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1.8. Random variables and (mathematical) expectations

The theory of expectations can be traced back to a letter from Pascal to Fermat
on Wednesday, July 29, 1654 on the problem of points. In this section we study
expectations (really integrals) from the probabilistic viewpoint.

1.8.1. Expectation as an expected average. Let (X, R, µ) be a field of
probability, meaning that X is a sample space, R is a ring of observable events
containing X , and µ : R → [0, 1] is an additive set function with µ(X) = 1.

Let f : X → R be a simple random variable, which is the probability word
for an R-simple function. Thus, f is of the form

f =
N

∑

k=1

ak χAk
,

where A1, . . . , An ∈ R are pairwise disjoint. Suppose that f takes on the values
a1, . . . , aN with probability p1, p2, . . . , pN ; that is,

pk = µ(Ak) , k = 1, 2, . . . , N.

Suppose that we repeat the experiment that f describes a large number of times,
say n times where n is large. Since in each experiment the probability that f takes
the values ak is pk, intuitively speaking, after doing the experiment n times one
would expect that f would take the value ak approximately npk number of times.
Hence, one would expect that

the average value of f over n experiments

=
sum of all the values of f over n experiments

number of experiments n

≈
a1 · (np1) + a2 · (np2) + · · · + aN · (npN )

n
.

Thus,

the average value of f over n experiments

≈ a1 p1 + a2 p2 + · · · + aN pN

=

N
∑

k=1

ak µ(Ak).

In other words, by definition of the integral, for n large,

The expected average value of f over n experiments ≈

∫

f.

Of course, as n gets larger and larger, the more precise this should be! This thought
experiment compels us to define, for any simple random variable f : X → R, the
expectation of f , denoted by E(f), by

E(f) :=

∫

f,

and we interpret

E(f) as the expected average value of f over a large number of experiments.
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1.8.2. Expectation as an expected gain. The idea of expected value was
originally used by Pascal in the sense of an appropriate amount a gambler should be
entitled to if he is not able to continue the game he is playing. On the other hand,
the modern viewpoint is as an expected average over many experiments. Here is
Pascal’s letter to Fermat on Wednesday, July 29, 1654 [89, p. ???]:

This is the way I go about it to know the value of each of the
shares when two gamblers play, for example, in three throws,
and when each has put 32 pistoles at stake: Let us suppose that
the first of them has two (points) and the other one. They now
play one throw of which the chances are such that if the first
wins, he will win the entire wager that is at stake, that is to say
64 pistoles. If the other wins, they will be two to two and in
consequence, if they wish to separate, it follows that each will
take back his wager that is to say 32 pistoles. Consider then,
Monsieur, that if the first wins, 64 will belong to him. If he
loses, 32 will belong to him. Then if they do not wish to play
this point, and separate without doing it, the first should say “I
am sure of 32 pistoles, for even a loss gives them to me. As for
the 32 others, perhaps I will have them and perhaps you will have
them, the risk is equal. Therefore let us divide the 32 pistoles in
half, and give me the 32 of which I am certain besides.” He will
then have 48 pistoles and the other will have 16.

Let’s see mathematically what Pascal is saying. In the second sentence, Pascal
argues that we are in really in the situation of one throw, so consider the sample
space

X = {0, 1},

where 0 represents the situation where the first gambler loses the throw and 1
the situation where he wins the throw. Let f : X → R be the random variable
representing his gain; thus, according to Pascals words,

Consider then, Monsieur, that if the first wins, 64 will belong to
him. If he loses, 32 will belong to him,

we have

f(0) = 32 and f(1) = 64,

both occurring with probability 1/2. Then the first gambler says

“I am sure of 32 pistoles, for even a loss gives them to me. As for
the 32 others, perhaps I will have them and perhaps you will have
them, the risk is equal. Therefore let us divide the 32 pistoles in
half, and give me the 32 of which I am certain besides.”

In other words, the first gambler’s claims that his rightful gain is

32 +
32

2
= 48 pistoles.

Notice that we can write this as

64

2
+

32

2
= f(1) ·

1

2
+ f(0) ·

1

2
=

∫

f.

Thus, the gambler’s expected gain is exactly the expected value as we defined it!
We can generalize Pascal’s pistol example as follows. Suppose that the first gambler
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gains a pistoles if he wins and b pistoles if he loses; in this case

f(0) = b and f(1) = a,

both occurring with probability 1/2. Then according to Pascal, the first gambler is
sure of getting b pistoles, and of what’s left over, namely a − b pistoles, the risk is
equal that he will win them or lose them, so it follows that the gambler’s rightful
gain is

b +
a − b

2
=

a + b

2
.

We can write this as

a

2
+

b

2
= f(1) ·

1

2
+ f(0) ·

1

2
=

∫

f,

again the expected value as an integral. Actually, this generalized pistol exam-
ple is basically Proposition I of Christiaan Huygens’ (1629–1695) book Libellus
de Ratiociniis in Ludo Aleae [38], which is the first book to systematically study
expectations.

Do you remember Gilles Personne de Roberval (1602–1675) who objected to
Pascal’s method of combinations we studied back in Section 1.5.3? (Speaking of
Section 1.5, we invite you to solve the problem of points we studied back in that
section using expectations — that is, using integrals.) He might object to Pascal’s
pistol argument because in reality the gamblers can play more than just one round.
In fact, the true sample space is

X = {1, 01, 00},

representing that the first gambler wins the first toss (1), loses the first toss but
wins the second (01), or loses both tosses (00). In this case, the probabilities are

µ{1} =
1

2
, µ{01} =

1

4
µ{00} =

1

4
,

and the random variable f , representing the first gambler’s pistol winnings, is

f(1) = 64 , f(01) = 64 , f(00) = 0.

Hence, Roberval would probably accept that the expected gain is

E(f) =

∫

f =
1

2
· 64 +

1

4
· 64 +

1

4
· 0 = 48,

which exactly as before!
Consider now the general case of a probability field (X, R, µ) and a simple

random variable

f =
N

∑

k=1

ak χAk
,

where A1, . . . , An ∈ R are pairwise disjoint. Suppose that f represents the gain of
a gambler; that is, a1 is the gain if the event A1 occurs, a2 is the gain if the event
A2 occurs, and so forth. If we put

pk = µ(Ak) , k = 1, 2, . . . , N,

then there are several ways to understand how

(1.25) a1 p1 + a2 p2 + · · · + aN pN =

∫

f = E(f)
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is the expected gain of the gambler in the sense that E(f) represents the appro-
priate amount the gambler should be entitled to if somehow he wouldn’t be able
to continue the game. For example, we can always fall back on our old use of the
word expectation, namely that E(f) represents the average gain of the gambler if
he actually does play the game a large number of times. From this viewpoint, it’s
reasonable to say that the expected gain of the gambler should be E(f). We can
also see this from the viewpoint of weighted averages. Recall that given N numbers
x1, . . . , xN and N “weights” w1, . . . , wN , nonnegative numbers that sum to one, we
define the weighted average (or weighted mean) as the number

x1 w1 + · · · + xN wN .

The xi’s with larger weights contribute more to the sum than the xi’s with smaller
weights. You have seen such combinations in physics class while studying the center
of mass of an object: If objects with weights wi are placed at the positions xi on a
bar, then the bar would balance at the point x1 w1+· · ·+xN wN . Such combinations
also appear on class syllabi, at least from those classes that give grades. A typical
class might assign grades as follows:

Homework is 20%, Midterm is 30%, and the Final is 50% of your grade.

Thus, if you scored an 80 on Homework, an 89 on the Midterm, and a 95 on the
Final, your semester score is

80 · .2 + 89 · .3 + 95 · .5 = 90.2.

Your final exam score helped to boost your semester score above a ninety even
though your other scores were below ninety. Since the final was weighed more
heavily than the other grades, this professor believed that the final exam best
measured the understanding of the course. Weighted averages combine different
grades throughout the semester to give a “rightful” grade. More generally, weighted
averages give a “rightful” common value to the xi’s taking into account that some
xi’s are more important than others. Any case, back to expected gain. We see
that (1.25) is just a weighted average, where the weight pi is just the probability
of gaining ai. Thus, with our interpretation of weighted average, we see that E(f)
should be the gambler’s rightful gain.

1.8.3. Examples. We now compute some expectations.

Example 1.12. In our first example, we shall see the difference between the
everyday use of expectation and the mathematical use of expectation. Let’s try to
win the jackpot of the Canadian Lotto 6/49. We either win or lose, so X = {0, 1}
where 0 = lose and 1 = wins. We win the jackpot with probability p = 1/13, 983, 816
(see Problem 8 in Exercises 1.5). Let’s say the jackpot is $10, 000, 000 and let f
equal 10, 000, 000 if we win the jackpot and 0 otherwise. Then the mathematical
expectation of the amount we win is

E(f) =

∫

f = 10000000 ·
1

13, 983, 816
+ 0 ·

(

1 −
1

13, 983, 816

)

= 0.715 . . . .

Thus, our mathematical expectation is about 72 cents. However, the real amount
we expect to win is zero!
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Example 1.13. Suppose that we flip a fair coin n times; what is the expected
number of heads that we’ll throw? Let X = Sn where S = {0, 1}. Observe that if
Ai = S × · · · × S × {1} × S × · · · where the {1} is in the i-th factor, then

fi = χAi

equals 1 if we toss a head on the i-th toss and 0 if we toss a tail on the i-th toss.
Hence,

Sn = f1 + f2 + · · · + fn,

is the random variable giving the number of heads in n tosses. Hence, the expected
number of heads in n tosses of a coin is

∫

Sn =

n
∑

i=1

∫

fi =

n
∑

i=1

µ(Ai) =

n
∑

i=1

1

2
=

n

2
,

which is exactly as intuition tells us!

We shall return to the following example in Section ?? when we study the Law
of Large Numbers.

Example 1.14. (Genoese type lotteries; cf. the Casanova’s lottery problem
in Problem 7 in Exercises 1.5) The ideas behind modern-day lotteries come from
a lottery held in Genoa, a historic city in northern Italy, which dates from the
early 1600’s (see [?] for more on the Genoese lottery). The basics of the Genoese
lottery were as follows. 90 tokens labelled with the numbers 1, 2, . . . , 90 were drawn
sequentially from a rotating cage. Beforehand, players would chose one, two, three,
four, or five particular numbers and they would win if the numbers they chose
matched any of the five numbers drawn. Let n ∈ N and we label n tokens with
the numbers 1, . . . , n. Let m (with m ≤ n) be the number of tokens drawn, one
after the other, from a rotating cage (we assume each token is drawn with equal
probability); e.g. n = 90 and m = 5 in the Genoese lottery. Observe that

X = {(x1, . . . , xm) ; xi ∈ {1, . . . , n} , xi 6= xj for i 6= j}

represents a sample space for the drawing of m tokens from a lot of n tokens, where
xi represents the i-th token drawn. X has n(n − 1)(n − 2) · · · (n − m + 1) number
of elements (since for a typical element (x1, . . . , xm) ∈ X there are n choices for x1,
n − 1 choices for x2, etc.). Thus, the probability measure is

µ : P(X) → [0, 1] , µ(A) =
#A

n(n − 1) · · · (n − m + 1)
.

If you’re interested, see Problem 7 in Exercises 1.5 for the probabilities of the
various ways to win the Genoese lottery. For each i = 1, 2, . . . , m, consider the
random variable given by the value of the i-th token drawn:

fi : X → R defined by fi(x) := xi,

where x = (x1, . . . , xm). Then

f : X → R , where f := f1 + f2 + f3 + f4 + f5,

represents the sum of the values of the randomly drawn tokens. What is the ex-
pectation of f? Since the expectation (integral) is linear we just have to compute
the expectation of each fi. Observe that

fi = χAi1 + 2χAi2
+ 3χAi3

+ · · · + nχAin
,
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where Aik = {(x1, . . . , xm) ∈ X ; xi = k}, the event that the number k appears on
the i-th draw. Thus,

E(fi) =

∫

fi = µ(Ai1) + 2µ(Ai2) + 3µ(Ai3) + · · · + nµ(Ain).

For each k, the set Aik has (n−1)(n−2) · · · (n−m+1) (do you see why?), therefore

µ(Aik) =
(n − 1)(n − 2) · · · (n − m + 1)

n(n − 1)(n − 2) · · · (n − m + 1)
=

1

n
.

Another way to see this is to observe that intuitively the probability that the number
k appears on the i-th draw should be 1/n since there are n total numbers, each one
equally likely, that could appear on the i-th draw. Thus,

E(fi) =
1 + 2 + 3 + · · · + n

n
=

n + 1

2
,

since 1 + · · ·+ n = n(n + 1)/2. Since E(f) = E(f1)+ · · ·+ E(fm) we conclude that

E(f) =
m(n + 1)

2
.

For instance, in the Genoese lottery, we have n = 90 and m = 5, so

The expected sum of the numbers drawn in the Genoese lottery = 227.5.

◮ Exercises 1.8.

1. (Huygen’s propositions) The following propositions are found in Christiaan Huy-
gens’ (1629–1695) book Libellus de Ratiociniis in Ludo Aleae [38]:

Proposition I: If I expect a or b, and have an equal chance of gaining either
of them, my Expectation is worth a+b

2
.

Proposition II: If I expect a, b, or c, and each of them be equally likely to
fall to my Share, my Expectation is worth a+b+c

3
.

Proposition III: If the number of Chances I have to gain a, be p, and the
number of Chances I have to gain b, be q. Supposing the Chances equal; my
Expectation will then be worth ap+bq

p+q
.

Prove each of these proposition using the mathematical definition of expectations.
2. (Cardano’s game) In Girolamo Cardano’s (1501–1576) book Liber de Ludo Aleae, he

writes [70, p. 240]:
Thus, in the case of six dice, one of which has only an ace on one face, and
another a deuce, and so on up to six, the total number is 21, which divided
by 6, the number of faces, gives 3 1

2
for one throw.

In other words, consider six dice, the first one having a single dot on one side and
blanks on the other five sides, the second one having two dots on one side and blanks
on the other five sides, and so forth. He says that if you roll all six dice, the expected
number of dots rolled is 3 1

2
. Can you prove this?

3. (Roulette) An American roulette wheel has the numbers 00, 0, 1, 2, 3, . . . , 36 on its
perimeter. The 00 and 0 are in green, and the other numbers have the colors red and
black; see Figure ? in Section ? for a picture of a European wheel. A ball is spun on
the wheel and it lands on a number.

(i) (Singles) Suppose that you bet on a single number 00, 0, 1, . . . , 36. If the ball
lands on your number, you are paid 35 to 1, namely you win 35 times you amount
you bet, otherwise you lose the amount you bet. Suppose you bet $1 on a number;
if the ball lands on your number you get $35, otherwise you lose your $1. What
is the expected amount you will win?
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(ii) (Doubles) Suppose that you bet on two numbers. If the ball lands on either
number, you are paid 17 to 1. Suppose you bet $1 on doubles. What is the
expected amount you will win?

(iii) (Triples) Suppose that you bet on three numbers. If the ball lands on one of
your numbers, you are paid 11 to 1. Suppose you bet $1 on triples. What is the
expected amount you will win?

(iv) (Reds) Suppose that you bet on reds (or on blacks, or on evens, or odds, or on
high numbers (19 − 36) or low numbers 1 − 18). If the ball lands on reds (or on
blacks, or on evens, or odds, or on high numbers or on low numbers), you are
paid 1 to 1. Note that 00 and 0 are considered odd if you bet on evens, and even
if you bet on odds! Suppose you bet $1 on red. What is the expected amount
you will win? (You get the same expected winnings if you bet on blacks or evens
or odds or on highs or lows.)

4. (Pascal’s Wager) In this problem we look at “Pascal’s wager,” the primordial example
of the modern subject of decision theory. Blaise Pascal (1623–1662) argued that as long
as there is a positive probability that God exists, a person should believe in Him. Here
are Pascal’s thoughts as quoted in article 233 of Pascal’s Pensées:20

Let us then examine this point, and say, “God is, or He is not.” But to
which side shall we incline? Reason can decide nothing here. There is an
infinite chaos which separated us. A game is being played at the extremity
of this infinite distance where heads or tails will turn up. What will you
wager? According to reason, you can do neither the one thing nor the other;
according to reason, you can defend neither of the propositions.
Do not, then, reprove for error those who have made a choice; for you know
nothing about it. “No, but I blame them for having made, not this choice,
but a choice; for again both he who chooses heads and he who chooses tails
are equally at fault, they are both in the wrong. The true course is not to
wager at all.”
Yes; but you must wager. It is not optional. You are embarked. Which
will you choose then? Let us see. Since you must choose, let us see which
interests you least. You have two things to lose, the true and the good; and
two things to stake, your reason and your will, your knowledge and your
happiness; and your nature has two things to shun, error and misery. Your
reason is no more shocked in choosing one rather than the other, since you
must of necessity choose. This is one point settled. But your happiness?
Let us weigh the gain and the loss in wagering that God is. Let us estimate
these two chances. If you gain, you gain all; if you lose, you lose nothing.
Wager, then, without hesitation that He is. “That is very fine. Yes, I must
wager; but I may perhaps wager too much.” Let us see. Since there is an
equal risk of gain and of loss, if you had only to gain two lives, instead of
one, you might still wager. But if there were three lives to gain, you would
have to play (since you are under the necessity of playing), and you would
be imprudent, when you are forced to play, not to chance your life to gain
three at a game where there is an equal risk of loss and gain. But there is
an eternity of life and happiness. And this being so, if there were an infinity
of chances, of which one only would be for you, you would still be right in
wagering one to win two, and you would act stupidly, being obliged to play, by
refusing to stake one life against three at a game in which out of an infinity
of chances there is one for you, if there were an infinity of an infinitely happy
life to gain. But there is here an infinity of an infinitely happy life to gain,
a chance of gain against a finite number of chances of loss, and what you

20See eg. http://www.gutenberg.org/ebooks/18269 for the entire text of Pensées.
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stake is finite. It is all divided; where-ever the infinite is and there is not an
infinity of chances of loss against that of gain, there is no time to hesitate,
you must give all. And thus, when one is forced to play, he must renounce
reason to preserve his life, rather than risk it for infinite gain, as likely to
happen as the loss of nothingness.
For it is no use to say it is uncertain if we will gain, and it is certain that
we risk, and that the infinite distance between the certainly of what is staked
and the uncertainty of what will be gained, equals the finite good which is
certainly staked against the uncertain infinite. It is not so, as every player
stakes a certainty to gain an uncertainty, and yet he stakes a finite certainty
to gain a finite uncertainty, without transgressing against reason. There is
not an infinite distance between the certainty staked and the uncertainty of
the gain; that is untrue. In truth, there is an infinity between the certainty of
gain and the certainty of loss. But the uncertainty of the gain is proportioned
to the certainty of the stake according to the proportion of the chances of gain
and loss. Hence it comes that, if there are as many risks on one side as on
the other, the course is to play even; and then the certainty of the stake is
equal to the uncertainty of the gain, so far is it from fact that there is an
infinite distance between them. And so our proposition is of infinite force,
when there is the finite to stake in a game where there are equal risks of gain
and of loss, and the infinite to gain. This is demonstrable; and if men are
capable of any truths, this is one.

Here’s a simplified version of Pascal’s argument; see [?] for a more thorough anal-
ysis. We work under the following assumptions:
(a) God exists with probability p and doesn’t exist with probability 1 − p.
(b) (If He exists,) God rewards those who believe in Him with joy in an eternal

afterlife measured by a number J . God “rewards” those who don’t believe in Him
with “joy” in an eternal afterlife measured by −A, where A is a positive number
representing eternal anguish.

(c) Let B be a number representing the amount of joy experienced in life, living as if
you believed God exists.

(d) Let D be a number representing the amount of joy experienced in life, living as if
you didn’t believe God exists.

Let Y denote the random variable representing the total amount of joy you will
experience, both in this life and the afterlife, if yes, you believe God exists, and let N

denote the random variable representing the total amount of joy you will experience,
both in this life and the afterlife, if no, you do not believe God exists. Find E(Y ) and
E(N). Pascal argues that it’s reasonable to base our belief in God on which number
E(Y ) or E(N) is larger. Show that

E(N) > E(Y ) ⇐⇒ D > p(J + A) + B.

Thus, if p = 0, then your total joy is based strictly on earthly joys and one might as
well forget belief in God. However, if p > 0 and J and A are sufficiently large (in fact,
Pascal considers J to be infinite), then believing in God is the reasonable option.

5. (cf. [?]) (The birthday problem) What is the expected number of people in a room
of n people who share the same birthday with at least one other person in the room?
We assume that a year has exactly 365 days (forget leap years).

(i) Write down a sample space X.
(ii) Let f : X → R be the random variable representing the number of people who

share the same birthday with at least one other people in the room. Find E(f).
Suggestion: Show that f =

∑n

k=1
fk where fk = 1 if the k-th person shares the

same birthday with at least one other person and fk = 0 otherwise.
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(iii) What is the smallest number of people in a room needed so that at least two
people (are expected to) share the same birthday?

6. (The hat check problem) n people enter a restaurant and their hats are checked
in. After dinner the hats are randomly re-distributed back to their owners. What is
the expected number of customers that receive their own hats? Suggestion: Consider
f =

∑n

k=1
fk where fk = 1 if the k-th customer receives his own hat and fk = 0

otherwise.


