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(if) Let ¢ : Vi x --+ x Vi — Fr(V1 x --- x V4)/I be the quotient map and define
Vi --® Vg := Fr(Vi x --- x V;)/I. Prove that (V1 ® --- ® Vi, ) has the

universal mapping property for multi-linear maps on V; X - -+ x Vj.
In this sense, the tensor product Vi ®---® Vi “solves” the universal mapping prob-
lem for multi-linear maps on Vi X --- x V.

2.6. The exterior algebra

We study the exterior algebra and the all-important wedge product.
SECTION OBJECTIVES: THE STUDENT WILL BE ABLE TO ...
e explain what a k-form is.
e define the wedge product and state its properties.
e Define the determinant of a linear map using the exterior algebra.
e describe the contraction operator.

2.6.1. Permutations, pullbacks, and k-forms. We continue our study of
multi-linear algebra in the spirit of our pedestrian (= ordinary, nothing special,
common ...) approach based on familiar notions from linear algebra; see Problem
2 for a more sophisticated approach to the exterior algebra.

From the “prelude to tensors” section we already know what an alternating
tensor is, but here is a formal definition. Let V' be a finite-dimensional K (= R or
C) vector space and let o € (V*)®* which means that

a:VF S K

is multi-linear. The tensor o € (V*)®F is called alternating, anti-symmetric, or
an (alternating) k-form, if for all (vq,...,v;) € V¥ and i < j, we have

(U1, Uy Uy, U) = — (U1, o, Uy ooy iy e, UR).

Thus, a changes sign whenever two of its arguments are switched. Note that the
sum of any two k-forms and the product of a k-form and a scalar is again a k-form.
The vector space of all k-forms is denoted by AFV*:

AFV* = { k-forms on vF }C (V).

It is convenient to define
AOV* .= K.
Note that A'V* = (V*)®1 = V* since there is nothing to switch when k = 1.

Example 2.32. We've already seen many examples of k-forms, all of which
having to do with determinants. As a quick reminder, recall that given any one-
forms o € TyR* and 8 € T;R?, we define o A 8 € A*T;R? as the two-form

(@ A B)(01,02) = o) Blez) = o) aluz) = et |57 112

for all vy, vy € T,R3. Given another one-form vy € T;R?’, the three-form a AGA~y €
A3TR? is defined by
a(v1) afvz) a(vs)
(a ANBAY)(v1,v2,v3) :=det | B(v1) Bvz) B(vs)
Y(v1) y(v2)  y(vs)

for all vy, v2,v3 € T,R?. These two examples are important as they serve as models
for the general “wedge product” to be defined in Section 2.6.2.
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We now discuss a slightly more complicated definition of alternating tensors
using permutations. In the appendix to this section we discuss permutations, so we
suggest you quickly review that appendix in case you quickly meet a foreign word.

Let o € Sk, the group of permutations on {1,...,k}. Then ¢ induces a map on
VE =V x ... x V (k number of V’s) as follows:

(260) U(vla V2, Uk) = (UO'(l)7 Vg (2)s -+ - 7v0(k))'

In other words, o just permutes the order of vq,...,v;. We now introduce a useful

operation called the pullback of ¢ as a map on the tensor product (V*)®* =
V*®---@V* (k number of V*’s) defined as follows. Let o € (V*)®*, which recall
just means that « : V¥ — K is multi-linear. Then o*a € (V*)®¥ is by definition
the map o*a : V¥ — K defined by

(0*a)(v) == a(ov) for allve VF.

From this formula it’s not difficult to check that o*a : VF — K is multi-linear and
that

o (V*)®k N (V*)®k
is a linear map.

Example 2.33. Let ¢ < j and let 7 € Si be the transposition 7 = (i j)
switching ¢ and j. Explicitly, 7(¢) = j, 7(j) = ¢, and 7(k) = k for k # i,j. Then

T(U1s ey Uiy ey Uy, U) 2= (U1, e, Uy ey Vg e v, V),
so for any a € (V*)®*, we have
(T*a)(vi, ..y i,y gy e V) t= (U1, o Uy ey Ve n, UR).

From this example, we see that o € (V*)®* is alternating if and only if

"T*OZ = —a for all transpositions 7 € Sk,
because this just means for all (vq,...,v;) € V¥ and i < j, we have
(V1,0 U,y V4o, U) = — (U1, o, Uiy e oo, Uy e, UR).

Here are some properties of the pullback operation.

PROPOSITION 2.26. The pullback reverses composition: For permutations o, p,
we have
(0op) =p oo,

PROOF. For any a € (V*)®* and v € V¥, by definition of pullback, we have
(gop)a(v) =a((oop)(v))=alo(p(v)) = alp(v) = p*(c"a)(v).
Thus, (0o p)*(a) = p*(c*()). O

Recall that transpositions are the building blocks of all permutations in the

sense that any permutation o can be written as a product of transpositions (see
Appendix): ¢ = 7173 - - - 7p. The sign of a permutation is the number sgn o := (—1)*.

THEOREM 2.27. A tensor a € (V*)®* is alternating if and only if

‘ c*a=sgnoa for all permutations o € Sk. ‘

Explicitly, this means that for all o € Sy, and (v1,...,v;) € VF, we have

A(Vg(1), Va(2)s - -+ Vo(k)) = SEN0 (V1,02 ..., V).
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PROOF. To see this, observe that if ¢ is alternating, then certainly 7*a = —«
for all transpositions because the sign of a transposition is —1. On the other
hand, assuming this holds for all transpositions, given any permutation o and
writing o = 779 - - - 7¢ as a product of transpositions, using that pullback reverses
composition, we have

ofa = (T1TaT3Te) =T T TaT T

=—1-7/7 1 Ty

== 77 Tia=---= (-1)'a =sgnoa.
O

Our next order of business is to show how to turn k-tensors into k-forms.
2.6.2. The notorious wedge product. Given any a € (V*)®*, we define

aq € (V*)®F by the formula

(2.61) g = ngno(a*a).

where the sum is over all ¢ € Si. In particular, this sum is over k! different
permutations. In the following proposition we show that «, is alternating, that is,
ag € AFV*. Therefore, the operator o — ay is sometimes called the alternating
operator.

PROPOSITION 2.28. The alternating operator defines a surjective linear map
(V9O 5 a — a, € APV
In fact, if o € NFV*, then ag = k! a.

ProoF. To prove that «, is alternating, we just use the definition: If p € Sk,
then

P = Z sgno p*(c*a) = Z sgno (op)*a
=sgnp Y _sgn(op) (op)*a,

where we used that sgn(op) = sgno sgnp and that (sgnp)? = 1. As the sum runs
over all o € S, the permutation op runs over all permutations of Si. Therefore,
writing & for op we can write the last sum as

pra, =sgnp Z sgn Kk K*a,
K

where the sum is over all k € Si. However, this just means p*«a, = sgn p a,, and so
a, is alternating.
If « € A*V*, then

Qg = ngno(a*a) = ngna sgnoa = Za =kla.
g g g
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We now define the wedge product of two tensors. For v € (V*)®7, g € (V*)®F
we define the wedge product of o and f as the alternating (j + k)-form

aNp:

1
= i (@ ® B)a-

Thus,
(VH®I x (V¥ 5 (a,f) — aAB e NTFY™

Using the definition of the alternating operator, we get the more explicit formula

(2.62) alf:= ﬁ Zo:sgnaa*(aQ@ﬁ),

where the sum is over all permutations in S;i;. Even more explicitly (but more
monstrous!), a A §: VItF — K is the map

(e A B)(vi,y ... v54k)

(263) = m Z Sgnoa(vg(1)7 N ,’Uo-(j)) ﬁ(UU(jJrl), ey 7)0-(]+k))

This last expression for a A § is very intimidating and it’s not recommended to
work with when j and k are large. For small j k& (e.g. j, k < 2) it’s OK.

Example 2.34. For example, let a, 3 € A'V* = V*. Then a A 3 € A%V is the
alternating map

(a A B)(v1,v2) = % ngnga(%(l))ﬁ(%(z))

where the sum is over all permutations o of {1,2}. In this case there are only two
such permutations, the identity ¢ and the transposition of 1 and 2. Hence,

(a A B)(v1,v2) = a(vr) B(v2) — a(vz) B(vr).
More succinctly,
aANf=a®[—-0R a.
You can also get this formula directly from (2.62):

aANf=sgnii*(a®p)+sgn(l2)(12)"(a®f)=af-010a.

The following theorem, which lists some important properties of A, is sometimes
left as a project for the reader and other times is stated as “immediate from the
definition (2.63)”; the first is being mean and the second is not honest (unless
“Immediate” means after many hours of work figuring out the monster (2.63))!

THEOREM 2.29. The wedge product has the following properties: For o €
(V9®I, e (V)% and v € (V*)®*, we have
(1) (@AB)Ay=aA(BA).
(i) (aa+ﬁ)A7;aaA7+6A7forj:k and a € K.
(iii) a A B = (—1)7F B Aa.
In other words, wedging is associative, distributive, and “anti-” commutative (also
called “super” commutative).
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PROOF. (i) is (honestly) easy so we’ll leave that one to you.
Proof of (i): We shall prove that

(2.64) (a/\ﬂ)/\’y:ﬁngnnn*(a@ﬁ@’y):a/\(ﬂ/\7),

where the sum is over all permutations in S;4x1¢. Consider the first equality; the
second equality is proved in a similar way. Using the definition of wedge product
on (a A ) Ay, we obtain
1
G+ k)N
1

= GRITRE 2 e o (0120 6) ©7),

(@A B) Ay = Y senoo((anB)®7)

where the outer sum is over o € S, 44¢ and the inner one over p € S; ;. For
p € Sjik, define p € Sjipire as p=pon {1,2,...,j5+ k} and p is the identity on
{j+k+1,...,5+k+{}. Because transpositions defining p also define p, we have
sgn p = sgn p. Also, because p is the identity on {j + k+1,...,j 4+ k+ ¢}, we have

prla®pf)®y=rp"(a®B®7).
Thus,
1

= 30 S smn(o) (o) (a9

(0 A B) Ay = > senosgnpotpt(a®BRY)
g P

R
1

= IR 2 2 sEn(pe) (po) (a @ B8 7).

Now for fixed p, the inner sum runs over all 0 € S+, and hence the permutation
po also runs over all permutations of S;ix4s. Therefore, writing x for po we can
write the last sum as

1 *
(OZ A ,8)/\’}/: W;;Sgnﬁ}ﬁ? (a®ﬂ®7)7

where the inner sum is over all K € Sj4r4¢. Now there is no dependence on p.
Therefore, since there are exactly (j + k)! elements of S;4, we have

1
(a A ﬂ)AVZWZSgHKﬁ*(a®5®7)7

which is exactly (2.64). This proves (i).
Proof of (#i): By definition of A, we have

1 *
oz/\ﬁ:mz:sgnaa (a® p)

and
1 *
BAha= stgnaa (B®a).
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Define p € S by the table (2.76) found in the appendix to this section:

L2 | d-1 | g i+ itk—1] 54k
1+k|24k| - |j-1+k[j+k] 1 |- | k=1 | k

Then observe that

a®f=p(fea).
Now using that sgn p - sgnp =1 and sgn(op) = sgn o sgn p, observe that
1 * %k
aAfB= stgnaa P (B® )

= ﬁ sgnp Y _sgn(po) (po)* (B @ a)

= ﬁ sgnp?sgnnn*(ﬁ@ ),
where we put kK = gp. Therefore,
aAB=sgnplBra=(-1)* 3Aa,
since in Example 2.35 of the appendix to this section we proved that sgnp =
(—1)7k, O
As a consequence of (iii), we get

COROLLARY 2.30. For any odd degree tensor o, we have a A o = 0, and the
wedge product is commutative when one of the tensors is of even degree.

PrOOF. With 8 = «a, where « is of odd degree, we have
aNa=aAf=(—1)°ddmumberg g — _aAa.

Therefore, @« A @ = 0. That the wedge product is commutative when one of the
tensors is of even degree follows from the fact that (—1)7% = +1if j or k is even. O

By associativity, the wedge of any number of forms is well-defined without the
use of parentheses; thus,

a A B A~ is unambiguously defined as (a A B) Ay or aA (B A7),
the same can be said of any number of wedges. Moreover, as we saw in Equation
(2.64) of the above proof, if «, 8, and v are j, k, and ¢ forms, then
1 *
aANBAy= Wngnaa (a®p®7),

where the sum is over all permutations x € Sj4r1¢. One can use induction to prove
that if aq, ..., are i1, ..., ix-forms, then

1 .
ai ANag A Nag = %ngnaa (1 ®as® - ag),

21!7,2! R ’Lk! p
where the sum is over all permutations o € S;, 4...44,. In terms of the alternating
operator, we can write this as

ar ANag N~ Nap = |(011®012®"‘®04k)a-

i1ligl - dg!
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Fortunately we won’t have too many occasions where we need this more general
formula except when all the «;’s are one-forms, in which case it takes the simpler
form:

PROPOSITION 2.31. If aq,...,ap € AYV*, then

(2.65) ar ANag A Nay, = ngnaag(l) ® Qg(2) ® -+ ® Ag(k),

g

where the sum is over all o € S},.

PROOF. For v = (v1,...,vx) € VF, we have
(ar Aag A+ ANay)(v) = ngnaal(vg(l)) ca2(Vo(2)) - ke (Vo(ry)-

We claim that

@1(Vo(1)) - 2(Vo(2)) " (Vo (k) = Qo-101) (V1) - Qo-1(2)(V2) -+ - Ag—11) (Vk)
To see this, let 1 < j < k and consider the v; term on the left-hand side of this
equation. Let 1 < i < n be such that o(i) = j, that is, i = 0 ~1(j). Then,

@;i(Vg(i)) = g-1(5)(v5),

which is exactly the v; term on the right-hand side of the above equation. Therefore,

(a1 Aag A=+ ANag)(v) = ngna (Qo-1(1) @ Qg-1(2) @+ @ Qg-1()) (V).

Putting p = 0~! and using that sgn o = sgn p, we get our result. O

2.6.3. The exterior algebra. We now focus just on forms. Thus, interpret-
ing Theorem 2.29 for forms only (although it holds for any tensors) we have: The
wedge product defines a map

NV*x ANV 5 (0, ) = aABeNTFY*
and has the following properties for & € AVV*, 3 € AFV*, and v € AV *:
() (@AB) Ay =aA(BAA).
(ii) (aa+B)Ay=aaANy+FAyforj=FkandackK
(iii) a AB=(=1)T*BAa.
When j or k is zero (so AV* = K or AKV* = K), we interpret A as scalar multi-
plication. If V is an n-dimensional vector space, then in Theorem 2.33 below we

prove that AFV* = 0 for k > n. The remaining spaces for k < n form the exterior
algebra, which is by definition the space

AV = AV oAV A2V @ APV where A°V =K;
this space is a “super” algebra over K with the product given by the wedge product.
The word “super” is used because of the factor (—1)7* appearing in (iii) whenever
we try to commute two forms.

We now introduce some useful notation. Let {1, aq,...,a,} be a basis for V*
and let I = (41,...,ix) be a k-tuple of integers where i1,...,i; € {1,...,n}. We
define

oy = o N, N ANy,

LEMMA 2.32. Let {a1,qa,...,a,} be a basis for V* and let I = (iy,..., i)
where i1, ... 0, € {1,...,n}. Then,
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(i) If k > n or if i1,...,i are not all distinct (that is, if there is an integer in
this list appearing more than once), then ar = 0.
(ii) Let1 <k <n, assume that1 < iy < iz <--- < iy <mn, and let {v1,va,...,0,}

be the dual basis for V** =V (so that a;(v;) = d;; for all i,j). Then,
1 fI=1J,
ar(vy) = )
0 if I#J,
where J = (j1,...,Jk) with1 < j1 <--- <jr <nand vy = (vj,,...,0,).

PRrROOF. To prove the first claim observe that if k& > n, then there must be a
repeated index in ay, A aj, A--- A ;. Thus, we just have to prove the statement
concerning the repeated index; let us say we have i,, = iy with r < s:

(2.66) iy Ny N ANy, =aNoy, ANB Ao, N7,

where o, 3,7 are wedges of some of the a;’s. By anti-commutativity, we have
B Ao, = xa;, NS and also «;, A «;, = 0. Therefore,

alNa;, NBANou, ANy=xaNa;, Naj, ABAy=F2aANOAB Ay =0,
hence, a;;, A, A+ A ey, =0 if some i, = i,.
To prove the second claim, we use the formula (2.65):

(ail Nogy, N--- /\Ozik)(UjI,UjQ, ""Ujk>

= sgnoai, g, (v, (V) i (05,)
[ea

= E :Sgnaaia(mh 57;0‘(2)7j2 e 5ia(k)1jk
o

If (i1,...,%) = (j1,.-.,Jk), then there is exactly one term in this sum not zero,
the term with o the identity, therefore we get 1 for the sum in this case. On the
other hand, if (i1,...,ix) # (J1,-.-,Jk), say jr is not amongst the iy,..., 4, then
iq(r) 7 Jr no matter what o is, hence we get 0 for the sum in this case. O

THEOREM 2.33. If V is an n-dimensional vector space, then ANFV* = {0} for
k> mn and AV* is finite-dimensional with dim AV* = 2", In fact,

n

dim(APV*) = <k

) ) 0<k<n,

and if {oq,qo,...,an} is a basis for V*, then the set of all wedge products of the
form

(2.67) {ar|1<iy <ig < <ip <n}

is a basis for ANFV* (for 1 <k <mn).

PROOF. We first prove that any given o € A*V* can be written in terms of
the a;’s. To do so, note that since a € AFV* C (V*)®% and we already know that
{ai, @, ® - ® 0y, }, where i1, . .., i run over all elements of {1,...,n}, is a basis
for (V*)®* we can write

o= g ar @y, Q Qy & -+ @ Qyy,y
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where the sum is over all I = (iy,...,4) with i1,...,ix € {1,...,n}. Applying the
alternating map, using that a, = k!« (by Proposition 2.28), and dividing by k!,
we obtain

1 1
aa:ZaI H(ail®ai2® ‘@ iy )a Zk' Qi ANy A Ay,
Thus,
CV:Z@IO% N, N Ny,
where the sum is over all iy,...,i; € {1,...,n}. By our lemma we know that if
k > n, then the right-hand side is zero, therefore A¥V* = {0} for all k¥ > n. Thus,
for the remainder of the proof we assume that 1 < k < n. Fix an i1,...,7; with
i1,...,0k € {1,...,n}, then order and relabel them such that j; < jo < -+ < jg.
We claim that
Qi N gy N N, ::l:()tjl Nag, N N ag,

This is “obvious” because we can transpose the ¢,.’s to reorder them to get the j,’s
Here are the details for the pedantic ones. For each r we know that j,. = i, for a
unique s; let p take r — s; thus p is a permutation on {1, ..., k} such that j,. = i,
for r=1,...,k. Then one can check that o;;, ® -+ Q@ a, = p*(ej, ® - @ @, ), SO

ap, N Aoy, = Zbgnaa (i ® - ®ay,)
_zsgnaa (a5 8+ Ba3))

= sgansgn po) (po)*(aj, © - @ ajy)

o
= Sgnpzsgnl{ﬁ*(aﬁ @ ®ajk) =sgnpag A A,
K
This proves a;, A--- Aoy, = £aj, A--- Ay, SO we can write
o = Z b[Oé]
i< <lig

for some constants b;. In particular, the set (2.67) certainly spans A*V*. We now
prove that the set (2.67) is linearly independent. Thus, assume that

Z aja[=0.

i< <ip
Let {v;} denote the dual basis to {c;}. Then taking any 1 < j; < --- < jp < n,
putting vy := (vj,,...,vj,), and using Lemma 2.32 we see that
O:O(UJ): Z a[Oq(UJ):CLJ.
i< <ig

Since 1 < j; < --- < jir < n were arbitrary, this shows that all the a;’s are zero.
Therefore, the set (2.67) is indeed a basis. Since (}}) is the number of subsets of
k elements from an n element set, it follows that the set (2.67) has exactly (})
elements. Hence, dim AFV* = (Z), this formula even holds for & = 0 since (8) =1.

Finally, recall the binomial formula:

(ﬂc+y)”=§n:(k>x‘“y” k.

k=0
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Applying this formula with = y = 1, we see that

d- = 1 k = n = n = n.
im AV Zdlm/\ Vv Z(k) 1+1D)"=2
k=0 k=0
(I

Note, in particular, that A"V* is one-dimensional and a basis is a3 A --- A oy,
for any basis {«a;} of V*.

2.6.4. The determinant. A neat application of the exterior algebra is to give
an invariant definition of the determinant of a linear map.

Let V be an n-dimensional K-vector space and let f : V — V be linear. Then
for any k, the map f induces a map f: V¥ — V¥ via

flui,...,08) :== (for,..., fug) forall (v,...,v) € VE.
The pullback f* of this map can be defined just as we did in Section 2.6.1 for
permutations:
5 AFVE S ARY
is defined as follows: If & € AFV*, then f*a € AFV* is defined by
(f*a)(v) == a(fv) forallve V*.

We are really interested in & = n. In this case we know that A™V* is one-
dimensional, and therefore

XAV S ATV
is just multiplication by a number a € K (see, for example, Problem 1 in Exercises
2.5). In other words, f*a = a« for all @« € A"V*. The number « is by definition
the determinant of f and is denoted by det f; thus,

(2.68) ‘f*oz =det fa forall ae A"V*.

We can relate this expression to the well-known expression for the determinant
as seen in linear algebra classes. Let {w;}]_; be a basis for V, let {a;} be the dual
basis to {w;} and consider « = a3 A---Aay, and v = (wy, ..., w,). Then by Lemma
2.32, we have a(v) =1, so

(2.69) det f =det fa(v) = ffa(v) = a(fv) = a(fwy,. .., fw,).

Now write
(2.70) f(wj)zzaijwia j=1...,n,
i=1
for unique constants a;;. Then by the formula (see (2.65))
a= ngnaaa(l) @ Qp2) @+ & Qg(n),

we have

a(fwy,..., fw,) = ZSgnaaa(l)(fwl) : aa(2)(fw2) : "aa(n)(fwn)'

Finally, by (2.70) we see that a,;)(fw;) = as(j);, and so

(271) det f = Z SgN 0 Ug(1)105(2)2 * " Ao (n)n »
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the well-known definition of determinant for a matrix [a;;]! What is so beautiful
about the formula (2.68) is that it’s basis independent. This shows that the deter-
minant is a God-given (or intrinsic) property associated to linear maps, which is
far from obvious in the traditional definition (2.71). The definition (2.68) can also
be used to easily derive many properties of the determinant that are messy with
the definition (2.71). Consider for example the proofs in the following theorem.

THEOREM 2.34. The determinant function det : hom (V') — K has the following
properties for f,g € hom(V):
(i) detld = 1.
(ii) det(fg) = det f - det g (the determinant is multiplicative).
(iii) f is bijective if and only if det f # 0, in which case det(f~1) = (det f)~1.
(iv) det(cf) = det(fo) = sgno - det f for any permutation o of a basis of V.

PrOOF. We'll explain (iv) once we get to its proof.

By definition of pullback, Id*a = « for all & € A"V*. Hence, det Id = 1.

For f,g € hom(V) and a € A"V*, using the definition of det and that the
pullback reverses composition (the proof is the same as in Proposition 2.26), we
have

det(fg)a = (fg)"a=g"(f"a) = (det g) f* o = (det g)(det f) a.
This proves ().

If f is bijective, then applying det to both sides of f o f~! = Id and using (i)
and (i), we get det f # 0 and det(f~!) = (det f)~!. To prove that if det f # 0,
then f is bijective, we shall prove the contrapositive: If f is not bijective, then
det f = 0. In this case, by the dimension theorem there is a nonzero v € V such
that fv = 0. Choose a basis {w;} of V such that w; = v. Then fw; = 0 so by
(2.69), we have det f = 0.

We now come to (iv). Fix any basis {w;} of V. Given a permutation o € S,,, it
induces a linear map on V' by defining o(w;) := wy(;y for j = 1,...,n and extending
by linearity; that is, if v = " a; w;, then

o(v) =) aj wa(;)-

By (ii), to prove (iv) we just have to prove that detoc = sgno. To prove this is
easy: Using the formula (2.69) (see discussion above (2.69) for the definition of «),
we see that

deto = (c*a)(wy,...,w,) =sgnoalwy,...,w,) =sgno,
where we used that o*a = sgn o a because « is alternating. O

Notice that hidden in (iv) is the well-known fact that the determinant of a
matrix changes sign whenever two rows or two columns of the matrix are switched.

2.6.5. The contraction or interior product operator. Let v € V and fix
a positive integer k. Contraction or the interior product by v is the linear map

Ly : NFVE — ARy
defined as follows: If a € A¥V*, then 1,a € AF~1V* is defined by

(tpa)(w) = a(v,w) for all we VL
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The operator ¢, depends on the form degree k but this is usually omitted. The
following theorem contains the main property of the contraction operator that we
shall need in the sequel.

THEOREM 2.35. The contraction operator v, is an anti- or “super” derivation
in the sense that for o € NNV* and B € ANFV*, we have

(2.72) to(a A B) = (b)) A B+ (=1) a A (1,3).

Thus, when v, “passes over” a in the second term, we have to put in a factor (—1)7
where j is the degree of a.

PROOF. We prove this theorem in two steps.
Step 1: We first prove that if vy = ;3 A -+ A~y with 7; elements of V*, then

£
(2.73) A A) =D (D) i (0) Y A AT A A

m=1
where the hat “~” means to omit the corresponding term; thus,
YA AT A A=A A Y1 A Yma1 A A e
To prove (2.73) recall from (2.65) that

%/\.../\w:ngno%(l)@--@%(e),

where the sum is over all permutations of {1,2,...,¢}. Hence, for any w € V¢!,
we have

oy A Aye)(w) = (1 A Aye) (v, w)

= 5071 ®) (Yo ® Vo) (w).

We can break this up into ¢ different sums:

wn A Ay (w) = D sgnomi(v) - (Yo @+ @ Vo) (w)
o(1)=1

+ Y s8n072(0) - (To@) @+ @ Vo) (w)
o(1)=2

oot Y sgnov(v) - (Yo @ @ Yorn) (W),
o(1)=¢
where Zg(l):m means to sum over all permutations o of {1,2,...,¢} such that
(1) = m. To prove the equality (2.73) all we have to do is show that for any
m=1,2,...,¢, we have

Z SENO Vo(2) @ @ Vo) = (—1)™
o(l)=m

TIMA A Yt At A A

To prove this, for any permutation o of {1,2,...,¢} such that o(1) = m, define a
new permutation p by
p=0(12)(23)(34)---(m—2m—1)(m—1m).

m—1

Observe that sgn p = sgno(—1)
(1) =0(2) , p(2) = 0(3) ... , plm—1) = a(m),

; p(m) =m, and
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pm+1)=c(m+1),..., pl=1)=0c(l—1), p(t) =0o(¥).
Thus,

Z SEN 0 Vo(2) @ Vo (3) @+ @ Vo(e)
o(l)=m

= (D™ D S8 p0) @ Y@ @ @ Ypim-1) @ Vp(m+1) © - ® V(o)

p(m)=m

where the sum is over all permutations p of {1,2,...,¢} such that p(m) = m.
However, the set of all such permutations is in bijective correspondence to the set
of all permutations of {1,2,...,m—1,m+1,...,¢}. Hence, we can rewrite the sum
as

=(-nm! ngnﬁ%(n ® Vi(2) ® *** @ Vie(m—=1) ® Vu(m+1) @ *** ® V(o)

where the sum is over all permutations  of {1,2,...,m —1,m+1,...,¢}. Now
this is just (=1)"™ 291 A  AYm—1 AYm—1 A -+~ A7, and Step 1 is proved.

Step 2: The formula (2.72) is multi-linear in & and § (and also in v) so by our
basic principle (2.53) we just have to check (2.72) when o and g are basis vectors
of AJV* and AFV*. In fact, it suffices to check (2.72) for wedge products of the
form a =a; A---Aaj and 8= 1 A--- A By where each «;, 8; are elements of V*
since basis vectors of A7V* and AFV* are of this form. In this case, using (2.73) of
Step 1, we have

(@ AB) =ty A Nog ABL A+ A Br)

J
Z (W) ar A AQm A AajABLA--ABy
m=1
k

+ Y (1T B () an A A ABL A A B A A By
m=1

= (t,a) A B+ (=1)a A (1,3).
O

2.6.6. Last words. Throughout this section we have been working with A*V*,
the wedge product of the dual space of a vector space V. This is only because in
the next section we shall be interested in /\kT;M = A¥(T,M)* so we wanted to
keep notation consistent in the main text. However, one can define AFV just by
replacing V* with V' in the main text. In the exercises we shall mostly use the

Wy

notation A¥V just so that we don’t have to carry the “«” with us everywhere.

EXERCISES 2.6.

1. Here are various wedge product exercises.
(i) Prove that vectors vy,...,v; € V are independent if and only if vi Ava A+ -+ Avg #
0. Suggestion: For necessity, complete the vectors {v1,...,vs} to a basis for V.
(ii) Let v € V be nonzero and let w € A¥V. Prove that v Aw = 0 if and only if there
is a v € A*7'V such that w = v A w.
(iii) A formov € A*V is called decomposable if v = v1 Ava A+ - Avg for some v; € V.
Prove that if dim V' < 3, then every form is decomposable. In general, prove that
every form in A" 'V and A"V is decomposable where n = dim V.
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(iv) However, not every form is decomposable: Let n = 4 and let v1,v2,v3,v4 be a
basis for V; prove that v1 A v2 4+ vs A vy is not decomposable.

2. In this problem we investigate a fancy definition of the exterior algebra. Please review
Problem 2 of Exercises 2.5. Let V be a vector space, not necessarily finite-dimensional,
and define V®* = V®---®V (k-fold tensor product of V) as in Problem 2 of Exercises

5. (If V is finite-dimensional, this is our “usual” definition.)
(i) Let’s call an element f € V®* repeating if f is of the form

f=1 Q@120 - Qug,
where for some i # j, we have v; = v;. Let R C V®* be the span of all repeating

tensors. Prove that R is a left and right ideal in V®*.
(ii) We define A*V as the quotient space

AV =V R,
Define multiplication by
(2.74) NV x AV 3 (n,w) — [z @y] € NTFY,

where v = [z] € ANV and w = [y] € AFV. Prove that this multiplication is
well-defined; that is, is independent of the choice of representatives x and y of
the equivalence classes v, w. We denote the element [z ® y] by v A w.

(iii) So far we have described ARV and the wedge product for V possibly infinite-
dimensional. Assume now that V' is finite-dimensional. Let’s change gear and
consider A*V as defined in this section, that is, as alternating maps on (V*)*.

We shall prove that ARV 2 V®k/R, so the above definition is consistent with
what we did. To this end, first prove that the alternating operator

AV AMY,

defined in (2.61), vanishes on R. (Here, A depends on k, but we omit this fact
for notational simplicity.) Thus, A descends to a map on the quotient

A:VE R - APV

Prove that this map is an isomorphism of vector spaces. Suggestion: Let v1,..., vy,
be a basis for V. Prove that the set of all equivalence classes of the form

{lviy, @i, @ - Qi | |1 <1 <dp < -+ < <n}

spans V &k /R. Next, show that this set is linearly independent by observing that
the image of this set under A in A*V is linearly independent.
(iv) Prove that A : V®* /R — AV preserves the wedge product:

A(v Aw) = Av A Aw,

where v € V® /R and w € V®*/R. Here, vAw is defined by (2.74) while AvA Aw
is defined by (2.62). Therefore, it is safe to identity A*V with V®*/R.

3. (Universal mapplng property) Let V be a vector _space, not necessarily finite-
dimensional. Let V be a vector space and let ¢ : V¥ — V be an alternating map (that
is, it’s multi-linear and it switches sign whenever two of its arguments are switched).
Suppose that (V, ) has the following property: If f : V¥ — W is an alternating map
into some vector space W, then there exists a unique linear map f V — W such that
the following diagram commutes:

©

vk——7 that is, f = foe.

N

w
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The function f is said to factor through ¢. Thus, we can see that (YA/7 ) produces a
linear map f given an alternating map f. The pair (\A/7 ) is said to have the universal
mapping property, or is universal, for alternating maps on V*.

(i) Prove that if (V,¢) and (V’,¢’) both have the universal mapping property for
alternating maps on V¥, then there is an isomorphism %) : V — V' such that
¢’ =1 o p. Congratulations, you just did some “generalized abstract nonsense”!

(il) Let ¢ : V¥ — AFV := V®* /R be the map (v1,...,v;) — [v1 ® --- ® v}]. Prove
that (AkV, ©) has the universal mapping property for alternating maps on vk

In this sense, the wedge product A*V “solves” the universal mapping problem for
alternating maps on V*.

Appendix: A review of permutations

In this short appendix we review some facts concerning permutations used
in the previous section. Permutations are usually studied in an abstract algebra
course, but just in case you’re rusty on this subject, we shall prove some of the
basic properties of permutations here.

e Permutations and transpositions. A permutation on a set A is another
name for a bijection on A. The group of all permutations on a finite set A elements
is called the symmetric group on A and is sometimes denoted by S(A). For
concreteness, throughout this section we shall consider the set A = {1,2,...,n}, in
which case we denote S(A) by S,,. Our first observation is that .S,, has n! elements.
To see this, note that a permutation can map 1 to n numbers. It can map 2 to
n — 1 numbers (because it can’t map 2 to the same number that it mapped 1 to).
Similarly, it can map 3 to n — 2 numbers, and so on. Finally, it can map n to only 1
number. Multiplying, we conclude that S,, hasn-(n—1)---2-1 = n! elements. An
important type of permutation is called a transposition, which switches exactly
two distinct elements of {1,2,...,n} leaving all others alone. If a and b are the
switched elements, we denote the transposition by (a b) or (b a); the order doesn’t
matter. A crucial property of transpositions is that they form the building blocks
of all permutations.

PROPOSITION 2.36. Any permutation is a product of transpositions.
PROOF. Let 0 € S,,. Let a1 = o(1) and define a permutation o1 by
o1:=(1ay1)o.
Then o7 is a permutation and o1(1) = (1 a1) o(1) = 1.
Define ay = 01(2) and define
o9 :=(2a2)o1 =(2a2)(1 ar)o.

Note that ay # 1 (because o1(1) = 1 so 01(2) cannot equal 1), so o9(1) =
(2 (LQ) 01(1) = (2 QQ)(l) = 1. 1&1507 02(2) = (2 GQ) 01(2) = 2. r]:‘hUS7 0'2(].) =1
and 02(2) = 2.
Similarly, defining a3 = 02(3), the permutation
o3:=(3a3z)oa=(3a3)(2a2)(1a)o
satisfies o3(1) = 1, 03(2) = 2, and 03(3) = 3. Continuing this process by induction
n — 3 more times, we eventually arrive at a permutation

on=Mmay) (3 as)(2a)(la)o
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that satisfies 0,,(1) =1, 0,(2) =2, ..., op(n) = n; that is, ¢, = @
i=(Mnap) - (3a3)(2a2)(1a)o.
Multiplying both sides by (1 a1)(2 az2)--- (n a,), we get our desired result,
(1a1)(2 a2)(3 as):--(n ay) = o,
O

e The sign of a permutation. Of course, the number of transpositions and
types of transpositions in any given representation of a permutation may not be
unique; for example,

(12)=(34)(31)(34)(42)(1 4).

However, although both sides have different types of transpositions and a different
number of transpositions, notice that both sides contain an odd number of trans-
positions. It turns out that a permutation can be written either as an even number
of transpositions or as an odd number of transpositions but never both. This is a
consequence of the following theorem.

THEOREM 2.37. If a permutation o is written as a product of transpositions:
O=TiTy T = 0102 Ok,
then k = k' mod 2.

PROOF. Bringing the right side of 71 75 - - - T, = 01 02 - - - o)+ to the left, we can
write the identity permutation as a product

(2.75) i=TiTp T

where ¢/ = k + k. We need to show that ¢ is even. To do so we proceed via
(strong) induction. Certainly £ # 1 and if ¢ = 2 then we are done. Suppose that if
the identity can be written as a product of at most ¢ — 1 transpositions, then the
number of transpositions is even; we shall prove the same is true for a product of
£ transpositions. To help us in our proof, consider the following identities for the
product of arbitrary transpositions (assume that a,b, ¢, d are distinct):

I (ab)(ab)=1

II) (ab)(ac)=(bc)(ab)
III) (ab)(cd)=(cd)(ab)
IV) (ab)(bc)=(bc)(ac).

The point here is that for IT) — IV), we can bring a to the second transposition
having no a in the first.

In (2.75), let 71 = (a b). If I) holds for 7 72 in (2.75), then we can write ¢
as a product of £ — 2 transpositions and we can apply the induction hypothesis to
complete our proof. Thus, assume that one of II) — IV) holds. Then we can write
i still in the form (2.75) but with a new 71 and 7o, where a appears in 72 and is
not in 71. Thus, we may assume that in (2.75), a appears in 75 and not in 7. If
I) holds for 75 73 in (2.75), then we can write ¢ as a product of £ — 2 transpositions
and the induction hypothesis completes our proof. Thus, assume that one of II) —
IV) holds for 7 75. Then we can write ¢ again in the form (2.75), but with a new
and 73, where a appears in 73 and is not in 77 nor in 7». Thus, we may assume that
in (2.75), a appears in 73 and not in 7y, 72. Continuing this process by induction,
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either I) occurs at some point, in which case we get our result via strong induction
or I) never occurs, in which case we can write 4 in the form
i=1172 - T—1(a @),
where a does not occur in any 71,...,7,_1. However, if this were the case, then we
would have
a=ila)=7112 - 1—1(a a)(a) =711 T2 - T—1(a) = a,

a contradiction. This completes our proof. O

The sign of a permutation o, denoted by sgno, is +1 if o can be written as
a product of an even number of transpositions and —1 if o can be written as a
product of an odd number of transpositions. More explicitly, if ¢ = 71 - - - 7, then

sgno = (—1)°
and this is well-defined, independent of the number of transpositions in a represen-
tation of o, by Theorem 2.37. Important and easy-to-prove properties of sgn are
that sgn is multiplicative and it preserves inversion:
sgn(oo’) =sgno-sgno’ , sgno =sgn(o ).

We end this appendix with an example used in the previous section.

Example 2.35. Define p € Sj;1 by the table

Vo2 || -t |G g [k tE

Ttk |24k |- [j-1+k|j+k] 1 |-~ ] k=1 | k
Here, p takes each element in the first row to the corresponding element of the
second row; e.g. p(1) = 1+ k and so forth. We shall prove that sgnp = (—1)7*.
The idea to prove this is simple: We make p into the identity permutation by
“switching” the elements “1+k,2+k,...,7+ k” with “1,2,...,k” on the bottom
row of p in (2.76) by composing p with transpositions. One way to do this is to
first move (5 + k) to the right by switching it with 1, then 2, etc., until we get it
to the end; then we start moving j — 1 + k to the right until we move it in front
of j + k; and so on and so on. Although this is easy to state, in practice it’s a bit

messy, so here are the details, with warts and all. First, consider the product of
transpositions:

o1:= (U +k) k) ((G+k) (k=1)) - (G+k) 2)((G+Fk) 1)
Using the table (2.76), one can see that o1p is given by the table
L2 || =1 [gli+] [j+k=—1]j+k
I+k|2+k|-[j-1+k]|1] 2 |-~ &k |j+k
Now consider the product of transpositions:
o2:=((—1+k) K)((G—1+k) (k=1) - ((G-1+k) 2)((G-1+k) 1)
Using the table (2.77), one can see that oo01p is given by the table

L2 || =2 |-G+t ik =2i+k—1]j+k
I+k|2+k|--|j—24+k] 1 [2] 3 [~ k |j-1+k|j+k

Continuing this process we eventually arrive at

(2.76)

(2.77)

0j0j—1°"0201p =1,
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the identity permutation where each oy is a product of k transpositions. Taking sgn
of both sides and using that sgn is multiplicative, we obtain (—1)_’“ - (=1DFsgnp
= 1, where there are j occurrences of (—1)*. Hence, sgnp = (—1)7*.



