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Figure 1.10. A rectangle decomposed as a union of non-
overlapping rectangleﬁg_lilB denotes the big rectangle, it’s “ob-
vious” that m(B) = |, _; m(By).

1.6. More examples of additive set functions

In the last section we introduced additive sets functions and gave examples of
them occurring in probability. In this section we study Lebesgue and Lebesgue-
Stieltjes additive set functions, which are the additive set functions occurring in
geometry.

1.6.1. Lebesgue measure on 1 ". Recall that
m: 11 -0, o00)
is defined by m( D=3 0 and for each nonempty (a,b] [CI?, we define
m(a,b] :=b—a.

The function m is called Lebesgue measure on R. We can also define Lebesgue
measure on R". Recall that we denote a left-half open box (a, bi] > - > (an, bn] in
R" by the notation (a, b] where a and b are the n-tuples of numbersa = (as, ..., an),
b = (b1,...,bn) where ax < by for each k. Also recall that I " is the set of such
boxes. Given a box (a, b], we define its Lebesgue measure in the obvious way:

m(a,b] := (b1 —a1) - (b2 —az) - (bn — an),

which is the product of the lengths of the sides of the box. From Figure 1.10 it
is “obvious” that if a box is partitioned into smaller boxes, then the measure of
the box is the sum of the measures of the smaller boxes. This is “obviously” true,
but its proof is not at all trivial, we shall prove it in Proposition 1.19 below. In
other words, it’s obvious that m is finitely additive, where recalling the definition
from the last section, a function p: I - [0, 0] on a semiring 1 is called a set
function and p is said to be additive or finitely additive, if

(1) (O=o. -
2 AL and A= __; Ay where Ag,..., Ay [l are pairwise disjoint, then
L U |
H(A) = H(An).
n=1

Proposition 1.19. For any n, Lebesgue measure m: I ™ - [0, o) is additive.

Proof. For notational simplicity, we prove this result for n = 2; the general
case is only notationally more cumbersome. Let | xJ C®? = 1% 11 and
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Figure 1.11. Xcaq(Y)dy = . dy =d—c=m(c,d].

suppose that
L
| xJ = I < Jg
k=1
is a union of pairwise disjoint left-half open rectangles where Iy, J, CHI*. We need
to prove that

1 1
m(l xJ) = m(lx x Jx); thatis, m(I)m@J) = m(l) m(Jk).

k=1 k=1
The idea, which we’ll see again and again (e.g. in the law of large numbers), is to
turn this statement on measures into something involving functions and then use
function techniques to prove the result. For an arbitrary set X and subset A [X],
recall that the characteristic functior|1:oflthe set A is defined by
1 if x A,
0 if x ITA.

Observe that for subsets C,D [Rf, we have
(1.13) Xc=xp (X, Y) = Xc(X) Xo(¥),
and if E and F are disjoint subsets of R?, then
1.14) XeErE=1= Xe + XF-
For example, to prove the first equality, note that

Xcxp(X,y) =1 [T Tixy) [AxD [T Tx[O,ylCd

[T ITXc(X)=1, xo(y) =1 L[LIXc(X)Xp(y)=1
The equality (1.14) is proved similarly. Any case, by (1.25) we have
X1>a(%,y) = X1 (X) Xa(y)

and, since I xJ = |, Ik % J is a union of pairwise disjoint sets, (1.14) shows
that

Xa(x) =

| U |
Xi<3(%Y) = Xiexa (%, Y)-
k=1
Since X1, =<3, (X, Y) = X1, (X) X3, (y) by (1.13), we conclude that

1
(1.15) X1i0OXa) = X (X X3, (¥)-

k=1
Now for any finite interval (c,d], the function X q(y) is Riemann integrable and
(see Figure 1.11)
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Figure 1.12. The graph of a nondecreasing function f. This
picture suggests that f(x—) = sup{f(y);y < x} and f(x+) =
inf{f(y); x<y}.

1
(1.16) Xc.a(y) dy = m(c, d].

Let us fix x [CR in the equality (1.15), and regard both sides of the equality as
functions only of the variable y. Then integrating both sides of (1.15) with respect
to y and using (1.16), we obtain

L] 1 | —
Xi(¥) Xady = Xn(®) Xa(Wdy =L_@)xi(x)=  m) X1 (X).
k=1 k=1
We now integrate both sides of this last equality with respect to x, again using
(1.16), obtaining

1
m()m@) = m(l) mJx),
k=1
which proves our result. 1

1.6.2. Lebesgue-Stieltjes additive set functions. We end this section
with another example of a set function on I ! that is of importance in many fields
such as functional analysis and probability theory. Before introducing this set
function, we review some definitions. A function f : R - R is said to be nonde-
creasing if for any x <y, we have f(x) < f(y). Although we are mostly interested
in nondecreasing functions, we remark that the function f is called nonincreasing
if for any x <y, we have f(x) = f(y). A monotone function is a function that is
either nondecreasing or nonincreasing. The following lemma contains some of the
main properties of nondecreasing functions.

Lemma 1.20. Let f be a nondecreasing function on R. Then the left and right-
hand limits, f(x—) and f(x+), exist at every point. Moreover, the following rela-
tions hold:

f(x—) = f(x) < f(x+),
and if x <y, then
f(x+) = fy-).

Proof. Fix x Rl Since f is nondecreasing, for all y < x we have f(y) < f(x),
so the set A := {f(y); y < x} is bounded above by f(x). Hence, the supremum of
A exists; call it a. We shall prove that a = limy _ x— f(y). To this end, let € > 0 be
given. Then the number a — € cannot be an upper bound for A and hence there is
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Figure 1.13. The left figure shows a left-half open interval
written as a pairwise disjoint union (az,by] [(&1,b1] [(&s,bs].
By relabelling the subscripts, we can write this same union as
(as, b3] [(dy, bo] @y, bs] where by is the right end point, az is the
left end point, and ap = bp+1 forn =1, 2.

a z < x such that a—¢ < f(z), or rearranging the inequality we have a—f(z) < €.
Now given any y with z <y < x, by monotonicity, we have f(z) < f(y), therefore

z<y<x = Ify)=—-F@) =Ca-f(y)sa—fF(z) =Ca-f(y)<e.

On the other hand, since a is an upper bound of A, it follows that for any y < x, we
have f(y) < a, which implies that for y < x, |a— f(y)| = a— f(y). To summarize:

For ally CRIwith z <y < x, we have |a— f(y)| <e.

This means, by definition, that
lim f(y) =a=sup{f(y);y <x}.
y-Xx—

Thus, f(x—) = a. Moreover, since f(x) is an upper bound for A, it follows that
a < f(x). Hence, f(x—) < f(x). By considering the set {f(y); X < y} one can
similarly prove that

f(x+) =inf{f(y); x <y} =f(x).

Let x <y. Then we can choose w with x <w <'y, so by definition of infimum and
supremum,

f(x+) =inf{f(y); x <y} = f(w) = sup{f(z); z <y} = f(y-).
This completes our proof. 1

There is an analogous statement for nonincreasing functions although we won’t
need this statement. Given a nondecreasing function ¥, we define the set function

pr o 1L - [0, 00)
by

| e(a,b] = F(b) = F(a). |

This set function is called the Lebesgue-Stieltjes set function of f;
here, the “Stieltjes” name refers to Thomas Jan Stieltjes (1856-1894) who
shortly before his death introduced what are now called Riemann-Stieltjes
integrals, where Lebesgue-Stieltjes set functions came from, in a famous
1894 paper on continued fractions [91]. Notice that for f(x) = x, we get the
usual Lebesgue measure. Problem 2 looks at various examples of Lebesgue-
Stieltjes set functions. To prove that Lebesgue-Stieltjes set functions are
additive, we need the following lemma. Thomas Stieltjes

(1856-1894).
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Lemma 1.21. Let (a,b] = ,_;(a@n,bn] be a union of pairwise dis-
joint nonempty left-half intervals. Then we can relabel the sets (ai,b1],
(az,bz], ..., (an,bn] so that

by =b, ay=a,and an=bp+1, N=1,2,...,N —1.

See Figure 1.13 for an illustration of this lemma when N = 3. Since the
statement of this lemma seems so intuitively “obvious” we shall leave the details
to you. (Warning: Although obvious, to give a completely rigorous proof is tedious
and written out in detail, will take up about a page!) We can now prove that
Lebesgue-Stieltjes set functions are additive.

Proposition 1.22. For any nondecreasing function f : R - R, the Lebesgue-
Stieltjes set function pg : 11 - [0, 00) is additive.

Proof. Given a pairwise disjoint union (a, b] = nizl In, we need to show that

L I |
(1.17) He(a, bl = pr(ln).

n=1
Since pug( D= 0 we may assume that the 1,’s are noEEEJIpty. Then according to
the previous lemma we can rewrite the union (a,b] = _, I as

1
(a,b]=  (an,bnl,

n=1
where by = b, an = a, and an = b+ forn =1,2,...,N — 1. Now observe that
the following sum telescopes:
| I | |
He(@n,bn] = (F(bn) — T(an))
n=1 n=1

(F(b1) — F(ar)) + (F(b2) — F(az)) + - + (F(bn) — F(an))
= f(by) — f(an),
which is f(b) — f(a). This is just pe(a, b], exactly as we set out to prove. 1

We make a couple remarks. First, we remark that any finite-valued (not al-
lowed to take on the value o) additive set function on I ' must be a Lebesgue-
Stieltjes set function; that is, if p : 11 - [0,00) is additive, then p = pg for
some nondecreasing function f : R - R. Thus, Lebesgue-Stieltjes set functions
characterize all finite-valued additive set functions on 1. See Problem 3 for the
proof. Second, we remark that Lebesgue-Stieltjes set functions can be defined for
nondecreasing functions defined any interval by just extending the function to be
constant outside of the interval so that it remains a nondecreasing map on R. For
instance, if ¥ : [a,b] - R is a nondecreasing function on a closed interval, we de-
fine f(x) = f(a) for x < a and f(x) = f(b) for x > b. Then the extended map
f : R - R is nondecreasing so it defines a Lebesgue-Stieltjes set function.

[Elxercises 1.6.

1. Let p: I = [0,00] be maplﬁg:? semiring 1 satisfying p(A) = IEU(An) for any
set A LWl written as A = | |_; An where Aq,...,An [l are pairwise disjoint. If
H(A) < oo for some A, show that p( O 0. Thus, the requirement that p( 0= 0 in
the definition of an additive set function is redundant if Y is not identically oo.
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2. In this problem we look at examples of Lebesgue-Stieltjes set functions.
(a) Given a function g : R — [0, o0) that is Riemann integrable on any finite interval,
we define mg : 1 . [0, o) by taking the Riemann integral g:
)
mg(a,b] := g(x) dx.
a
In particular, if g = 1, this is just the usual Lebesgue measure m. Let f : R — R be
an nondecreasing continuously differentiable function. Show that pf = Mgy where
Mf is the Lebesgue-Stieltjes measure corresponding to f.
Remark: In the subject of Distribution Theory it’s common to identify the mea-
sure Mg with the function g; that is, consider the measure mg and the function
g defining the measure as the “same”. Thus, it is OK to write mg = g, properly
understood. Hence, the equality pf = mgoican be written pe = FUif you wish.
(b) Given a [R] define Ho : R - R by

1
0 ifx<aq,
H =
a(x) 1 ifx=a.

This function is called the Heaviside function, in honor of Oliver Heaviside
(1850-1925) who applied it to simulate current in an electric circuit. Give a formula
for Ppg (1) for any | CI*.

Remark: Let’s define a Dirac delta “function” 04, named after the great mathe-
matical physicist Paul Adrien Maurice Dirac (1902-1984), by the formal properties

1

- 1 ifa O
da(X) dX := .

1 0 if o X1

where | WY Of course, there is no function with these properties, hence the
reason for the quotes on “function”; however, see Problem ?? in Exercises ??. In
view of Part (a), do you see why we formally write HY'= 847
3. In this exercise we prove that the finite-valued additive set functions on I ! are exactly
the Lebesgue-Stieltjes set functions.*®
(a) Let u: B - [0, ) be an additive set function and define f : R — R by
1
—M(x,0] ifx<0,

fx) = pn(0,x]  ifx=0.

Show that f is nondecreasing and pf = M.
(b) Show that if pf = Mg, then f and g differ by a constant. So, the function corre-
sponding to a Lebesgue-Stieltjes set function is unique up to a constant.
4. In this exercise, we study the translation invariance of measures on 1. Related
properties for R™ are studied in Section ??. Given X [Rland A [R] the translation
of A by X is denoted by A 4+ X or X 4+ A:

X+A=A+x={a+x;a [A}={y [R;y—x A}

(a) Prove that 1 ' is translation invariant in the sense that if I [H*, then x4+ 1 [t
for any x [RL

(b) A set function p: I'* - [0,00] is translation invariant if p(x + 1) = pu(l) for
all x and | W' A function f : R - R is a [nelif f(x) = ax + b for some
a,b CRl Prove that if p is the Lebesgue-Stieltjes set function defined by an affine
function, then W is translation invariant. In Problem 7 we’ll prove the converse.

181f you're interested in the corresponding statement for I ", see [4, p. 176].
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(Cauchy’s functional equation I) (Cf. [107]) In this and the next problem we study
Cauchy’s functional equation, studied by Augustin Louis Cauchy (1789-1857) in 1821.
(This problem doesn’t involves measures, but it’s useful for Problem 7.) A function
f : R - R is said to be additive if it satisfies Cauchy’s functional equation:

for every X,y [RI, we have f(x+vy)=Ff(x)+f(y).

Suppose that f: R - R is additive.

(i) Prove that f(0) =0 and for all x [RL f(—x) = —F(X).

(ii) Prove that f(rx) = r f(x) for all r CQ and x Rl In particular, setting X = 1,
we see that f(r) = f(1)r for all r Q. (We can do even better and say that
f(x) = £(1) x for all x CRIif we add one assumption explained next.)

(iii) Suppose that in addition to being additive, T is bounded on some interval (—a, a)
with @ > 0; thus, there is a constant C > 0 such that for all |X| < a, we have
[f(x)] < C. Prove that f(x) = (1) x for all x [CRL Suggestion: Show that for all
n [Nl we have |f(X)| < C/n if [X| < a/n. Next, fix X (R, let n [Nl and choose
r [Q such that [x — r| < a/n. Verify the identity

fx)—FfF()x=F(x—r)—F1Q)(x—r)
and try to estimate the absolute value of the right-hand side.

(Cauchy’s functional equation I1: Hamel’s theorem) (Cf. [34]) Let f : R - R be

additive but not linear; that is, f not of the form f(x) = (1) x for all x [CRl How bad

can T be? After all, we know from Part (ii) of the previous problem that f(r) = f(1)r

for all r CQ. In fact, f can be extremely bad! Hamel’s theorem, named after Georg

Karl Wilhelm Hamel (1877-1954), states that the graph of T, G¢ := {(x, f(X)) ; x R},

is dense in R?. In other words, for each p CRF and € > 0 there is a point z CGf such

that |p — z| < €. To prove this, you may proceed as follows.
(i) Prove that if the graph of (x)/f(1) is dense in R?, then so is the graph of f.
Conclude that we may henceforth assume that f(r) =r for all r CQL

(ii) Since f is not linear there is a point Xo [RIsuch that f(Xo) B Xo; thus, f(Xo) =
Xo + 0 for some & 2 0. Let p [RP and € > 0. Choose rational numbers r, S such
that [p — (r, S)g< €/2. Next, choose a rational number a & 0 such that

S—r @( € €
3 851 _I:%a—&—r sB< g
Finally, choose a rational number b such that
N
8lal
If X =r + a(Xo — b), show that
f(X)—s=r+ad—s+a(xo—h).

(iii) Show that z = (X, F(X)), where X = r 4+ a(Xo — b), satisfies |p — z| <e.

(iv) Use Hamel’s theorem to prove Part (iii) of the previous problem; that is, prove
that if f : R - R is additive and bounded on some interval (—a,a) with a > 0,
then ¥ must be linear.

Let f : R - R be a nondecreasing function. In this problem we prove that the

Lebesgue-Stieltjes set function defined by F is translation invariant if and only if f is

affine. Since every set function on B! is a Lebesgue-Stieltjes set function (by Problem

3), after completing this problem you have proven the following theorem.

Theorem 1.23. Lebesgue-Stieltjes set functions defined by affine transformations
are the only translation invariant set functions on 11,

By Part (b) of Problem 4 we just have to prove necessity.
(i) Assume that pf is translation invariant. Let g(x) = f(x) — f(0). Show that g is
additive, that is, g(X +y) = g(X) + g(y) for all X,y [CRL
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(ii) Using Part (iii) of Problem 5, prove that g(x) = g(1) X for all x Rl From this,
deduce that f is affine.

1.7. Integration on semirings

In our proof that Lebesgue measure is additive on 1" we saw how useful
integration theory can be to derive properties of set functions. In this section, we
develop a simple integration theory on semirings, and in Section 1.9, we use this
integration theory to develop measure theory on semirings. Moreover, many of the
properties of integrals we develop here will come in handy in Chapter ? when we
study integration on c-algebras.

1.7.1. Arithmetic on R. In measure theory, oo show up one way or an-
other, since for instance, R" and other unbounded intervals (should) have infinite
length. Let oo (called infinity and also denoted by +o0) and —oo (called minus
infinity) be distinct objects that are not real numbers. We define the extended
real numbers R as the set R [{Foo}. We order R by —oo < co and —oo < a < co
for any real a. We define arithmetic operations on R as follows. For real numbers
a,b considered as extended real numbers, a+b, a-b, and a/b (provided b £ 0)
have their usual meanings. When infinities are involved, addition and subtraction
are defined by:

oo+ g = +a+ oo = oo, for —oo <a < oo,

—co+a==4a— 0o ;= —o0, for —oco < a < oo,
Multiplication is defined by

(*o0)-a=a- (*oo) := oo, for0 <a< oo,

(£o©)-a=a- (xo0) := [0] for —co<a <0,
and

(£©):-0=0":(Fo0) :=0.

Finally, division is defined by

=0, for all a R

HE

Note that
oo — oo , —oo + oo, and division of infinities are not defined.

The definition 0 0o = 0 and oo - 0 = 0 might seem a bit strange; for instance in
elementary calculus we were taught that these were “indeterminant forms.” How-
ever, these definitions are incredibly useful in measure theory.

1.7.2. Integrals on semirings. Let p: I - [0, oo] be an additive set func-
tion on a semiring B of subsets of a set X. Our goal is to understand the properties
of integrals defined via . However, our integration theory shall be very primitive
in that we only integrate “simple functions,” which are described as follows.

Recall that for any subset A X,

Xa: X - R
is called the characteristic function (IJf:,IA and is defined by

1 if x A,

XA =0 A
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a5 ........................................................... _
a4 7 ..................................
agl - ................. 4 ..............
) [ — TR S
a1—§ vvvvv ................. .................... L
A1 Ay » Ay : Az Ag
-1 Ol
Fi e 1.14. For f = rg1 8n XA, We have f =
n=1an M(An). Geometrically, T represents the area under f.
( A1y g Az
AN 1 X 1
(BiyB2y ¢ Bs (C11Coy ( C37CyyGCs,y
\ X AN 1 AN X 1\ X X 1

Figure 1.15. A; A} can be written in many di Lerknt ways; e.g.
A=A, A, =B; [Bp, [Bs =C; [ [Ck.

A function f : X - R is called an 1 -simple function (also called an I -step
function) if f is of the form

L
(1.18) f= an XA,

n=1
where A1,...,An [l are pairwise disjoint and a;,...,an [CR. See Figure 1.14
for a picture of such a simple function. The presentation of f as the sum (1.18) is
not unique; for example, if 1 = 1%, the left-half open intervals, then the simple
function f(X) = X(0,3)(X) can be written in many di [erent ways:

X©,31 = X@©,11 T X(1,3]
=X, Xa@,21 F Xe3 = -

The basic reason for non-uniqueness is the fact that we can write unions of elements
of 1 in many dilerknt ways as seen in Figure

Any case, givgrpan I -simple function f = |_, an Xa,, we define the integral
of ¥, denoted by f, as the extended real number defined by
e
(1.19) f:=  anu(An),
n=1

provided that the right-hand side is a well-defined extended real number (thus, +oco
and —co are allowable integrals). By “well-defined,” we mean that the right-hand
side cannot contain a term equal to +oco and another term equal to —oo (because
oo — oo is not defined). Recall that the convention is if a, = 0 and p(A) = oo,
then an u(An) := 0. Note that if all a,, are nonnegative, then the right-hand side of
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(1.19) is always well-defined (it may equal +oo, but this is OK) and it geometrically
represents the “area under the graph of £ as seen in Figure 1.14.
Since a simple function can be written in many dilerent ways, so it’s not

obvious that the formula (1.19) gi he same value for any presentation of f.
To prove this, suppose that f = |2, bk Xg,. is another presentation of f, where
Bi1,...,Bm [ are pairwise disjoint and by, ...,by CRL Then

1 1
(1.20) anXa,(X) = bn X, (X) for all x CX.

n=1 n=1

We assume that all the an’s and b,’s are nonzero otherwise we can just drop them
from the sums. First note that

(1.21) an =bm if AnnBm E L1

because at a point x A, n Bm, the left-hand side of (1.20) equals a, and the

right-hand side equals by,. Next, we claim that
1 1
m n
For example, to prove the left-hand equality, let x [CA,. Then the left-hand side
of (1.20) equals a, and hence is not zero, therefore the right-h ide is also not
zero; in particular, @m for some m. This shows that A, An n Bp); the
opposite inclusion (A, n Bm) A} is automatic, so An = | ,(An n Bm). The
right-hand equality is proved similarly. Finally, observe that
— 1 1T 11

an L(AR) = an L(An n Bm) (by the additivity of p)

bm U(An 0 Bm) (by (1.21))

| i—
bm L(Bm) (by the additivity of p).

m

Thus, the integral of f is well-defined, ipgependent of the presentation of f.

We remark that since the notation T doesn’t explicitly state what p, in some
cases it may not be clear what measure we are integrating with respect to, and in
such cases to emphasize the mea%e we use t%notation

fdu for fF.

For the semiring 1 " with Lebesgue measure m, we can denote the integral (1.19)

by several notations:
1 1 1

fdm or fdx or f(X)dx for T,

or d of any other letter by which we are denoting the coordinate functions on R".

We also remark that if u: I - [0,1] is a finitely additive probability set
function,—then an 1 -simple function is called a simple random variable. The
integral T du is called the expected value, or mean value, of ¥, and is usually
denoted by E(f). This number represents the value we expect to observe, at least
on average, if we repeat the experiment a very large number of times. See Section
1.8 for more details on expectations.
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1.7.3. Properties of the integral. We now prove that the integral has all
the properties that we expect an integral to have. But first, a definition: A collection
A of functions is called an algebra of functions if it is closed under taking linear
combinations and products; that is,

(1) f,g CA =L[_faranya,b (R, af +bg CA.
2 fgA =Ty [A.

Lemma 1.24. The set of I -simple functions forms an algebra.

Proof. We need to show that any linear combination and product of simple
functions is again a simple function. That the product of simple functions is simple
will be left for you (just use that Xa-Xs = Xang for any sets A and B) and we shall
only prove the linear combination statement. Let f and g be I -simple functions
and let a,b 'R, we need to show that af +bg is an 1 -simple function. Actually,
since it’s easy to see that af and bg are I -simple functions, we just have to show
that £ +g is an 1 -simple function. Furthermore, we may assume that g has just
one term (exercise: deduce the general case by induction on the number of terms
in a presentation of g). Thus, let

L
f= anXa., 9=cCXs
n=1
be B -simple functions.
To prove that f + g is an 1 -simple function, recall from Property (1.8) of a
semiring, there are finitely many pairwise disjoint sets {Bx} in 1 such that
1 1
B\ A,= Bk
n=1 k

Therefore, using the easy-to-prove formula S = (S\T) (T n S) for any sets

S, T X, we have
Cg— I g— —1
(1.22) B = Bx 1 (AnnB) .
k n

Again using the di [erknce property of semirings, for each n there are finitely many
pairwise disjoint sets {Anm} in 1 such that

1
An\B = Anm.

m

Therefore, by the easy-to-prove formula,

(1.23) An=  Amm [(A,nB).

m

Now observe that if F and F are any disjoint sets, then

XeE1= Xe + XF-

Indeed, if x [CH [FE, then both sides equal 1 and if x ¥ H [Fl, then both sides

equal 0. Using induction, this formula holds for any finite union of pairwise disjoint

sets. Hence, by (1.22) and (1.23), we have
I 1 1 1

1
XB= XBct+  XAnnB and XAn = XAnm T XAnnB-
k n m
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Therefore, the formulas f = ni ;=1 an Xa, and g = cxp take the form

1 1 [ 1 1
= anXAnm T  @nXanrB, 9=  CXBe+t  CXAnnB:
n,m n k n
and so,
1 1 1
(1.24) f+g= anXxamm+ (@ +CO)XanB+  CXBy-
n,m n k

By construction, the sets {Anm, Aj n B, Bk} are all pairwise disjoint, so after all
this work we see that f + g is by definition an 1 -simple function. 1

Theorem 1.25. The integral has the following properties:
(1) The integral is nonnegative:
1

f =0 for any nonnegative I -simple function f.

(| (|
(2) If £ and g are }j-simplg functions and a,b [ R, and if —f exists, g exists,
and the suma f+b g makes sense, then the integral (af +bg) exists and

is linear: 7 I 7
(af +bg)=a f+b g.

(3) The integrghis mgagptone: For any I -simple functions f and g with f < g
such that f and g exist, we have
I I

f= g

Proof. The proof of (2) is the longest, so we shall prove (1) and (3), then
prove (2) at the end.
Step 1: To prove (1) is quick: If f is a nonnegative I -simple functiontpen in
the presentation (1.18), each a5 must be nonnegative, which implies that T =0.
Step 2: We shall prove (3) assuming we’ve already proved (2), whigh we'Hj
prove in later. Let f < g be I simple functiong;jwe shall prove that f < ¢
provigeg these integrals exist. If f = —co, then f < g isautomatic, so assume
that f 8 —oo. Observe that g = f + (g — f), and by Lemma 1.24, g — f is an
I -simple function. Moreover, since T g, the function g —f is nonnegative, so by
nonnegatpvity qffhe integral, we have (g —f) = 0. Therefore, since f & —oo,
the sum T+ (g— ) is well-defined. Hence by (2),
0 a0 1 1
g=f+@—-f) =1g9g= f+ @—-f) =1 f=< q,

where in the second implication, we used that I:(Ig —f)=0.

Step 3: To prove (2), given I -simple fungtions T and g and real numbers a, b,
we ngeq to shqwythat {af +bgh=a T +b g. Actually, sipeg it’s easytp sheyw
that af =a fand bg=b g, wejusthavetoshowthat (F+g)= T+ g.
Moreover, as in the proof of Lemma 1.24, we may assume that g has just one term.
Thus, let

1
f= anXa,, U=cXe

n=1
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be B -simple functions. B}/ definition of the integral, we have
e

f+ g=  anp(An) +cpu(B),

n

where we assume that the sum on the right is well defined. The object of the game
now is to express the right-hand side so it becomes (f +g). To this end, note that
by (1.22) in the previous lemma and additivity of p, we have

1

1
uB)=  HAnB)+  p(By),
n k
and by (1.23) in the previous lemma, for each n we have
1
H(AR) = H(Anm) + H(An N B).

m

Seelt:hle pr(l%‘I of the previous lemma for the various notations used here. Therefore,
f+ 9= anp(An) +cu(B)

L1 L fg— —

= an H(Anm) + H(An N B) +c AN N B)+  u(Bk)

| — 1 [ — <
= anH(Anm)+  anp(AnnB)+  cp(AnnB)+  cu(Bk)
n.m n n k
= anl(Anm)+ (@ +OUANNB)+  bu(By).
n,m n k

This expressieR, in view of the formula (1.24) in the previous lemma, is by definition

the integral (f + @), just as we wanted to show. 1
Corollary 1.26. An 1 -simple function is any function of the form
L U |
f = anXAn, an , An I:I],

n=1

where A, ...,An [ are not necessarily disjoint, in which case
L
f= an M(An),
n=1

provided that the right-hand side is defined.

Proof. Since each xa, is an I -simple function and the I -simple functions
form a linear space, it follows that f is an I -simple function. The formula for the
integral of f follows from linearity of the integral. 1

[Elxercises 1.7.

1. In this problem, we give an example connecting integration with sums. Let P (N) be the
power set of the natural numbers. Consider the counting function # : P (N) - [0, o]
defined by #(A) := number of elements in A if A is a finite set, or #(A) := oo if A has
infinitely many elements.

(a) Show that # is finitely additive on P (N). (v
(b) Show that any P (N)-simple function can be written as f = [ _, an Xn, where
an [Rl and Xn is the characteristic function of the singleton set {n}.
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(c¢) Given such a simple function, show that
- | —
fd# = an.
n=1
2. This exercise deals with Lebesgue-Stieltjes additive set functions.
(a) Let g be a nondecreasing function on R and let pg : 1* — [0, 00) be its corre-
sponding Lebesgue-Stieltjes sﬁ;'fﬁlction defined by pg(a,b] = g(b) —g(a). Given

any 1 l-simple function f = |, akXa, where Ax = (Xk—1, Xk, show that
-  —
fdyg =  ac{g(xx) = 9(Xk—1)}-
k=1

Readers familiar with the Riemann-Stieltjes integral will recognize the right-hand
side as a “Riemann-Stieltjes sum”; we’ll review Riemann-Stieltjes sums in Section
?? of Chapter ??.

(b) Let g be a continuously differentiable nondecreasing function on R. Prove that for
any I l-simple function f, vl%lhave

fdyg = fg'tlx,

where the right-hand side denotes the Riemann integral of fg"’
3. Let p: I - [0,00] be an additive set function on a semiring I and let g be a
nonnegative I -simple function. I%Ieﬁne mg: 1 - [0,00] by

mg(A) == Xagdy, for all A 1.

Note that Xa g is a nonnegative I -simple function (this follows from the fact that
simple functions form an algebra), so this integral is defined.

(i) Prove that mg: I - [0, oo] is additive.

(ii) Prove that for any 1 —siml?l:el function f, we have (provided the integrals exist)

[
fdmg = fgdp.

4. Prove the following identities for characteristic functions:

XAanB = XA " XB,

Xac =1—Xa
XArB1= XA + XB — XA " XB.
5. Following [106], we give Bourbaki’s!® proof of Problem 9 in Exercises 1.3. Let R be a

ring of subsets of a set X, and let Let Z¥ be the ring of Z»-valued functions on X.
(i) Show that as elements of Z5, we have

XAaB = XA + XB,

where AAB = (A\B) (B \ A) is the symmetric difference of A and B.
(ii) Show that R, with its operations of multiplication and additive given by inter-
section and symmetric differences, respectively, is isomorphic to a subring of ZX.
(iii) Finally, show that R is isomorphic to the whole of Z¥ if and only if R is the
power set of X.

19By the way, “Bourbaki” was the brainchild of a group of French mathematicians started
by Henri Paul Cartan (1904-) and André Weil (1906-1998), and is not a real person. Bourbaki
was just a pen name used by the group as the “author” of their math books.



