, S and we're done with Step 2.
Step 3: We now complete our proof by showing that
z z

f =sup s;0 s f; s simple n||i1m fn:

Let s be a simple function with 0 s f; then by de nition of supremum our
proof is nished if we can proveéhat

lim fn:
nil n

The technique to prove this is to show that fcz)r anya?2 (0;1),

a s Im fn:
n'l

Since O< a < 1 is arbitrary, by taking a" 1 we get the inequality we wanted. So,
let us x a2 R with 0 <a< 1. Consider the sets

Br= x;as(x) fa(X) ; n=1;2::::
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We claim that
(i) Bn Bn+1; n=1;2::: and (i) X = Bn:
n=1

Indeed, the inequality f,  f,+1 implies (i), as you can check. To prove the second
part of the claim we just have to prove that if x 2 X, then

(3.7) as(x) fn(x) for somen 2 N.

To see this, observe that ifs(x) = 0, (3.7) is automatic (since f, 0 for all n) and
if s(x) > 0, then

as(x) <s(x) f(x)= M‘ fa(x) =) as(x) < nIlilm fn(x):
By elementary properties of limits, we must haveas(x) < f ,(x) for somen, which

proves (3.7) in this case.
Now by Step 2 we know that

Z Z Z
as= as= lim as
X nll B,
and by de nition of B, we have g,as f, so
Z Z
as f:

Bn

R R
It follows that a s f and our proof is complete.

We remark that the original theorem proved by Levi in 1906 is gated as follows
(see [L29] for a history of Levi's work, of which the MCT was only a very small part):
If ffngis a nonydecreasing sequence of integrable functions on a asurable setE

such that ||i1m fn is nite, then f(x) = Iilrln fn(x) is nite almost everywhere
n: n:

E
. . . 6
and is integrable with 7 7

Ef = I!llrln i fn:
Levi's theorem follows easily from the MCT and Part (5) of Proposition 3.18 that
we'll prove later; we leave this as an exercise (if you want a imt, see the proof of
Theorem 3.19). In Levi's early papers on Lebesgue integrabin, he questioned some
of Lebesgue's work and in response, Lebesgue wrote Emile Borel [129, p. 60]:

My dear Borel, .... My theorems, invoked by Fatou, are now
criticized by Beppo Levi in the Rendiconti dei Lincei. BeppoLevi
has not been able to Il in a few simple intermediate argumerst
and got stuck at a serious mistake of formulation which Monte
once pointed out to me and which is easy to x. Of course,
| began by writing a note where | treated him like rotten sh.
But then, after a letter from Segre, and because putting down
those interested in my work is not the way to build a worldwide
reputation, | was less harsh....

6In his original theorem E is a subset of R of nite measure.
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Levi was a courageous man to point out errors in the work of Lebsgue, an up and
rising superstar at that time. See Problem 5 for Levi's beauiful original proof.

We also remark that the Monotone Convergence Theorem isiot true for Rie-
mann integrable functions onR. The standard example is

Example 3.8. Let frpg be any enumeration of the rational numbers in [Q1]
1 ifx=rq:irn,

Then f, is a nondecreasing sequence of nonnegative measurable ftioes with limit
the Dirichlet function

(1 if x 2 [0; 1]\ Q,

FOO= eme® = o sa0:1]\ Q.

Lebesgue measurable (with zero measure)), and eachf,, are measurable functions,
so the Monotone Convergence Theorem can be applied and saylsat

Z, z
(3.8) f= r1im fn:

measure of any countable set is zero. Thus, the equality (3)8s just the statemgnt

that 0 = 0. Note that f is not Riemann integrable, so the left-hand integral Olf
is not de ned in the Riemann world.

Finally we can now conclude our discussions starting in Seatn 1.1 of Chapter
?? and continued at the beginning of this chapter concerning L&esgue's de nition
of the integral. Let f : X ! [0;1 ] be measurable and recall from our discussions
that for each n 2 N, we considered the simple function

_ Rk .
fn - 2_n Ak +2 Bn
k=0
where
k k+1
— 1 . . 2 .
Ank - f 2_n, 2n y O k 2 n 1,
and
B,=f 2":11]:
Then we stated that 7 7

f = I!llrln fn:
We can now verify this equality. In fact, in Theorem 3.12 we sav that

0o fi f, f3 and f =Ilim f,:
Z Z

Therefore, f = I!ilrln fn holds by the Monotone Convergence Theorem!
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3.4.4. Fundamental properties of the integral. We start with with Cheby-
shev's Inequality, an inequality that shows up in many problems. Recall that we
always write

ff has a propertyg for fx 2 X ;f has a propertyg:
For example, the notation ff > g is shorthand forfx 2 X ; f (x) > g.

Theorem 3.17 (Chebyshev's Inequality ). For any nonnegative measurable
function f and for any > 0, we have

ff> g 1 f:
Proof. If A=ff> g, then
A< l Af 1f
so by monotonicity (Lemma 3.15),
y ty ( 5 ) . Z .z
(A) = A = Af - £

This concludes our proof.

The following proposition says that the integral has all the reasonable properties
(like linearity) that we believe it should have.

Proposition  3.18 Let f and g be nonnegative measurable functions and let
and b be nonnegative real numbers.

1) z z z
(af +bg=a f+b gqg;

R
(2) 1t (A)=0,then pf =G
) If g=gae,then f= g
(4) If gf =0, thenf =0 ae.
(5) If f< 1,thenf is a.e. real-valued, that isf (x) 2 R for a.e. x.

Proof. To prove (1), let f,, and g, be nondecreasing sequences of nonnegative
simple functions approachingf and g, respectively; e.g. such simple functions are
provided by Theorem 3.12. Applying the Monotone Convergene Theorem to the
three nondecreasing sequences:f,g, fg,g, and faf, + bg,g, converging tof, g,
and af + bg respectively, and using the linearity of the integral on simple functions,
we obtain 7 7 7 7

a f+b g=lma fy+limb g,
Z Z
=lim a f,+b o0y
Z Z
=lim (af,+bg)= (af + bg:

P
To prove (2), let A be a measurable set with zero measure and lst=  ax a,
be any simple functio% ThenZ

X
s= AS= ax (Axk\ A)=0;
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R
since (Ax\ A) (A) =0. So, by de nition of the integral, , f =0.
We now prove (3). Supposeghatf = ga.e. If A = fx;f(x)= g(x)g, then A

is measurable and (A®)=0,s0  acf = acg =0 by (2), and hence,
z z z z

f = ( Af + Acf) Af + Acf

Z
= Af
Z

AQg (sincef = gonA)
Z Z Z

= AQT Acg= O

Suppose thatRf =0andlet A= fx;f(x)> 0g. Then (4) is the statement
that (A) =0. To see this, for eachn =1;2;:::, let Ay = fx; f(x) 1=ng. Then
A, is a nondecreasing sequence of measurable sets with limittsd, so (A) =
lim (An) since measures are continuous.ZNow by Chebyshev's Ineqiiz|

(Ap) n f=0:

Thus, (An)=0 for each n and so (Ag =0 as well.
Finally, to prove (5), supposethat f< 1 andletA = fx;f(x)= 1g. Then

forany n 2 N, we haveff = 1g f f >n g, so by monotonicity of measures and

Chebyshev's Inequality, we have 2

ff = 1g ff>ng % f:
Takingn!1 we get our result.

The following theorem is really quite remarkable: It says that we can always
interchange integrals and in nite sums of nonnegative measrable functions!

Theorem 3.19 If ff,g is a sequence of nonnegative measurable functions,
then
Zw v Z
fn= fn:
n=1 n=1
. P o Py .
Moreover, if the sym __, f, is nite, then the series __, f,, is nite a.e.;
that is, the series ﬁ=l fn converges to a real number a.e.

Proof. Let f := ,1]:1 fn. Then by de nition, f = I1|Irln Ok Where gk =
P H
rkﬁl fn. Since thef,'s are nonnegative, we havay; @ 03 , SO by the
Monotone Convergence Theorem, we have
Z Z VARG
f=lp o=ir fo
n=1
- X< Z
- lllir1n fn
n=
x Z
= fn;

n=1
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where in the third inequality we used that the integral is lin ear from the previous
proposition. P R R

Now asgume that ,1]:1 fn < 1, which is equivalent to saying that f< 1
wheref = $=1 fn. Then Qy Property (5) of Proposition 3.18, we see thaff is
nite a.e., which means that $=1 fn converges to a real number a.e.

Example 3.9. Let X = S' , whereS = f0; 1g, the sample space for (say) the
Monkey Shakespeare experiment such that the Monkey can typsonnot 18 with
probability p > 0 on any given page. Letf : X ! [0;1 ] be the random variable
given by the number of times the Monkey types sonnet 18. What $ the expected
value off ; in plain English, how many times would you expect the monkeyto type
sonnet 18?7 Well,

f(x) = Xn
n=1
That is,
X
f= Ans
n=1
whereA, =S S Sflg S S wheref 1g is in the n-th slot. It
follows that 7
X X
E(f)= An = (An)=  p=1:
n=1 n=1 n=1

Thus, we would expect the monkey to type sonnet 18 an in nite rumber of times;
however, as the analysis in Section 1.9.5 shows, we wouldreéixpect the monkey to
type sonnet 18 even once in any reasonable nite amount of tira.

The following might be called \countable additivity of the integral” because it
shows that the integral is countably additively on countable disjoint unions, just
like measures are.

S
Theorem 3.20. If f is a nonnegative measurable function anch = ~*_, A,
where the setsA,, are disjoint measurable sets, then
z % Z
f =

A n=1 An

f:

Proof. Applying the Monotone Convergence Theorem to the monotone &-

quence
X
fn = A
k=1
which converges pointwise to af, get this result, as you can readily check.

The Monotone Convergence Theorem is actually equivalent @e Prob-
lem 10) to the following theorem of Pierre Joseph Louis Fatou(1878{1929),
who proved this theorem in his doctoral thesis in 1906.

Theorem 3.21 (Fatou's Lemma ). If f, is a sequence of nonnegative

measurable functions, thenZ ~

liminf f, liminf f,:
Pierre Fatou
(1878{1929).
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f1 fa fa

Figure 3.10. fq;f,;f3;::: represent a \moving pulse”.

Proof. We remark that, by Theorem 3.11, f := liminf f, is mea-
surable. Now by de nition of lim inf and Theorem 3.11, we know that
f =lim g, whereg, :=inf ff;fnh+1;:::9is measurable. Moreoverfg,g is
a nondecreasing sequence of measurable functions so by theitone Convergence
Theorem, z z z z

f=Iim gy =) f =liminf  gn;
since lim = IimianyvheneMer the limit exists. By de nition of inmum, g, f,, so
by monotonicity, g . fn. Therefozre, as Iiminf'sijreserve inequalities,

f =liminf On liminf  fp:

We remark that in general we cannot replace \ " with \="in Fatou's Lemma.
Example 3.10. Let X = R with Lebesgue measure and for each 2 N, let

1 ifn x n+1
)= e )= 0 e

see Figure 3.10. Then giverx 2 R, for all n > x we havef,(x) = 0. Hence, for
eachx 2 R, lim f,(x)=0. Thus, liminf f, =lim f, =0, so
n!l
z z
liminf f,= 0=0:

On the other hand,
Z Z Z

fn= mn+1 = Mn+1] =1 =) liminf  f, =liminf1=1:
Thus, for this example, we Eave strict inequality:Z
liminf f, < liminf

(Other examples off,'s that work include f, = n (g;1=n) @and f, = (1=n) o;n}, @s
you can readily check.)

3.4.5. General de nition and Lebesgue's \Proof Recipe". We now de-
ne the integral for functions that can take negative as well as positive values.
Recall that the nonnegative and nonpositive partsf, andf of a measurable func-
tion f : X | R are de ned by

f+ (x) =maxff (x);0g; f = minff(x);0g:
These functions satisfy
f=f, f; and jfj=f, +f ;
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R f R fi £ f
X \ X | X
Z Z Z
f = fs f =\area of f above X axis" \area of f below X axis"

Figure 3.11. The integral f represents the \signed" area between
the graph of f and the X -axis.

andf, represents the graph off above theX -axisand f represents the graph of
f below the X -axis as seen in Figure 3.11. \We de ne the integral of geometrically
as the area off gabove the X -axis (that is, f.+) minus the area off below the
X -axis (thatis, f ):

(3.9 f= f f

provided that the right-hand side is not of the form 1 1 . See Figure 3.11 for an
illustration of this de nition. Given any measurable set A, we de ne

4 Z

f = A f;
A

where aggin, we assume that the right-hand side makes sensé.A = X, we denote
« f by f. The function f is said to beintegrable on A if

Z Z Z

f, <1 and f <1 0 ifi<1:
A A A

This equivalence follows from the identity jfj = f, + f . A function that is in-
tegrable over A = X is simply called integrable . We sometimes say thatf is

-integrable to emphasize the measure ; e.g. if X = R" and is Lebesgue mea-
sure, we'd say thatf is Lebesgue integrable. We shall study the properties of
integrable functions in the next section.

Now let's suppose that you want to prove an integration fact. For example, in

Problem 6 you are asked to prove that for any integrable funcion f : R" ! R and
point a2 R", the translated function x 7! f (x + a) is integrable, and

Z Z
(3.10) f(x+a)dx= f(x)dx:

Because of this equality, we say that the Lebesgue integrakitranslation invari-

ant . (We note that using translation invariance of Lebesgue meaure, one can check
that x 7! f (x + a) is measurable for any measurable functiorf on R".) To prove
the equality (3.10), Lebesgue has the following very simplérecipe” for that works
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not only to prove (3.10) but also for just about any integrati on fact:’

A recipe for producing tasty proofsa la Lebesgue

(1) Prove it for characteristic functions of measurable sets
(3.11) (2) Prove it for nonnegative simple functions

(3) Prove it for nonnegative measurable functions via the MCT
(3) Finally, prove it for any integrable function.

Let's apply this recipe to outline the proof of (3.10) | you'l | provide the details in
Problem 6.

(1) First, we need to check that (3.10) holds for characteristicfunctions of measur-
able sets. We'll assume you've done this.

(2) Since a nonnegative simple function is just a linear combingon of characteristic
functions (with nonnegative coe cients) and the integral i s linear on nonneg-
ative measurable functions, one can check that (3.10) hold$or nonnegative
simple functions.

(3) Given any nonnegative measurable functionf on R", by Theorem 3.12 we can
write f =1lim f, where thef,'s form a nondecreasing sequence of nonnegative
simple functions. Hencef (x + a) = lim f,(x + a) is the limit of a nondecreas-
ing sequence of nonnegative measurable functions. Thus, bihe Monotone
Convergence Theorem,

z z z z

f(x+a)dx=Ilm f,(x+ a)dx and f(x)dx =lim  f,(x)dx:
R R
Since fh(x+ adx= fn(x)dx by (2), we conclude that
z z
f(x+adx= f(x)dx:

(4) Finally, given any integrable function f on R", we have
z

A
f(x)dx:= fi(x)dx f (x)dx
A Z
= f,(x+ a)dx f (x+a)dx (by (3))
Z
= f(x+ a) dx:

This recipe will be used quite often in the sequel.

| Exercises 3.4.
1. Here are some de nitions of the integral using the dyadic n umbers.
(@) Let f : X I [0;1 ) be measurable. Prove that
VA
(3.12) f = lim K
: T oan on
k=0

(Ank);
where Ay = f 1(k=2";(k +1)=2"].

"The \it" in Lebesgue's recipe refers to the integration fact  you'd like to prove. Also, MCT
stands for the Monotone Convergence Theorem.
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(b) Let f : X I R be integrable function and let A X be a measurable set with
(A) < 1 . Prove that for each n 2 N, the sum

hs K X K
(3.13) — (A \ A):=Iim — (A \ A)
2n 1 o
k=1 k=
is absolutely convergent, where Ay = f 1(k=2"; (k +1) =2"]. Prove that
z
Rk
(3.14) f = lim — (A \ A):
A o 2n

Conversely, prove that if the series (3.13) is absolutely convergent for each n 2 N,
then f is integrable and the formula (3.14) holds.

(c) The condition (A) < 1 is needed in Part (b): Give a very simple example of an
integrable function on R such that the formula (3.14) is not true for A = R.

2. In this problem you compute integrals.

(a) Here's a probability example. Let S!, with S = f0;1g, be the sample space
for an in nite sequence of coin tosses where the probability of throwing a head
on any given toss isp. For eachn 2 N, dene *, : S* | R by "n(x) := the
number of consecutive tosses of heads starting from then-th toss. Prove that
E(n)= pH1 p). (Bytheway, if you're interestedyou can show that thg seq uence

“n givlss an examﬂe of Fatou's strict inequality: ~ liminf " < liminf "))
(b) Find ledx and 01 1=xdx using the formula (3.12).
3. Letf : X ! [0;1] be a nonnegative measurable function on X. We shall call a

Lebesgue-Sak's sum of f (here, \Sak" refers to Stanislaw Saks (1897{1942)) a nite
sum of the form

X
Mn (An); mp=infff(x); x 2 Ang;
n=1
where A1;:::;An are pairwise disjoint measurable subsets of X . (It might we wise to
try and understand what such a sum represents geometrically.) Prove that
z

f =sup S; S is a Lebesgue-Sak's sum of

This is the de nition of the integral presented in Sak's famo us book [128, p. 19].
4. Letf; fo, f3 r 0 be anonincreasing sequence of measurable functions.
(i) Assuming that f; < 1 , prove that
z z

limfny =lim  fy:

R R R
@iy If f1=1,show by example that I|imf, =lim f, need not hold.

5. ((Basically) Levi's original argument ; taken from [30].) Levi's original proof uses
three lemmas. Throughout we work on a nite measure space. The only results from
this section you are allowed to use are the de nition of the in tegral and Lemma 3.15.

() Lemma 1: Let g be a nonnegative measurable function. For eachk, de ne g* =
minf g; kg. Prove that
g:Kg 7 7
— i k.
o=lp ¢ i
Suggestion: %ne could prove this in two parts, when g=1 and g<1.In
the casethat g=1 rProve that lim 1 g“ = 1 too by way of contraposition
(thus, assuming that  g* is bounded above for allk by some nite constant, say
M, using the de nition of the integral, show that g M as well).
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(i) Lemma 2: Let ff,g be a nondecreasing sequence of nonnegative functions, all fo

which are ﬁounded by the same nite constant. gt f ﬁiim fn and prove that
f =lim f,. Suggestion: First show that lim f, f. Here's one way to

prove the opp§site direction (Egorov's theorem could also be used). Let" > 0
andlet Ay = | fxjf(x) fik(x)+ "g. Show thatlim nn (An)= (X)and
hence limy i1 (A7) =0. Take N sothatn N implies (A7) <"=( (X)+ M),
where f, M for all n (so f M too). Using the de nition of the integral,
prove that 7 7 7

f Anf + Aﬁf:

Show that for n N, the rst integral on theyright is RRf” + " and the second
integral on the rightis  ". Conclude that f 2"+ f,

(i) Lemma 3: Let ax be a double sequence of nonnegative extended real-valued
numbers such that a, is nondecreasing inn (for xed k) and nondecreasing in
k (for xed n). OPTIONAL: Prove that

lim lim ax = lim lim an:
AR el N LY Ll

The proof is similar to the proof of Lemma 2.4 in Section 2.1, w hich is why Lemma
3 is optional; skip the proof of Lemma 3 if you see its relation to Lemma 2.4.

(iv) We are now ready for Levi's proof. Let ff,g be a nondecreasing sequence of
nonnegative functions and let f = lim f”R For any k 2 N, let fX = min ff,;kg
and use Part (jii) on the sequence anx = fX.

6. Prove the equality (3.10), this time supplying all the det ails. Here's another exercise
using Lebesgue's recipe. LetT : R" ! R" be a nonsingular linear transformation.
Prove that if f is Lebesgue measurable, therf T is also Lebesgue measurable. Also,
prove that if f is Lebesgue integrable, thenf T is Lebesgue integrable, and

z z

f=jdetTj f T:

In particular, Lebesgue integration is invariant under ort hogonal transformations. We
shall generalize these considerations in Section??.
7. (Counting measures )
(@ Let#: P (N)! [0;1 ] be the counting measure. Prove that any extended real-
lued function f on N is measurable, and is integrable if and only if the series
Ll jf (n)j is convergent, in which case
z
fd#= f(n):
n=1
(b) Let P (N N)! [0;1] be the counting measure onP (N N). Prove that
any extended real-valued function f on N N is measurable. Letni;n;;::: be any
ordering of the countable set N N. Prove that given any nonnegative extended
real-valued function f on N N, we have

X
fd = f(nK):
k=1
8. Let (X; S) be a measure space, leig be a nonnegative measurable function, and de ne
mg:S ! [0;1]hy
z
mg(A) = gd; forall A2 S.
A

(a) Prove that mg :S | [0;1 ]is a measure.
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(b) Given a measurable function f : X ! R, prove that f is mg-integrable if and only
if fg is -integrable, in whiczh case,

fdmg= fgd:

Suggestion: Lebesgue's recipe.
(c) Let g: R! R be a continuously di erentiable nondecreasing function an d let
g :BY! [0;1) be its corresponding Lebesgue-Stieltjes set function. Given a
Borel measurable function f, prove that f is g-integrable if and only if fg°is

Borel integrable, in which cz-zlse 2

fd g= fglx:

. Let bea -nite measureonaring R andletg: X ! [0;1]bea -measurable

function that vanishes only on aget of -measure zero. Denemg : R ! [0;1 ] by

mg(A) = gd ; forall A2 R.
A

(a) Show that mg: R'! [0;1 ]is a measure.
(b) Let my denote the outer measure generated bymg. Prove that a setin S (R) has
-measure zero if and only if it has my measure zero.

(c) Show that the mg-measurable sets is identical with the  -measurable sets. Sug-
gestion: Corollary 2.30 might be helpful.

(d) Give an example showing that (b) is false if g vanishes on a set of nonzero measure.
Suggestion: Consider Lebesgue measure oR and use the fact that any Lebesgue
measurable set of positive measure has a nonmeasurable sules.

Here are some problems dealing with Fatou's Lemma.

(a) Find a sequence of nonnegative functions on [Q 1] (with Lebesgue measure) such
that Fatou's Lemma gives a strict inequality.

(b) Prove that Fatou's Lemma implies the Monotone Convergen ce Theorem.

Let 1 and , be measureson¥;S)andlet = 1+ 5.

(&) Show that is a measure onS .

(b) Prove that a measurable function f is j-integrable for i = 1;2 if and only if f is

-integrable, in which czase

VA VA
fd = fd 1+ fd 2
(Catalan's Consg;mt) Here are a couple integrals involving the famous Catalan's
constant , G =, gz = 0:915965594 : 1, named after Eugene Charles Catalan

(1814{1894). By the way, it's not known whether or not Catala n's constant is rational!
(For many more formulas, check out [23].) In this problem, you may evaluate integrals
using the Fundamental Theorem of Calculus. Using the MCT, pr ove that

1 1 1
G = tan de _ x dx :
o X o coshx
by using the MacIaIgrin expansion for tan (x) for the rst equality and by writing
= 2o = L ( D"xe @M X Suggestion: The series you end up trying

to integrate are alternating series, but to apply the MCT you need nonnegative terms;
try to group adjacent terms together to get a series of nonnegative terms.

(Basel Proqyam ) In this problem we give Leonhard Euler's (1707{1783) rstr igorous
proof that rl]:l 1=n? = 2=6, originally \proved" by Euler in 1735 (see Section 3.7

for more on Euler's sum). The following is Euler's argument f rom his 1743 paper
Demonstration de la somme de cette suitel + 1=4 + 1=9 + 1=16::: (Demonstration of

the sum of the following series: 1+1=4+1=9+1=16:::) [?]. In this problem, you may

evaluate integrals using the Fundamental Theorem of Calcul us.
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(@) Brove that if we can show that P no 1=(2n 1)> = 2=8, then it follows that
. 1= nP 2=6; thus, we just have to prove the rst equality. Suggestion:
Break up ., 1=n” into sums over even and odd numbers.
(b) Using the binomial expansion of (1  x2) 172 near x = 0, prove that

X 135 (2n 1) x>

. inx = x +
(3.15) arcsinx = x 246 (@) T

n=1

where this series is valid for all x in (= 1;1).®
(c) Dividing both sides of the above series by 1 x2 gives

35 (2n 1) x2n+1

arcsin x X N R 1 R .
246 @m@2n+1) "1 x2

3.16 P = p
(3.16) Pz~ Pz

n=1

Now recall the well-known integral

“u dx—27sin2”+1 g =24 (@n
. P . 135 (n+1)

where to get the second integral, we put x = sin in the rstintegral. See Problem
3 in Exercises 3.7 for a proof just in case this integral isn't so well-known to you!
Now integrate (3.16), stating why term- by -term r51tegrat|o n is permissable, and use
the well-known integral to prove that 2=8 = noo 1F2n +1)°. 2

(d) Appendix: We can modify Euler's proof slightly as follow s. First, in (3.15) substi-
tute x =sin t to get

X 1 135 (@0 1
3.17 t=sint+ "t
(3.17) St mv1i 246 @np o0

valid for =2<t< = 2. Now integrate this equality from 0 to =2 and use the
well-known integral to get the formula for ~ ?=8. This method was published in [?].
Do you see how this new method is essentially the same as mulplying (3.16) by
dx and then putting X =sin t?

14. In this problem, we give Pennisi's formulas [?] for and

_X n!
2 135 (2n+1)

n=0

2.

and
2oL, x 2 4 (2n) _
728 _[135 (2n+1)]2n+2)222"

You may proceed as follows:
(i) Justify the following equalities:

arcsinx 1 arctan X _ PE dt )
x 1 x2 x 1 x2 1 x? 0 (1 x?)+2x2t?’

(i) Expanding Wﬁz—xgg as a geometric series, prove that

z.p,
; p_X 1="2
gosinx _ F3™ e 1 2%)"dt

n=0 0

Xx 1 x2

8Using \Raabe's test", one can in fact show that this series co nverges uniformly for x in
[ 1;1], but we won't need this fact.
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. . Rl:p 2 2 . . .
(i) Evaluating the integral (1 2t%)" dt (make a trig substitution and use the
well-known integral in Problem ??), prove that
arcsinx  _ X nia" x2n

xX'T x2 135 (@n+1)

Integrate this formula from 0 to x and then by taking particular values of x in
the above formula and the integrated formula, derive Pennis i's formulas.



