THE (-DETERMINANT OF GENERALIZED APS
BOUNDARY PROBLEMS OVER THE CYLINDER

PAUL LOYA AND JINSUNG PARK

ABSTRACT. In this note, we explicitly compute the (-determinant of a
Dirac Laplacian with APS boundary conditions over a finite cylinder.
Using this exact result, we illustrate the gluing and comparison formulas
for the (-determinants of Dirac Laplacians proved in [12] and [14].

1. INTRODUCTION

The (-function technique of regularizing determinants entered the mathe-
matical world in Ray and Singer’s celebrated article [16] on the analytic tor-
sion, and in the physics world commencing with the groundbreaking works
of Dowker and Critchley [6] and Hawking [9] (for a recent review, see [10]).
The power of this technique can be appreciated by the now well-known
fact that any quantum field theory can be renormalized to the theory of
one loops via (-regularization. Because of their facility in mathematics and
physics, there has been immense research in computing (-determinants un-
der a variety of conditions, cf. Elizalde et al. [8] for such techniques. Of
particular importance is the Dirac Laplacian with non-local Atiyah-Patodi-
Singer (APS) boundary conditions, which arises in a variety of situations;
for instance, one-loop quantum cosmology [3, 4, 5], spectral branes [18], and
the study of Dirac fields in the background of a magnetic flux [2].

However, the value of the (-determinant for a Dirac Laplacian with APS
boundary conditions over a finite cylinder has remained an open question,
partly because it is not possible to compute the eigenvalues of the Dirac oper-
ator “explicitly” under these conditions. The main purpose of this note is to
answer this question and compute this (-determinant. Because in general it
is not possible to compute the eigenvalues of the Dirac operator explicitly, we
have to proceed using a totally different method from the conventional ones
used to compute (-determinants. The method we use is the method of adi-
abatic decomposition, pioneered in the work of Douglas and Wojciechowski
[7] for the eta invariant, and by the second author and Wojciechowski [15]
for the (-determinant. The second purpose of this paper is to elucidate the
effectiveness of the adiabatic method in a concrete situation (see Section 4).
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Finally, we investigate the gluing problem for the (-determinant (see Section
5), which can be stated as follows: Given a partitioned compact manifold
M = M_ U M, into manifolds with boundaries, describe the (-determinant
of a Dirac Laplacian on M in terms of the (-determinants on My with
suitable boundary conditions. This gluing problem has remained an open
problem partly because of the highly nonlocal nature of the {-determinant
and its variation and partly because of the technical aspects inherent with
the nonlocal pseudodifferential boundary conditions required for Dirac type
operators. In [12] we solve this problem and the third purpose of this paper
is to illustrate our gluing formula in the concrete situation of a partitioned
finite cylinder. We also illustrate the so-called comparison, or relative in-
variant, formula proved in [14].

We now describe our set up. Let Di : C°°(Ng,S) — C*®(Ng,S) be a
Dirac type operator where Np = [—R, R] x Y is a finite cylinder with R > 0,
Y a closed compact Riemannian manifold (of arbitrary dimension), and S
a Clifford bundle over Ng. We assume that Dg is of product form

(1.1) Dr = G(au—i-Dy)

where G is a bundle automorphism of Sy := S|y and Dy is a Dirac operator
acting on C°(Y, Sp) such that G2 = —Id and GDy = —DyG. Since the
finite cylinder Nr has boundaries, we have to impose boundary conditions.
An important boundary condition for applications is the non-local general-
ized APS spectral condition, which is defined as follows. We assume that
dim ker(G + i) Nker(Dy) = dim ker(G — i) Nker(Dy). Then we can fix two
involutions o1, o9 over ker(Dy) such that 01G = —Goy and 092G = —Goy,
and impose the boundary conditions given by the following generalized APS
spectral projections,

1+01

I, =1I. + My, at {—R}xY,

(1'2) 1+ 09

I, = . + I, at {R}xY

where I+, II, IIy denote the orthogonal projections onto the positive, nega-
tive, and zero eigenspaces of Dy. We denote by Dg p the resulting operator
with these boundary conditions, that is,

Dr.p := Dg : dom(Dg p) — L*(Ng, S)
where
dom(Dp.p) = {¢ € H'(Ng,S) | Iy, dlue—r =0, Iy, lu—r = 0}.

Then the spectrum of the Dirac Laplacian D%%, p consists of discrete real
eigenvalues {\}. The (-function of D%’ p is defined by

Coz ()= D A%,

A0
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which is a priori defined for R(s) > 0 and has a meromorphic extension to
C with 0 as a regular point. Then the (-determinant of D%%, p is defined by

det; D} p :=exp (— CQD% P(O)).

As we already mentioned, since we imposed APS spectral boundary condi-
tions, it is not possible to compute the eigenvalues {\x} explicitly, so there
is no direct way to compute the (-determinant detCD%i p from the eigenval-
ues. However, using adiabatic and gluing techniques proved in [15], [11],
[13], we compute detﬂ?%z p» which we now explain. We denote by (c102)—
the restriction of o109 to ker(G + i) Nker(Dy ). For a linear operator L over
a finite-dimensional vector space, det*(L) denotes the determinant of the
invertible operator (L|iey(r)r). The following theorem is the main result of
this note.

Theorem 1.1. The following equality holds:

21d — (0'102)7 — (0'102)1)
4

where h is the number of (+1)-eigenvalues of (o102)—, hy = dim ker(Dy)

and C = —(2y/m)"Y(['(s)7'T(s — 1/2)¢pz (s — 1/2))'(0) with Cpz (s) the ¢-

function of D%/.

0)+h
detCD%g’P = (2R)%h 2R gt (O)Hhy det*(

This exact value is used to determine certain constants appearing in the
gluing formulas of the (-determinants of Dirac Laplacians in [12], [13]. Fi-
nally, the authors thank the referees for helpful comments.

2. ASYMPTOTICS OF det¢D% p AS R — o0

In this section, we derive the asymptotics of detCD% p as R — oo. This
is one of the main ingredients in the proof of our main theorem.

We decompose L?(Ng, S) as follows:
(2.1) L*(Ng, S) = L*([~R, R];ker(Dy)) ® L*([-R, R]; ker(Dy)")

where ker(Dy )+ is the orthogonal complement of ker(Dy) in L2(Y, Sp). We
denote by Dpr p(0) the restriction of D p to the first component of the
decomposition (2.1). Since Dy = 0 on ker(Dy), the operator Dg p(0) is
G0, with the boundary conditions at {+R} x Y determined by o1, 09.

For D p(0), we can compute all the eigenvalues of D p(0) explicitly
using elementary ordinary differential equations and we obtain
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Lemma 2.1. The spectrum of Dg p(0) is given by

@y

{ (kw - ?) (2R)™! ‘ keZ, aj € (—m,7], e € Spec(or09)_ }
Therefore, we can also compute det¢Dp, p(0)? explicitly as we now show.

Proposition 2.2. We have the following equality:

det;Dp p(0)? = (2R)*" 2"¥ det*

(QId — (o102)- — (0102):1>
4
with h the number of (+1)-eigenvalues of (c102)— and hy = dimker(Dy ).

Proof. By Lemma 2.1, the (-function of Dg p(0)? is given by
(Dpp(0)2(s) = 2h - (2R)*1>°¢(2s) + F(s),

where ((s) is the Riemann zeta function and the second term is given by

hy /2—h
( ) 2R 2s —2s Z Z ( )
=1 kezZ

with a; # 0 in the sum. For the first term, using that ((0) = —3 and
¢'(0) = —3$ log(27), we obtain

d
(2.2) - 2h - (2R)* 7~ %5¢(2s) = log(4R)*"

S Js=0

To compute —F’(0), we use the Hurwitz zeta function defined by

o

((s,a) = Z(k: +a)™® for0<a<l,
k=0
which has the properties ((0,a) = 3 —a and ('(0, a) = log(I'(a)) — 5 log(2m).
Then F(s) can be written in terms of the Hurwitz function as
hy /2—h N
F :2R25 —2s ( 9g. 1__)

)= @R (clan ) +<Can - )
where we assumed that a; > 0 since Yoz (k —a) 2 = >, ., (k + a)~2%.
Using the properties of the Hurwitz zeta function, we have

hy /2—h ‘
FO== 3 (0.5 +¢0,1-32))

hy /2—h hy /2—h

=-2 Z (log( 2—J F(l—%)) log( 271) Z log (4sin (a]/Q))
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where we used I'(x)I'(1 — z) = = 5. Combining this derivative with the

sin(mx

derivative (2.2) and the fact that

. eiaj/Z _ e—ia]‘/2 2 2 _ eiaj _ e—iaj
sin?(aj/2) = ( 5 > 1 ;

completes the proof. O

Since we can split the contributions of det¢Dp, p(0)? over each subspace
in the decomposition (2.1) and we already obtained the exact value of
det¢Dp, p(0)?, it remains to compute the (-determinant of the restriction
of D% 5 to the second component in the decomposition (2.1). Therefore,
from now on, we can assume:

(2.3) The tangential operator Dy is invertible.

We previously remarked that it is not possible to get the exact form of all
the eigenvalues of Dg p, so we can not compute detCD?%’ p in a direct way.

For this reason, we first consider the asymptotics of detCDé p as R — oo.
For functions f(R) > 0, g(R) > 0 defined over (0,00), f(R) ~ g(R) means
Rlim |log f(R) —logg(R)|=0 <<= lim ——< =1.

The following proposition is the main result of this section.

Proposition 2.3. When Dy is invertible, we have
0
deth%P ~ 2030 20R

where C = —(2y/7)"YT(s)"T(s — 1/2)CD%(5 —1/2))(0) with (p2 (s) the
C-function of D%,.

Proof. With Dr = G(0, + Dy) over [-R,R] x Y, let Dr_ denote the
restriction of Dg to [—R,0] x Y with boundary condition II. at {0} x Y,
and Dp + denote the restriction of D to [0, R] x Y with boundary condition
ITs at {0} x Y. We take the square of these operators and impose Dirichlet
boundary conditions over {R} x Y and denote by D?%, & Dé 4, and Dé dt
the resulting operators. Then by Proposition 4.1 to be proved later,

detCD%,d
detch%%d o detC,D%%d—i-

—Cp2 (0)

(2.4) ~2 P

By Proposition 7.1 in [11], we know that

1 0
detcDh g = (detey/DE)  e2RC T (1 - emtim)?
k=1
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where C' = —(2/7) 1 (I'(s)"'T'(s — 1/2)@33(3 —1/2))'(0) and {p} are the
positive eigenvalues of Dy . It follows that

-1
detcDh g ~ (detey/D}) ¢,
Combining this with (2.4), we conclude that

0 —1
(25)  detcDh_ - detcDyyy ~ 278 (dotey /D3 ) 2.

Now let D% _gqand D%, +.a denote the restrictions of DR pto[-R,0]xY
and [0, R] x Y respectlvely, with the Dirichlet condition at {0} x Y. Then
according to the main result in [11], which also holds for this case, we have

detCD%i P

—(p2.(0)
2.6 =2 %Y detRp,
(2:6) detD%,_,-det; D%, IR

where Ry is the sum of the Dirichlet to Neumann operators for the restric-
tion of D%}P to [-R,0] x Y and [0, R] x Y. By a direct computation, we
find that

detcRR = QCDY( (detc ) H _Q‘LkR

2.7) ~ 2% ety /13

where {p} are the positive eigenvalues of Dy. Finally, noting that we have
detCD%,dﬁ = detCD%ﬁHﬁd and deth%,d,Jr = detCD%ﬁd, in view of (2.5),
(2.6), and (2.7), we obtain

-1
deth%,P ~ (detc D%) e2RC det<RR

~ (detey/D3) 2 (298 (detc D7) ) = 278 e,

This completes our proof. O

3. PROOF OF THEOREM 1.1

Let us consider the Dirac type operator G(9,+ Dy ) on the infinite cylinder
M = ((—oo, ojulo, oo)) xY with boundary conditions IT- and IIs at the left
and right, respectively, of the two copies of {0} XY and we denote by Dp the
resulting operator. We decompose M into Mar = ([—2R, 0]U[0,2R]) XY and
Mogo = ((—oo, —2R|U[2R, oo)) x Y and obtain Dirac operators over these
by restricting Dp. On Mg, we then impose the boundary conditions given
by IIs at the boundary {—2R} x Y and II. at the boundary {2R} x Y, and
on Mg o, we put II. at the boundary {—2R} x Y and Il at the boundary
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{2R} x Y. Then the resulting operator over Msp is equivalent to two copies
of Dg p. We denote the resulting operator over Mag o, by Dagr p.

As remarked in the proof of Lemma 8.3 of [13], it follows that
(3.1) det¢ (D3, @%Ryp) (detCD%P) % is independent of R,

where detg(ﬁ%,ﬁgﬁ p) denotes the relative (-determinant of (75?3:7531%, P)
defined by
det¢ (D3, Dip p) := exp (— ('(Dp, Dip p,0))
with
N2 P2 1 ¥ s tD2 —tD32
((Dp,Dag p,s) = —/ " Tr (e7"PP — e 2rp) dt.
’ L'(s) Jo

In the following lemma we compute this relative (-determinant explicitly.

Lemma 3.1. When Dy is invertible, the following equality holds:
deté‘(,[)?:), ZA)%R,P) = €4CR

where C' = —(24/m) 1 (T'(s)"!T(s — 1/2)Cp2. (s — 1/2))'(0) with Cp2 (s) the
(-function of D

Proof. Let {(px, vx)} be the spectral resolution of Dy. Then as shown in
[1], for ((u,y), (v',y")) € ([0,00) x Y)?, we have

A2 e_t”i —(u—u)2 ()2
o—tPh _ Z = [6 (u—w)?/4t _ ~(utu') /41 on(y) ® on(y)
pie>0
—tu?
(3.2) Ly {‘\f/% |:e—(u—u’)2/4t _|_€—(u+u’)2/4t:|
pE>0 T
wtrd! u—+u
— et )erfc< NG +Hk\/z>}G90k(y)®G90k(y/)?

with a similar formula for ((u,y), (v/,y)) € ((—00,0] x Y)2. Since the heat
kernel of f)g g p is obtained from e~ by shifts of £2R, it follows that

> > 1 2
Tr (e 0% — eftpngP =4R - Try (e *Pv).
( ) = 4R Ty (o)
From this, the claim follows by the standard computation. ([

Now taking the logarithm of (3.1) and using Lemma 3.1 and Proposition
2.3, we see that

(3.3) 2CR —log detCD?DL’P = —(p2(0)log2+ E(R) is independent of R,

where £(R) — 0 as R — oo. Since £(R) vanishes as R — oo, and the
expression (3.3) is constant in R, it follows that £(R) is in fact identically
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zero. Then setting £(R) = 0 in (3.3) and then solving for log detCDé p
completes the proof of Theorem 1.1.

4. ADIABATIC DECOMPOSITION OF (-DETERMINANT

The aim of this section is to prove the following proposition, which was
used in the proof of Proposition 2.3.

Proposition 4.1. When Dy is invertible, we have
detCD% d— " detCD% dt

_CD2 (0)

~ 2 Y .

For simplicity we use the notation D?{,u for the operator
D~ ® Dy : dom(Dy ) & dom(Dhy )
— L*([-R,0] x Y, S) ® L*([0,R] x Y, S).
Then the log of the left-hand side of Proposition 4.1 can be written as
(4.1) log detCD%{d — log detCD}ZML_ — log detcl)fhhJr

__4 1 /OO 571 Ty (e_tD?M — eftDIQ?wU) dt.
ds |,_o I'(s) Jo

The fundamental idea to prove Proposition 4.1 is to construct a parametrix

—tD? —tD? :
for e “Rd — e "TRU up to an error term that vanishes as R — oco. Because

the arguments below are similar to those in [15], we shall omit some details
which the reader can find in [15].

We introduce a smooth even function p(a,b) : R — [0, 1] that is equal to
0 for —a < u < a and equal to 1 for b < |u|. We now define

¢1 =1- p<(5/7)R7 (6/7)R) ’ ¢1 =1- ¢27

¢2 = p((1/T)R, (2/T)R) ,  tha = p((3/T)R, (4/T)R).
We now define parametrices of the heat kernels Eg(t; x,2’) of D%ﬂ, 4 Where
(z,2') € N and Eg(t;x,2') of D, where (z,2') € Mz. To do so, we
consider the heat kernel of —92 + D% over R x Y, which we denote by

(4.2) Eltya,a) = &e(““'”/ 1 etDY (y,)
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where (z,2') € (R x Y)? with x = (u,y), 2’ = («/,y'). For e~'P% defined in
the previous section, we put Ep(t;z,z') := e~ PP (z,2') where (z,2') € M?.
Now we define the parametrices by
Qr(t;z,2") = ¢1(x) E(tya,2") Y1(2") + d2(2) Er(t; 2, 2") 1ha(a’),
Qru(tiz,a) = ¢1(x) Ep(tya, ) Y1 (a) + d2(2) Eru(tyz,a") ('),
where ¢;(z) = ¢;(u) with x = (u,y) and ¥;(2') is defined similarly. By
Duhamel’s principle, we can estimate the difference of the real heat kernels

and these parametrices. We refer the proof of the following lemma to [15,
Lem. 1.5].

Lemma 4.2. For any t > 0, there are positive constants c1, ca,c3 such that
| Er(t;z,2") — Qr(t;z,a') || < crecet B/,
| Erultiz,a’) = Qrultiz,a’) || < crec=s/0

where (z,z') € N}%, M}%, respectively, and H . H denotes the norm for an
element in End (S, Sy).

We are now ready to prove Proposition 4.1. First, we note that since Dy
is invertible by assumption, as R — oo all the eigenvalues of DJQQ’ 4 and D?%,u
are bounded below by a positive constant c. Hence we have

| Tr (e Pha — ¢ Phu)| < V| Ty (¢ Pha — ¢ Phu)|
< vol(Ng)e =Y < ¢"Re

for positive constants ¢, ¢”. Henceforth we fix 0 < e < 1. Then from these
inequalities, it is straightforward to show that

1 1 —tD? —tD?

— t Tr(e Rd —e R’U)dt—>0 as R — oo.

I'(s)

Here, the convergence means that this holomorphic function and its deriv-
ative converge to the zero function uniformly over some compact neighbor-
hood of s = 0. Thus, for the purpose of evaluating the asymptotics of (4.1),
we can ignore this large time integral and focus on the small time integral

1 i -1 —tD2 —tD?
— 7 Tr (e Rd — e R,U) dt.
I'(s) Jo
Applying Lemma 4.2, this integral is equal to
Y L
—_— 5 Tr Qr — QR,LI dt
7 ( )
modulo a term vanishing as R — oo, where again, vanishing means that

the concerned error function and its derivative converge to the zero function
uniformly over some compact neighborhood of s = 0. From the explicit

e

(4.3)

(4.4)

formulas (4.2) and (3.2), and recalling that (3.2) only represents e='D% for
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u,u’ > 0 and there is a similar formula for u,u’ < 0, it follows that (4.4) is
equal to

1 s—1 kU _
TS)/ t / uzgod)l w) iy €2 erfc(\/_—l—,uk\/_> du dt

modulo a term vanishing as R — oco. To evaluate the right-hand side, we
integrate by parts to get

/ 2wk ez“k“erfc<7 + umf) du

>0
! Tr(e_tD%)/ooq/J (u)e_“2/t du Z erfc <;L ﬁ)
= 1 - k
vt 0 =0
/ Z P (u 2“’”‘e:rfc(i + uk\/l_f) du
H>0 \/E

Now by Proposition 2.1 of [15],
——/ 5~ 1/ Z P (u 2”’““erfc<i+uk\/f) du dt
pe>0 \/E

vanishes as R — oo. Therefore, the nontrivial contribution to the asymp-
totics of (4.3) is given by

— T —— Wy — fi d
I'(s) /0 t ( / il ' g;o erel /! "

Up to a term vanishing as R — oo, we can remove 1 (u) and then adding
the large time integral |, ;f , which gives rise to another term vanishing as
R — o0, we can see that the final contribution to (4.3) is given by the
integral

G e (R e (%))
— t? _— e v/ du — erfc Vit dt
I'(s) Jo ml 0 ;2;0 &

Using an integration by parts argument (or a table of Mellin transforms),

we can evaluate this integral as %(1 — F(Ssill)e)—)C D2 (s). Finally we obtain

8:0( %(1 - %)ng(s) >: ~(p2.(0)log 2,

4
ds

which completes our proof.
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5. GLUING AND COMPARISON FORMULZE OF THE (-DETERMINANT

In this section, for the case of the finite cylinder we illustrate the gluing
and comparison formulas of the (-determinant proved in [12] and [14].

Let D be a Dirac type operator acting on C°°(M, S) where M is a closed
compact Riemannian manifold of arbitrary dimension and S is a Clifford
bundle over M. Suppose that M = M_ U M, is partitioned into a union
of manifolds with a common boundary Y = 0M_ = OM,. We assume that
all geometric structures are of product type over a tubular neighborhood N
of Y where D takes the product form (1.1). By restriction of D, we obtain
Dirac type operators Dy over Mi.. We impose the boundary conditions
given by the orthogonalized Calderén projectors Ci for D1 and we denote
by D¢, the resulting operators,

De, =Ds with dom(De.) :={¢ € H (M, S) | C+(¢ly) =0}

Here, we recall that the Calderén projectors C4 are the projectors defined in-
trinsically as the unique orthogonal projectors onto the infinite-dimensional
Cauchy data spaces of Dy:

{oly | ¢ € C®°(Mx,S), Dip =0} C C°(Y, Sp),

where Sy := S|y. The gluing problem for the (-determinant is to describe
the “defect”
det<D2
det¢D, - det;DZ

in terms of recognizable data. To describe the solution in [12], we need
to introduce some notations. The Calderén projectors C+ have the matrix
forms

1 (I1d kit
with respect to the decomposition C® (Y, Sy) = C®(Y,ST) & C®(Y,S™),
where ST C Sy are the subbundles defined as the (+i)-eigenspaces of G.
Here, the maps ry : C®(Y,ST) — C®(Y,S™) are isometries, so that
U = —/1_/@:1 is a unitary operator over C*°(Y,S7). Furthermore, U is

of Fredholm determinant class. We denote by U the restriction of U to the
orthogonal complement of its (—1)-eigenspace. We also put

har

L= 20Uk ®0Uk
k=1

where hyr = dim ker(D), 7o is the restriction map from M to Y, and {Uy}
is an orthonormal basis of ker(D). Then L is a positive operator on the
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finite-dimensional vector space 7o (ker(D)). We now have all the ingredients
to state the following gluing formula [12]:

detCDQ

_CD%, (0)—hy
detc'Dg_ . detc’Da_

=2

21d+ﬁ+c7—1>

(5.2) :

(det £) " detr (
where hy = dim ker(Dy) and detp denotes the Fredholm determinant.
There is a similar formula for manifolds with cylindrical ends [13].

Using Theorem 1.1, let us verify the gluing formula (5.2) for the Dirac
type operator Dg p of the form (1.1) on Ng = [-R, R] x Y with boundary
conditions (1.2), where we partition Ng into

NR:NR’,UNR’JF, NR7,:[—R,O]XK NR7+:[O,R]XY

We denote by D _ and Dpg 4 the restrictions of Dg p to Ng_ and Ng 1,
respectively, with the boundary conditions at {0} x Y given by their cor-
responding Calderén projectors Cr — and Cg 4, respectively. It is easy to
check that Cp_ = Il« + Id;‘” Iy and Cpy = IIs + MT”HO. Now it is
straightforward to confirm that

detCD% P 5

_ —CD% (0)=hy
detCD% - detCD% 4

2Id — (o109)- — (0102):1>

2h *
(2R)?det ( ;

where we used Theorem 1.1 to compute the left-hand side. Comparing this
and (5.2), we see that the following equalities should hold:

(det £)72 = (2R)*",
2Id+(7+[7_1> 21d—(U1U2)——(0102):1>
4 4 ’

where U and L are the operators defined before, but now for our finite
cylinder operator Dg p. To verify the first equality in (5.3), we note by
definition of Dg p,

(5.3)

detr ( = det* (

(5.4) ker(Drp) = {p € ker(Dy) | o190 = —p and o929 = —¢}.

It follows that projecting onto S~ gives an isomorphism of ker(Dpg p) to the
(+1)-eigenspace of (o102)—, thus dim ker(Dpg p) = h. Moreover, if {¢}} is
an orthonormal basis for the right-hand side of (5.4), then the operator £
is given by

h

1 1
L= ® .
kzl /—QRSOk TR%

This implies the first equality in (5.3). To verify the second equality in (5.3),
note that by the definition of U and the formulas for Cg 4+, we have

U=1d over P~ (ker(Dy))t, U= —(o109)_ over P~ (ker(Dy))
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where P~ = % is the projection onto S~. This implies the second
equality in (5.3). In conclusion, we can see that the gluing formula (5.2) is
compatible with Theorem 1.1 for the case of D%y p over Npg.

We now explain the comparison formula proved in [14]. To this end, we
consider the smooth, self-adjoint Grassmannian Gr’ (D), which consists
of orthogonal projections P such that GPy = (Id—"P1)G and Py —Cy are
smoothing operators. For Py € Gr¥ (D_), let k1 : C>®(Y,ST) — C>(Y,S57)
be the map that determines P; as x4 does C4 in (5.1). Let Dp, denote the
operator D_ on M_ with the boundary condition given by P;. Let P; be
the orthogonal projection of C*°(Y,Sy) onto the finite-dimensional vector
space ker(Dp,)|y. Then we introduce a linear map

£1 = —P1 GR:l G P1 over ker(D'pl)h/

where R_ is the sum of the Dirichlet to Neumann maps on the double of
M_ defined as follows. If we denote the double of M_ by M = M_U(—M_)

and the double of D_ by 25, then for any ¢ € C*°(Y,S)), there are unique
p1 € C®°(M_,S) and ¢y € C>®(—M_,S) that are continuous at Y with
value ¢ such that D%¢; =0, i = 1,2, off of Y. Then

(5.5) R_ = 8u¢1‘y - m’y.

In [14], we prove that £ is a positive operator so that det £; is a positive
real number. Now the main result of [14] states that

det; D% 2Id + Uy 4+ Uy}
5.6 P = (det £1)* - detp L)
(5.6) detepz  \det£y)”detr 1
where [71 is the restriction of Uy := /L/@fl to the orthogonal complement

of its (—1)-eigenspace. The formula (5.6) generalizes Scott’s formula [17] to
the case when Dp, is not invertible.

Let us verify the comparison formula in (5.6) for Dr _ on Np _ using
Theorem 1.1. To this end, we define Dg 1 by replacing the boundary condi-
tion Cp_ = Il + L459111, with Tl + 2559111, at {0} x Y where & is an
involution over ker(Dy ) anticommuting with G. Then

(5.7)

2 ~ ~ -
detCD;%J _ g2 det*<2ld — (0101)— — (0101)_1)
detch’_ 4

with hj is the number of (41)-eigenvalues of (0101)— and where we used

Theorem 1.1 to compute the left-hand side. Hence, comparing the formulas
(5.6) and (5.7), we can see that the following equalities should hold:

(det £1)* = R*™,

2Id + Uy + Uy |, r2Id— (0151)— — (0151) "
) e ; )

(5.8)

detF(
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where Uy and £; are the operators explained above, but now for our oper-
ators Dg 1, Dr,—. The second equality in (5.8) holds by the same reason as
we gave for the operator U before. For the first equality in (5.8), we note
that ker(Dp,1) is given by a similar formula to (5.4) but with o9 replaced
with &. This implies that dim ker(Dg 1) = hq. To find the operator £y, we
recall that £1 = —P, GR-' G P, and now P, denotes the projection onto
ker(Dp,1)|{o}xy- Since G exchanges Im(P1) and G(Im(Py)), we need to
know how R_ acts over G(Im(P;)). To do so, we note that the double of
Ng,— is just Ng and the double of Dg _ is just Dg together with the bound-
ary conditions I + M+T‘”Ho at {—R} x Y and II« + [dg—"lHO at {R} x Y.
We denote this operator by 537_. Then, given ¢ € G (Im(Pl)), one can
easily check that ¢1 € C°(Ng,—,S) and ¢ € C*°(Np 4, S) defined by

or(uy) =9+ (/R , ¢2(u,y) =¢
satisfy 5%77@- =0,i=1,2, off of {0} x Y. Thus, we have

L1 =—-PGR-'G P, = RP,.

One can also derive this formula from Proposition 7.3 in [11]. This shows
that the first equality in (5.8) holds, and verifies the compatibility of the
comparison formula (5.6) with Theorem 1.1.

We remark that an equality similar to (5.6) holds for the corresponding
objects over M, with the proper changes taking care of the orientation. Let
Py € Gri (D) and let ko, Uz, and Lo be the corresponding objects for the
pair (D4, P2) defined as we did for (D_,P;) before. Then combining (5.2)
with (5.6) and the comparison formula for (D4, P2), one can check that

2m+ﬁ+ﬁ*>
4

det D? _ 52 0Dy
detCD%l 'detCD%g N

(det £) ™ det (

2 73 ry—1
i=1

For more details on this general gluing formula, see [12]. As with our pre-

vious examples, one can also verify that this general gluing formula is com-

patible with Theorem 1.1.
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