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2.7. Vector bundles II: Tensors, forms, and the exterior derivative

The object of this section is to show that anything you can do with vector
spaces (take duals, take tensor products, etc.) you can do with vector bundles. We
also study the exterior derivative, one of the most important operators in this book.

Section objectives: The student will be able to . . .

• specify local trivializations of tensor, form, . . . bundles.
• Explain the complexification of a real vector bundle.
• define the exterior derivative and state some of its properties.

2.7.1. Lightning review of vector bundles. It has been awhile since we
have touched differential geometry, so let’s quickly review vector bundles. Let E
be a set and let π : E → M be a surjective map where M is a manifold. Recall
that E is called a rank N K-vector bundle (K = R or C) if for each p ∈M , the set
Ep := π−1(p) is a K-vector space of dimension N . It’s important to note that the
K refers only to the vector space structure of the fibers. For example, a complex
vector bundle only refers to the fact that the fibers Ep are complex vector spaces;
they don’t have to do with any complex nature of the manifold M .14 We only deal
with smooth vector bundles, which means that E is equipped with compatible local
trivializations. To briefly recap, recall that if U ⊆M is open, N sections e1, . . . , eN

of E|U := π−1(U) are a trivialization of E|U , or a local trivialization of E, if for
each p ∈ U ,

e1(p) , e2(p), . . . , eN (p) form a basis of Ep.

We denote such a trivialization by a pair (U , {ei}). If (Ũ , {ẽi}) is another trivial-

ization and U ∩ Ũ 6= ∅, then we can write

ej =
N∑

i=1

aij ẽi

where aij : U ∩ Ũ → K are functions. We say that the two trivializations are
compatible if the functions aij are smooth. (We can also write each ẽj in terms
of the ei’s via functions bij and if the aij ’s are smooth, then so are the bij ’s by
e.g. Cramer’s rule.) Finally, recall that a vector bundle atlas is a collection of
trivializations

A =
{

(Uα, {eα
i })

}

such that the collection {Uα} is a cover of M (that is, M =
⋃

α Uα) and any two
trivializations in A are compatible. Any such atlas can be made maximal and
finally we arrive at our definition: A smooth rank N K-vector bundle is a pair
(E,A) where E is a rank N K-vector bundle and A is a maximal atlas on E.

Given finite-dimensional vector spaces V , W , we know how to form the follow-
ing vector spaces:

V ∗ , V ⊗W , V ⊗k , V ⊕W , hom(V,W ) ∼= V ∗ ⊗W ∼= W ⊗ V ∗ , ΛkV,

and so on. Recall that the identification hom(V,W ) ∼= W ⊗ V ∗ is given as follows.
If α ∈ V ∗ and w ∈W , then w ⊗ α ∈ hom(V,W ) is the map

(w ⊗ α)(v) := α(v)w for all v ∈ V.

14There is a notion of complex manifold but we won’t deal with such objects in this book.
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Since vector bundles are just “smoothly varying vectors spaces” over a manifold,
these operations “obviously” and easily produce vector bundles as shall see. In fact,
the general principle is

General principle: What you can do with vector spaces and their ele-
ments, you can most likely do with vector bundles and their sections.

2.7.2. Operations on vector bundles. As a typical example, let us consider
the tensor product of two vector bundles. Let E and F be K-vector bundles over a
manifold M . Define as a set,

E ⊗ F :=
⋃

p∈M

Ep ⊗ Fp,

the union of the tensor products of the fibers. There is an obvious projection
π : E⊗F →M defined by taking an element of Ep⊗Fp to p. To make E⊗F into
a smooth vector bundle we need local trivializations. Let (U , {ei}) and (U , {fi}) be
local trivializations of E and F , respectively, over the same open set U ⊆ M ; this
can always be accomplished by taking overlapping trivializations of E and F and
restricting them to the common overlap. Since for each p ∈ U , {ei(p)} is a basis
for Ep and {fj(p)} is a basis for Fp, by the Basis theorem 2.19 for tensor products,
we know that {

ei(p)⊗ fj(p)
}

is a basis for Ep ⊗ Fp;

in other words,

(2.81) { (U , {ei ⊗ fj}) } is a local trivialization of E ⊗ F .

Let A be the set of all such local trivializations. To prove compatibility, let

{ (U , {ei⊗fj}) } and { (Ũ , {ẽi⊗f̃j}) } be local trivializations of E⊗F with U∩Ũ 6= ∅.
Then,

ej =

N1∑

i=1

aij ẽi

where aij : U ∩ Ũ → K are smooth and

fj =

N2∑

i=1

bij f̃i

where bij : U ∩ Ũ → K are smooth functions. Hence,

ei ⊗ fj =
∑

k,`

a`ibkj ẽk ⊗ f̃`

where a`ibkj : U∩Ũ → K are smooth. Therefore, the trivializations { (U , {ei⊗fj}) }
and { (Ũ , {ẽi ⊗ f̃j}) } are compatible. Completing A we get a vector bundle atlas
for E ⊗ F , which shows that E ⊗ F is a smooth vector bundle. It’s that easy!

Example 2.36. The main example is T ∗M ⊗ T ∗M . Here E = F = T ∗M is
the cotangent bundle, a real vector bundle. If (U , x) is a coordinate patch on M ,
then we know that {dx1, . . . , dxn} (where n = dimM) is a trivialization of T ∗M |U ,
hence by (2.81) we know that

{
dxi ⊗ dxj | i, j = 1, . . . , n

}
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is a trivialization of (T ∗M⊗T ∗M)|U . By the way, another notation of T ∗M⊗T ∗M
is T ∗M⊗2. Recall that, by definition, a smooth section f ∈ C∞(M,T ∗M⊗2) is a
map f : M → T ∗M⊗2 such that f(p) ∈ T ∗

pM
⊗2 for all p ∈ M , and smooth means

that in any local trivialization { dxi ⊗ dxj} of T ∗M⊗2|U , we can write

f =
∑

i,j

fij dxi ⊗ dxj ,

where fij : U → R is smooth for all i, j. The most important section of T ∗M⊗2 is
a Riemannian metric, so be discussed in Section 2.10.

Here is another example, an important example that we’ll use quite often, the
form bundle:

ΛkE :=
⋃

p∈M

ΛkEp

There is an obvious projection π : ΛkE →M defined by taking an element of ΛkEp

to p. If k > N with N = rankE, then ΛkEp = {0}, the zero vector space, for each
p ∈M . So, in the case that k > N , ΛkE is really M×{0}, a trivial rank zero vector
bundle. If k = 0, then Λ0Ep := K for all p ∈ M , so in this case Λ0E = M × K,
another trivial vector bundle. So, let us assume that 1 ≤ k ≤ N . To define a local
trivialization of ΛkE, let (U , {ei}) be a local trivialization of E. Since for each
p ∈ U , {ei(p)} is a basis for Ep by the Basis theorem 2.33 for k-forms, we know
that {

eI(p) := ei1(p) ∧ ei2(p) ∧ · · · ∧ eik
(p)
}

where I = (i1, . . . , ik) with 1 ≤ i1 < · · · < ik ≤ N is a basis for ΛkEp. Thus,

(2.82) { (U , {eI}) } is a local trivialization of ΛkE.

Let A be the set of all such local trivializations. To prove compatibility, let

{ (Ũ , {ẽI}) } and { (U , {eJ}) } be local trivializations of ΛkE (defined as we did

above) with U ∩ Ũ 6= ∅. We know that

ej =

N1∑

i=1

aij ẽi

where aij : U ∩ Ũ → K are smooth. Hence, for 1 ≤ j1 < · · · < jk ≤ N , we have

ej1 ∧ · · · ∧ ejk
=

N∑

`1,...,`k=1

a`1,j1 · · · a`k,jk
ẽ`1 ∧ · · · ∧ ẽ`k

where the sum on the right is over all `1 = 1, . . . , N , . . ., `k = 1, . . . , N . We can
write this as

eJ =
∑

1≤i1<···<ik≤N

aI ẽI ,

where

aI =
∑

L

sgnσIL a`1,j1 · · · a`k,jk
,

where the sum is over those k-tuples L = (`1, . . . , `k) that are a permutation of I =
(i1, . . . , ik), and σIL is the permutation of (i1, . . . , ik) that takes ij 7→ `j . The aI ’s
are certainly smooth, being a linear combination of products of smooth functions,

so it follows that { (Ũ , {ẽI}) } and { (U , {eJ}) } are compatible. Completing A we
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get a vector bundle atlas for ΛkE, which shows that ΛkE is a smooth vector bundle.
By Theorem 2.33 we know that ΛkE has rank

(
N
k

)
.

Example 2.37. We are mostly interested in the example ΛkT ∗M . As with
the previous example, E = T ∗M is the cotangent bundle, a real vector bundle, so
ΛkT ∗M is also a real vector bundle. We usually denote ΛkT ∗M by ΛkM or simply
by Λk if this won’t cause confusion. If (U , x) is a coordinate patch on M , then we
know that {dx1, . . . , dxn} (where n = dimM) is a trivialization of T ∗M |U , hence
by (2.82) we know that

{
dxI | i = (i1, . . . , ik) with 1 ≤ i1 < · · · < ik ≤ n

}

is a trivialization of ΛkM |U . Here we assume that 1 ≤ k ≤ n. By definition, a
smooth section α ∈ C∞(M,Λk) is a map α : M → ΛkM such that α(p) ∈ ΛkT ∗

pM

for all p ∈M , and smooth means that in any local trivialization { dxI} of ΛkM |U ,
we can write

α =
∑

I

aI dxI ,

where aI : U → R is smooth for all I.

2.7.3. The general principle. The examples E ⊗ F and ΛkE given above
are in some sense typical: We can “easily” make

E∗ :=
⋃

p∈M

E∗
p , E ⊕ F :=

⋃

p∈M

Ep ⊕ Fp,

E⊗k :=
⋃

p∈M

(Ep)
⊗k , hom(E,F ) :=

⋃

p∈M

hom(Ep, Fp) ,

into vector bundles by just defining their local trivializations from the local trivial-
izations of E and F in the “obvious” way. Since these constructions are helpful to
the reader and are morally similar to the tensor product and form examples above,
we shall leave their verification to the reader; see Problem 1. However, we make
two remarks. First, for the hom bundle hom(E,F ), one can show that

hom(E,F ) ∼= E∗ ⊗ F ∼= F ⊗ E∗

where ∼= means bundle isomorphic (which of course is true for vector spaces). Sec-
ond, it is useful to know certain facts concerning local trivializations (which are in
analogy to our various basis theorems). We list them in the following proposition.

Proposition 2.38. Let E and F be K vector bundles over a manifold M . Let
{ei} and {fj} be local trivializations of E and F , respectively, over an open set U
of M . Then,

(i) {e∗i } is a local trivialization of E∗ over U . Here, the section e∗i ∈ C∞(U , E∗)
is the section satisfying e∗i (ej) = δij for all j.

(ii) {ei ⊗ fj}, {fi ⊗ e∗j}, and {ei, fj} are local trivialization of E ⊗ F , F ⊗ E∗ ∼=
hom(E,F ), and E ⊕ F , respectively, over U .

(iii) {ei ⊗ ej ⊗ · · · ⊗ e`} (all possible k-fold tensor products of {ei}) is a local
trivialization of E⊗k over U .

(iv) {eI | I = (i1, . . . , ik) with 1 ≤ i1 < · · · < ik ≤ rankE} is a local trivialization
of ΛkE over U .
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In Problem 1 to prove this proposition if you like. We now show how to generate
smooth sections of the vector bundles we have just constructed. Let e ∈ C∞(X,E),
f ∈ C∞(M,F ), α ∈ C∞(M,E∗), and let T ∈ C∞(X,hom(E,F )). We define
sections

e⊗ f ∈ C∞(M,E ⊗ F ) , e⊕ f ∈ C∞(X,E ⊕ F ),

α(e) ∈ C∞(M,K) , T (e) ∈ C∞(M,F )

pointwise as follows: For each p ∈M ,

(e⊗ f)(p) := e(p)⊗ f(p) ∈ Ep ⊗ Fp;

(e⊕ f)(p) := e(p)⊕ f(p) ∈ Ep ⊕ Fp;

α(e)(p) := α(p)( e(p) ) ∈ K;

and

T (e)(p) := T (p)( e(p) ) ∈ Fp.

The proofs that the sections just defined are smooth (as claimed) are really ele-
mentary so we leave their verification to the reader. Because hom(E,F ) ∼= F ⊗E∗

observe that

f ⊗ α ∈ C∞(M,hom(E,F )).

Here is another fact: If e1 ∈ C∞(M,ΛjE) and e2 ∈ C∞(M,ΛkE), then (no sur-
prise!)

e1 ∧ e2 ∈ C∞(M,Λj+kE),

where e1 ∧ e2 is defined pointwise: For each p ∈M ,

(e1 ∧ e2)(p) := e1(p) ∧ e2(p) ∈ Λj+kEp.

Of course, we can go on just for pages and pages with examples, but let us suffice
to repeat the general principle:

General principle: What you can do with vector spaces and their ele-
ments, you can most likely do with vector bundles and their sections.

We now consider operations a little different from what we’ve studied.

2.7.4. More operations. An operation we can perform on vector bundles
but not on a vector space is the pull-back operation. Let E be a K-vector bundle
over a manifold N and let f : M → N be a smooth map. Then the pull-back
bundle f∗E is the vector bundle

f∗E :=
⋃

p∈M

(f∗E)p,

where the fibers are by definition

(f∗E)p := Ef(p) for all p ∈M.

In other words, we pull back the fiber over f(p) to the fiber over p. If you’re into
diagrams, here is a diagram representing this situation:

f∗(E)
Id //

π

��

E

π

��
M

f // N

that is, f∗(E)p := Ef(p)
Id //

π

��

Ef(p)

π

��
p

f // f(p)

.
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In Problem 1 you can verify that f∗E satisfies the definition of being a vector
bundle. This pull back operation will show up in Section 3.2 when we define the
symbols of differential operators.

Another operation that we need to discuss is the “box product”. Let E and F
be K-vector bundles over M . Then we define E � F as the vector bundle over M 2

with underlying set

E � F :=
⋃

(p,q)∈M×M

(E � F )(p,q)

where the fibers are by definition

(E � F )(p,q) := Ep ⊗ Fq.

Note that if F = E∗, then Ep ⊗ E∗
q
∼= hom(Eq, Ep). Because of this fact, we will

sometimes denote E � E∗ by Hom(E). This “big hom bundle” will show up in
Section 4.1 of Chapter 4 when we discuss integral operators and outline the heat
kernel proof of the index theorem.

There is one more operation we need, the complexification of a vector bundle.
The vector bundles that we know best are the bundles TM , T ∗M , the tensor
product bundles T ∗M⊗k, and the form bundles ΛkM . These vector bundles are all
real vector bundles; that is, the fibers are real vector spaces. However, the Atiyah-
Singer index theorem in its most general form, at least for this book, involves
complex vector bundles; that is, the fibers are complex vector spaces. This is only
because complex numbers is complete while the real numbers is not (so, for example,
any real or complex matrix has a complex eigenvalue — not so for real eigenvalues).
If we limited ourselves only to real numbers it would only complicate proofs and
sometimes make them impossible. For this reason, we shall take our real vector
bundles and make them complex via a very simple procedure.

Let’s start with vector spaces. Consider the following lemma, which we highly
recommend you to prove if it’s not immediately obvious:

Lemma 2.39. If W is an N -dimensional complex vector space, then W is also
a 2N -dimensional real vector space. (Since R ⊆ C, the action of C on W restricts
to an action of R on W .) Moreover, a set of N vectors {w1, . . . , wN} is a basis of
W considered as a complex vector space if and only if {w1, . . . , wN , i w1, . . . , i wN}
is a basis of W considered as a real vector space.

The simplest example of this is C = {a + ib | a, b ∈ R}, which is a one-
dimensional complex vector space (with basis {1} say), but we can also consider C as
a two-dimensional real vector space (with basis {1, i}). Let V be an n-dimensional
real vector space. Considering C as a two-dimensional real vector space it follows
that

CV := C⊗R V

is a 2n-dimensional real vector space; the subscript R, which we usually omit, is
simply to emphasize that we are considering C as a real vector space so we are
taking the tensor product of two real vector spaces. It turns out that CV also has
the structure of a complex vector space. The action of C on CV given as follows:
If a ∈ C, we define

(2.83) a · (b⊗ v) := (ab)⊗ v ∈ CV , for all b ∈ C, v ∈ V
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and extending by linearity to define a · ξ for all elements ξ ∈ CV . You can also
define this action as follows: We have a bilinear map

C× V → CV := C⊗ V defined by (b, v) 7→ (ab)⊗ v.
This map is real multi-linear, so by the universal property of the tensor product we
get a linear map

C⊗ V = CV → CV such that b⊗ v 7→ (ab)⊗ v;
this is the map (2.83). Any case, observe that as {1, i} and {vj} are bases for the
vector spaces C (considered as a real vector space) and V , respectively, so by our
basis theorem for tensor products, we know that

{1⊗ v1, . . . , 1⊗ vn, i⊗ v1, . . . , i⊗ vn}
is a basis for the 2n-dimensional real vector space CV = C⊗R V . By definition of
the action of C on CV , this basis can be written as

{1⊗ v1, . . . , 1⊗ vn, i(1⊗ v1), . . . , i(1⊗ vn)},
so by Lemma 2.39, {1 ⊗ v1, . . . , 1 ⊗ vn} is a basis of CV considered as a complex
vector space. We shall denote an element 1 ⊗ v ∈ CV = C ⊗R V by v, so we can
simply say that {v1, . . . , vn} is a basis of CV considered as a complex vector space.
We call CV the complexification of V .

Proposition 2.40. If {v1, . . . , vn} is a basis for a real vector space V , then
{v1, . . . , vn} is a basis for the complex vector space CV . In particular, CV is an
n-dimensional complex vector space.

We now move to vector bundles, so let E be a rank N real vector bundle over
M . We define

CE :=
⋃

p∈M

CEp,

where CEp is the complexification of the real vector space Ep. By our discussion
above, the fibers of CE are N -dimensional complex vector spaces. If {ej} is a
local basis of the real vector bundle E, then {ej} (really {1 ⊗ ej}) is a local basis
of the complex vector space CE. The complex vector bundle CE is called the
complexification of E.

2.7.5. The exterior derivative. Before jumping in to the exterior derivative,
we continue our discussion of grad, curl, div started in the prelude to Section 2.5.
To briefly review, recall that for R3, the exterior derivative is the operator

d = ∂x dx+ ∂y dy + ∂z dz,

which when applied to a function is just the differential of the function. Let α be
a one-form:

α = P dx+Qdy +Rdz ∈ C∞(R3, T ∗R3) = C∞(R3,Λ1).

Then we saw that dα ∈ C∞(R3,Λ2) is the two-form

dα = d
(
P dx+Qdy +Rdz

)

= (dP ) ∧ dx+ (dQ) ∧ dy + (dR) ∧ dz
= (∂yR− ∂zQ) dy ∧ dz + (∂zP − ∂xR) dz ∧ dx+ (∂xQ− ∂yP ) dx ∧ dy
= “curl” of α.
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We also saw that d applied to a two-form

α = P dy ∧ dz +Qdz ∧ dx+Rdx ∧ dy ∈ C∞(R3,Λ2)

is the three-form dα ∈ C∞(R3,Λ3) defined by

dα = d
(
P dy ∧ dz +Qdz ∧ dx+Rdx ∧ dy

)

= (dP ) ∧ dy ∧ dz + (dQ) ∧ dz ∧ dx+ (dR) ∧ dx ∧ dy)
= (∂xP + ∂yQ+ ∂zR) dx ∧ dy ∧ dz
= “div” of α.

For R3, the exterior derivative contains the gradient, curl, and divergence. We now
extend the exterior derivative for R3 to any manifold.

For an n-dimensional manifold M , we define

ΛM := Λ0M ⊕ Λ1M ⊕ · · · ⊕ ΛnM,

the total form bundle. We shall define a linear map

d : C∞(M,Λ)→ C∞(M,Λ),

such that for each k,

d : C∞(M,Λk)→ C∞(M,Λk+1).

To this end, let α ∈ C∞(M,Λk); we shall define dα ∈ C∞(M,Λk+1). To do so,
given a coordinate patch (U , x) on M , we shall define

(dα)|U ∈ C∞(U ,Λk+1).

Since coordinate patches cover all of M we have actually defined a global object
dα ∈ C∞(M,Λk+1). Now to define (dα)|U , we first write

α =
∑

aI dxI ,

where aI ∈ C∞(U ,R) and dxI = dxi1 ∧ · · · ∧ dxik
with 1 ≤ i1 < · · · < ik ≤ n =

dimM . By analogy with our definition for R3, we define

(2.84) (dα)|U :=
∑

daI ∧ dxI for α =
∑

aI dxI .

Since aI ∈ C∞(U ,R), daI ∈ C∞(U ,Λ1) and hence (dα)|U ∈ C∞(U ,Λk+1). As it
stands, the definition (2.84) looks coordinate dependent, that is, how do we know

that if (Ũ , y) is another coordinate patch with U∩Ũ 6= ∅, then writing α =
∑
bI dyI

with respect to the coordinates (Ũ , y), we have
∑

daI ∧ dxI =
∑

dbI ∧ dyI over U ∩ Ũ ?

If this equality is not true, then the definition (2.84) makes no sense! However, since
d seems to be a God-given operator, it would be very surprising if the definition
(2.84) didn’t make sense. To prove well-definedness, consider the following lemma.

Lemma 2.41. Fix a coordinate patch (U , x) on M . Let V ⊆ U be open and
define, for any k = 0, 1, 2, . . .

d : C∞(V,Λk)→ C∞(V,Λk+1)
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by the formula (2.84) for any α ∈ C∞(V,Λk). Then d is linear, d is an anti-
derivation in the sense that if α ∈ C∞(V,Λk) and β ∈ C∞(V,Λ), then

d(α ∧ β) = dα ∧ β + (−1)k α ∧ dβ,
and finally, d(dα) = 0, that is, “d2 = 0”.

Proof. It is obvious that d is linear. To prove the rest of the properties, we
first observe that if i1, . . . , ik are any k integers between 1 and n, in any order (not
necessarily increasing), then for any function f ∈ C∞(V,R), we have

(2.85) d
(
f dxi1 ∧ · · · ∧ dxik

)
= df ∧ dxi1 ∧ · · · ∧ dxik

.

To see this, observe that if k > n or there are any repeated integers in i1, . . . , ik,
then both sides are zero. On the other hand, if 1 ≤ k ≤ n and there are no repeats
in i1, . . . , ik, then we can reorder them in increasing order: 1 ≤ j1 < · · · < jk ≤ n,
in which case

dxi1 ∧ · · · ∧ dxik
= c dxj1 ∧ · · · ∧ dxjk

where c = ±1. Hence,

d
(
f dxi1 ∧ · · · ∧ dxik

)
= d
(
cf dxj1 ∧ · · · ∧ dxjk

)
:= d(cf) ∧ dxj1 ∧ · · · ∧ dxjk

= c df ∧ dxj1 ∧ · · · ∧ dxjk

= df ∧ dxi1 ∧ · · · ∧ dxik
.

We now prove our lemma. By multi-linearity of wedge, to prove the anti-derivation
property we may assume that α and β are multiplies of basis elements:

α = a dxI ∈ C∞(V,Λk) and β = b dxJ ∈ C∞(V,Λ`),

where a, b ∈ C∞(V,R). Then,

α ∧ β = a b dxI ∧ dxJ .

Therefore by (2.85), the (easily proved) fact that d(ab) = b da + a db, and our
properties of wedge, we have

d(α ∧ β) = d(a b) ∧ dxI ∧ dxJ = b da ∧ dxI ∧ dxJ + a db ∧ dxI ∧ dxJ

= b da ∧ dxI ∧ dxJ + a db ∧ dxI ∧ dxJ

= da ∧ dxI ∧ (b dxJ ) + a(−1)kdxI ∧ db ∧ dxJ

= dα ∧ β + (−1)kα ∧ dβ.
Finally, to prove that d(dα) = 0 by linearity we may assume that α is a multiple
of a basis element: α = f dxI where f ∈ C∞(V,R). Then,

dα = df ∧ dxI =

n∑

i=1

∂f

∂xi
dxi ∧ dxI .

Hence, by (2.85),

d(dα) =

n∑

i=1

n∑

i=1

d

(
∂f

∂xi

)
∧ dxi ∧ dxI

=
n∑

i=1

n∑

j=1

∂2f

∂xj∂xi
dxj ∧ dxi ∧ dxI .(2.86)
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By anti-commutativity of wedge and commutativity of mixed partial derivatives,
we know that

∂2f

∂xj∂xi
dxj ∧ dxi +

∂2f

∂xi∂xj
dxi ∧ dxj = − ∂2f

∂xj∂xi
dxi ∧ dxj +

∂2f

∂xi∂xj
dxi ∧ dxj

=

(
− ∂2f

∂xj∂xi
+

∂2f

∂xi∂xj

)
dxi ∧ dxj = 0.

Therefore, the terms in (2.86) cancel in pairs, and hence d2α = 0. �

Using this lemma we can now prove the following theorem.

Theorem 2.42 (The exterior derivative). For any manifold M there is a
unique linear map

d : C∞(M,Λ)→ C∞(M,Λ)

having the following properties:

(i) For each k, d : C∞(M,Λk)→ C∞(M,Λk+1).
(ii) d(f) = df , the usual differential, for f ∈ C∞(M,R) = C∞(M,Λ0).
(iii) If α ∈ C∞(M,Λk) and β ∈ C∞(M,Λ), then

d(α ∧ β) = dα ∧ β + (−1)k α ∧ dβ.
(iv) d2 = 0.

Proof. We shall prove existence and leave uniqueness (which we don’t need)
for your enjoyment. For existence we just have to prove that the definition (2.84)
is coordinate independent, for then the rest of the properties follow from Lemma

2.41. To prove that (dα)|U is well-defined, let (Ũ , y) be another coordinate patch

with U ∩ Ũ 6= ∅. Then writing α =
∑
bI dyI with respect to the coordinates (Ũ , y),

we have to prove that
∑

daI ∧ dxI =
∑

dbI ∧ dyI over U ∩ Ũ .
To this end, let us define d via the formula (2.84) with respect to the (U , x) coor-

dinate system. Then V := U ∩ Ũ ⊆ U , so by Lemma 2.41 we have

∑

I

daI ∧ dxI =: d

(∑

I

aI dxI

)
= dα = d

(∑

I

bI dyI

)

=
∑

I

dbI ∧ dyI + bI d(dyI)

=
∑

I

dbI ∧ dyI ,

where we used the anti-derivation property

d(dyI) = d(dyi1 ∧ · · · ∧ dyik
) =

k∑

j=1

(−1)j−1dyi1 ∧ · · · ∧ d2yij
∧ · · · ∧ dyik

= 0

because d2 = 0. Therefore
∑
daI ∧ dxI =

∑
dbI ∧ dyI over U ∩ Ũ and our proof is

complete. �

In particular, if α ∈ C∞(M,Λ1), then dα ∈ C∞(M,Λ2), and hence given
any two vector fields v, w ∈ C∞(M,TM), we have dα(v, w) ∈ C∞(M,R). In the
following theorem we give a useful formula for dα(v, w).
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Theorem 2.43. For any one-form α ∈ C∞(M,Λ1) and vector fields v, w ∈
C∞(M,TM), we have

(dα)(v, w) = v(α(w))− w(α(v))− α([v, w]).

Proof. By writing α =
∑
fi dxi in local coordinates and using linearity, it

suffices to prove our theorem for just one term fi dxi. Since xi is just a function
we might as well assume that α = f dg where f and g are smooth functions. Then
dα = df ∧ dg and hence,

(dα)(v, w) = df(v) dg(w)− dg(v) df(w) = (vf) (wg)− (vg) (wf).

Adding and subtracting f · (vwg) and f · (wvg), we see that

(dα)(v, w) = (vf) (wg) + f · (vwg)− f · (vwg)
− (vg) (wf)− f · (wvg) + f · (wvg)
= v
(
f (wg)

)
− w

(
f (vg)

)
− f [v, w]g

= v
(
f dg(w)

)
− w

(
f dg(v)

)
− f dg([v, w])

= v(α(w))− w(α(v))− α([v, w]).

�

In fact, there is a more general and complicated formula, but its proof is much
more involved. We’ll never need to use the following formula, so we leave it as an
exercise if you wish:

Theorem 2.44. For any k-form α ∈ C∞(M,Λk) and vector fields v0, . . . , vk ∈
C∞(M,TM), we have

(dα)(v0, v1, . . . , vk) =

k∑

j=0

(−1)jvj α(v0, . . . , v̂j , . . . , vk)

+
∑

i<j

(−1)i+j α([vi, vj ], v0, . . . , v̂i, . . . , v̂j , . . . , vk),

where the hat “ˆ” means to omit the corresponding term.

For example, if α is a 2-form, then

dα(u, v, w) = uα(v, w) + v α(w, u) + wα(u, v)

− α([u, v], w)− α([v, w], u)− α([w, u], v).

We don’t recommend using the above theorem for k ≥ 4 because it’s just too
complicated.

Exercises 2.7.

1. Show carefully that at least one of the following sets are (smooth) vector bundles.
(i) The dual bundle E∗

(ii) The direct sum bundle E ⊕ F .
(iii) The pull-back bundle f∗E where f : M → N is a smooth map between manifolds

and E → N is a vector bundle.
(iv) The product bundle E � F .
(v) Prove at least one of the statements in Proposition 2.38.

2. For any open set U ⊆ R3, functions f, g ∈ C∞(U ,R), and vector field v ∈ C∞(U , TU),
by relating the operators of vector calculus to d, prove the following:
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(i) ∇(fg) = (∇f)g + f(∇g)
(ii) curl (fv) = ∇f × v + f curl v.
(iii) curl∇f = 0
(iv) div curl v = 0.

3. (Poincaré’s lemma) For a manifold M , a form α ∈ C∞(M,Λk) is said to be closed
if dα = 0 and exact if α = dβ for some β ∈ C∞(M,Λk−1).

(i) Prove that every exact form is also closed. Because of topological reasons it is not
true, in general, that every closed form is exact; in fact, this is our main subject
of study in the next two sections! However for simple manifolds this is true; for
example, Rn:

(ii) Prove that every closed form on Rn is exact (called Poincaré’s lemma) as fol-
lows. Prove it when k = 0. Henceforth we assume k ≥ 1 and let α ∈ C∞(Rn,Λk)
such that dα = 0. Write α =

∑
I aI(x) dxI with respect to the usual basis for

forms and define

β := −
∑

I

k∑

j=1

(
(−1)j−1

∫ 1

0

aI(tx) t
k−1 dt

)
xij dxi1 ∧ · · · ∧ d̂xij ∧ · · · ∧ dxik ,

where the hat means to omit the corresponding entry. Show that α = dβ.
By the way, in Theorem 2.53 of Section 2.9 we shall prove a more general theorem, also
called Poincaré’s lemma, which states that any closed form is exact on any manifold
that is homotopy equivalent to a point.15

4. Using the previous exercise, prove the following “well-known” facts from elementary
calculus: Over R3, we have

(i) ∇f = 0 implies f is constant
(ii) curl v = 0 implies there is a function such that v = ∇f .
(iii) div v = 0 implies there is a vector field w such that v = curlw.
(iv) For any function f there is a vector field v such that div v = f .

15The formula for β such that α = dβ above didn’t appear out of nothing: We just carefully

studied the proof of Theorem 2.50 of Section 2.9 with the homotopy H : Rn × R → Rn defined

by H(x, t) = t x, which contracts all of Rn to the point 0, and from the proof of Theorem 2.50 we

derived the formula for β above.


