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Abstract. In this note, we announce gluing and comparison formulas for the
spectral invariants of Dirac type operators on compact manifolds and manifolds
with cylindrical ends. We also explain the central ideas in their proofs.

1. The gluing problem for the spectral invariants

Since their inception, the eta invariant and the ζ-determinant of Dirac type op-
erators have influenced mathematics and physics in innumerable ways. Especially
with the development of quantum field theory, the behavior of these spectral invari-
ants under gluing of the underlying manifold has become an increasingly important
topic. However, the gluing formula for the ζ-determinant of a Dirac Laplacian has
remained an open question due to the nonlocal nature of this invariant. In fact,
Bleecker and Booss-Bavnbek stated that [2, p. 89] “no precise pasting formulas are
obtained but only adiabatic ones.” In [23, 24], we give precise gluing formulas for
ζ-determinants of Dirac type operators on compact manifolds and manifolds with
cylindrical ends, respectively, and moreover we present new and unified derivations
of the gluing formulas for both invariants. The purpose of this note is to announce
these gluing formulas for the spectral invariants and to indicate the main ideas in
their proofs. We also announce a relative invariant formula proved in [25, 24].

We begin with describing the gluing problem for compact manifolds. Let D be a
Dirac type operator acting on C∞(M,S) where M is a closed compact Riemannian
manifold of arbitrary dimension and S is a Clifford bundle over M . Let Y be
an embedded hypersurface in M and let M = M− ∪M+ be decomposition of M
into manifolds with boundary such that ∂M− = ∂M+ = Y . We assume that
all geometric structures are of product type over a tubular neighborhood N =
[−1, 1]×Y of Y where the Dirac operator takes the product form D = G(∂u +DY ),
where G is a unitary operator on S0 := S|Y and DY is a Dirac type operator over
Y satisfying G2 = −Id and DY G = −GDY . Recall that the eta function of D and
the zeta function of D2 are defined through the heat operator e−tD2

via

(1.1) ηD(s) =
1

Γ( s+1
2 )

(∫ 1

0

+
∫ ∞

1

)
t

s−1
2 Tr(De−tD2

) dt,

Received by the editors October 6, 2004.
2000 Mathematics Subject Classification. Primary 58J28, 58J52.

c©2005 American Mathematical Society
Reverts to public domain 28 years from publication

1



2 PAUL LOYA AND JINSUNG PARK

(1.2) ζD2(s) =
1

Γ(s)

( ∫ 1

0

+
∫ ∞

1

)
ts−1 Tr(e−tD2

) dt,

where the first integrals in (1.1) and (1.2) are defined a priori for Re s� 0 and the
second ones for Re s� 0, and both extend to meromorphic functions on C that are
regular at s = 0; actually, the second integral in (1.1) is entire, but we present these
general definitions because they work later for b-spectral invariants on manifolds
with cylindrical ends (see Section 2). The eta invariant η(D) is by definition the
value ηD(0), the reduced eta invariant is η̃(D) := (η(D) + dim ker(D))/2, and the
ζ-determinant is by definition

detζD2 := exp
(
− d

ds

∣∣∣
s=0

ζD2(s)
)
.

The eta invariant was introduced in the paper [1] by Atiyah, Patodi, and Singer as
the boundary correction term in their index formula for manifolds with boundary.
The ζ-determinant was introduced by Ray and Singer in the paper [36] on the an-
alytic torsion. Since their introductions, these invariants have impacted geometry,
topology, and physics in incredible ways; cf. Singer [40, 41].

By restriction, D induces Dirac type operators D+ over M+ and D− over M−.
For these operators, we choose orthogonal projections P+, P− over L2(Y, S0) that
provide us with well-posed boundary conditions for D+,D− in the sense of Seeley
[39]. Then the operators

(1.3) DP± : dom(DP±) → L2(M±, S),

where
dom(DP±) := {φ ∈ H1(M±, S) | P±(φ|Y ) = 0 },

share many of the analytic properties of D; in particular, they are Fredholm and
have discrete spectra, but are not necessarily self-adjoint. Amongst such projectors
are the (orthogonalized) Calderón projectors C± [7], which are projectors defined
intrinsically as the unique orthogonal projectors onto the closures in L2(Y, S0) of
the infinite-dimensional Cauchy data spaces of D±:

{φ|Y | φ ∈ C∞(M±, S), D±φ = 0 } ⊂ C∞(Y, S0).

In order to have well-defined eta invariants and ζ-determinants, it is necessary to
restrict to a subclass of projectors. A natural class is formed by those in the smooth,
self-adjoint Grassmannian Gr∗∞(D±), which consists of orthogonal projections P±
such that P± − C± are smoothing operators and GP± = (Id −P±)G. Examples of
such projectors are the generalized APS spectral projectors P− = Π< + 1+σ1

2 Π0,
P+ = Π> + 1+σ2

2 Π0, where Π<, Π>, Π0 are the orthogonal projectors onto the
negative, positive, and zero eigenspaces of DY , respectively, and the σi’s are in-
volutions on ker(DY ) anticommuting with G. For P± ∈ Gr∗∞(D±), the invariants
η(DP±) and detζD2

P± can be defined via the formulas (1.1) and (1.2); see Grubb
[12, 13], Loya and Park [25], and Wojciechowski [44].

We now have all the ingredients to state the gluing problem. The gluing problem
is to describe the “defects”

detζD2

detζD2
P+

· detζD2
P−

= ? , η̃(D) − η̃(DP+) − η̃(DP−) = ?

in terms of recognizable data. The gluing problem for the eta invariant has been
solved by several authors. Moreover, because the variation of the eta invariant is
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local, a variety of formulas and proofs have appeared (many modulo Z); see, for
instance, Brüning and Lesch [3], Bunke [5], Dai and Freed [9], Hassell, Mazzeo,
and Melrose [16], Kirk and Lesch [18], Mazzeo and Melrose [28], Müller [32], Park
and Wojciechowski [35], Wojciechowski [43, 44]; cf. the superb survey articles by
Mazzeo and Piazza [29] or Bleecker and Booss-Bavnbek [2]. Because of the highly
nonlocal nature of the ζ-determinant and its variation, according to Bleecker and
Booss-Bavnbek [2, p. 90] the ζ-determinants (of a Dirac operator and its square) are
“the most subtle and the most fascinating objects of our study.” Nonetheless, the
gluing problem for the ζ-determinant of Laplace type operators with local boundary
conditions was solved by Burghelea, Friedlander, and Kappeler [6] and has been
further extended by Carron [8], Hassell [14], Hassell and Zelditch [15], Lee [19],
Loya and Park [22], Vishik [42], and many others. However, the gluing formula
for the ζ-determinant of a Dirac Laplacian has remained an open question, partly
due to the nonlocal nature of the ζ-determinant and its variation and the technical
aspects inherent in the global pseudodifferential boundary problems required for
Dirac type operators. We now describe our solution to the gluing problem.

To state our main theorem, we recall that the Calderón projectors C± have the
matrix forms

(1.4) C± =
1
2

(
Id κ−1

±
κ± Id

)
with respect to the decomposition L2(Y, S0) = L2(Y, S+)⊕L2(Y, S−), where S± ⊂
S0 are the (±i)-eigenspaces of G. The maps κ± : L2(Y, S+) → L2(Y, S−) are
isometries, so that U := −κ−κ−1

+ is a unitary operator over L2(Y, S−), which is
moreover of Fredholm determinant class. We denote by Û the restriction of U to
the orthogonal complement of its (−1)-eigenspace. We also put

(1.5) L :=
hM∑
k=1

γ0Uk ⊗ γ0Uk =
hM∑
k=1

〈 · , γ0Uk〉L2(Y,S0)
γ0Uk,

where hM = dim ker(D), γ0 is the restriction map from M to Y , and {Uk} is an
orthonormal basis of ker(D). Then L is a positive operator on the finite-dimensional
vector space γ0(ker(D)). The following theorem is the main result of [23].

Theorem 1.1 ([23]). The following gluing formulas hold:

detζD2

detζD2
C+

· detζD2
C−

= 2
−ζ

D2
Y

(0)−hY (detL)−2 detF

(2 Id + Û + Û−1

4

)
,

η̃(D) − η̃(DC+) − η̃(DC−) =
1

2πi
Log detF U (mod Z),

where hY = dim ker(DY ), detF denotes the Fredholm determinant, Log is the prin-
cipal value of the logarithm, and the integer defect in the eta formula is given in
terms of the winding numbers of the function detF (K(λ)Kc(λ)−1) appearing in
Section 4.

Let us remark that the ζ-determinant formula in Theorem 1.1 is a new result, and
only its adiabatic limit form [34], [35] has been proved hitherto. The formulation of
the integer defect in the eta formula in Theorem 1.1 is also new. The eta formula,
without integer ambiguity, in terms of Tr logU was proved by Kirk and Lesch [18,
Th. 5.10] using spectral flow, the Scott-Wojciechowski comparison theorem [38],
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and the rotating boundary condition technique from Brüning and Lesch [3]. Our
proof of the eta formula is different from and independent of their proof, and is
obtained “simultaneously” as a byproduct from the proof for the ζ-determinant.

We can generalize the gluing formulas in Theorem 1.1 in terms of other boundary
conditions by using Theorem 3.1 (see Section 3) proved in [25]. Let P1 ∈ Gr∗∞(D−)
and P2 ∈ Gr∗∞(D+). Then P1 and P2 determine maps κ1 and κ2 as in (1.4), and
we can define U1 := κ−κ−1

1 , U2 := κ2κ
−1
+ and U12 := −κ1κ

−1
2 over L2(Y, S−).

As before, we let Ûi denote the restriction of Ui to the orthogonal complement of
its (−1)-eigenspace. We define the operator L1 over the finite-dimensional vector
space Im(C−) ∩ Im(Id − P1) by

(1.6) L1 = −P1GR−1
− GP1,

where R− is the sum of the Dirichlet to Neumann maps on the double of M−,
which was introduced by Burghelea, Friedlander, and Kappeler in [6], and P1 is the
orthogonal projection onto Im(C−) ∩ Im(Id − P1). Then L1 is a positive operator
[25]. We define L2 in a similar way. We can now state the general gluing formulas
for the spectral invariants.

Theorem 1.2. The following general gluing formulas hold:

detζD2

detζD2
P1

· detζD2
P2

= 2
−ζ

D2
Y

(0)−hY (detL)−2 detF

(2Id + Û + Û−1

4

)
×

2∏
i=1

(detLi)−2 · detF

(2Id + Ûi + Û−1
i

4

)−1

,

η̃(D) − η̃(DP1) − η̃(DP2) =
1

2πi
Log detF U12 (mod Z),

where the integer defect in the eta formula can be identified exactly in terms of
winding numbers of specific naturally defined operators.

Let us remark that the adiabatic decomposition formulas presented in [34], [35],
which are proved mainly using the Duhamel principle and scattering theory, can
be derived from the ζ-determinant formula in Theorem 1.2 (cf. [27]).

2. The gluing problem on manifolds with cylindrical ends

We now describe the solution to the gluing problem on manifolds with cylindrical
ends presented in [24]. Assume now that instead of M+ being compact, it is a
noncompact half-infinite cylinder: M+ = [0,∞) × Y , over which D is of product
type. We still assume that M− is compact. Then M is called a manifold with
cylindrical end. For a noncompact manifold M with cylindrical end, the heat
operators De−tD2

and e−tD2
are not of trace class. In particular, the definitions

(1.1) and (1.2) cannot be used as in the compact case. There are two principal ways
to make sense of these invariants. One way is to define so-called relative invariants
as in Bruneau [4], Carron [8], Müller [33], and others, whereby we subtract off
certain operators that make the difference of the heat operators of trace class, and
the other way is to use Melrose’s b-trace [30], bTr, which is a natural substitute for
the trace. In particular, De−tD2

and e−tD2
are b-trace class. Moreover, bTr(De−tD2

)
and bTr(e−tD2

) have asymptotic expansions in half-integer powers of t as t→ 0 and
t → ∞. It follows that the b-eta function bηD(s) and the bζ-function bζD2(s) can
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be defined exactly as in formulas (1.1) and (1.2), respectively, where we replace Tr
with bTr. Furthermore, bηD(s) and bζD2(s) extend to define meromorphic functions
on C that are regular at s = 0, so we can define the b-eta invariant of D by
bη(D) := bηD(0), and the b-determinant of D2 by detbζD2 := exp(−bζ′D2(0)).

In order to discuss the gluing formula for the b-spectral invariants into the de-
composition M = M−∪M+, we need to impose a boundary condition on M+. Note
that M− is compact so DC− is defined as before. Hence, we need a “Calderón pro-
jector” on the noncompact manifold M+, which is found by looking at the Cauchy
data space of D over the whole manifold M :

{φ|Y | φ ∈ C∞(M,S), Dφ = 0 } ⊂ C∞(Y, S0).

Atiyah, Patodi, and Singer [1] (cf. [30, 31]) showed that an element ψ of this space is
the restriction ψ = φ|Y of an L2 section φ over M if and only if

(
Π< + 1+σ

2 Π0

)
ψ =

0, where σ is the unitary map on ker(DY ) such that σ2 = Id and σG = −Gσ
determined by the scattering matrix. For this reason, the natural projection on M+

is

(2.1) C+ := Π> +
1 − σ

2
Π0.

We can now define DC+ exactly as before (see (1.3)) in the case when M+ was
compact. However, since M+ is a manifold with cylindrical end, we need to use the
b-trace to define the corresponding b-spectral invariants, bη(DC+) and detbζD2

C+
.

We now have all the ingredients to state the gluing problem for manifolds with
cylindrical end. The (b-)gluing problem is to describe the “defects”

detbζD2

detζD2
C− · detbζD2

C+

= ? , bη̃(D) − η̃(DC−) − bη̃(DC+) = ?

in terms of recognizable data. Just as before, the projectors C± can be written as
(1.4) for unitary operators κ±, and we denote by Û the restriction of U := −κ−κ−1

+

to the orthogonal complement of its (−1)-eigenspace. Also, we define L as in (1.5),
using the orthonormal basis {Uk} of kerL2(D). Then L is a positive operator on
the finite-dimensional vector space γ0(kerL2(D)). The following theorem is proved
in [24].

Theorem 2.1 ([24]). The following gluing formulas hold:

detbζD2

detζD2
C− · detbζD2

C+

= 2
−ζ

D2
Y

(0)−hY(detL)−2 detF

(2 Id + Û + Û−1

4

)
,

bη̃(D) − η̃(DC−) − bη̃(DC+) = bη̃(D) − η̃(DC−) =
1

2πi
Log detF U (mod Z),

where hY := dim ker(DY ) and detF denotes the Fredholm determinant.

One can show that detbζD2/detbζD2
C+

= detζ(D2,D2
C+

), the relative determinant
of the pair (D2,D2

C+
), and bη̃(D) = η̃(D,DC+), the reduced relative eta invariant of

the pair (D,DC+), so this theorem can be written with relative spectral invariants

on the left-hand side. Also, some computations show that detbζD2
C+

= 2
1
2 ζ

D2
Y

(0)
, so

after substituting this expression into our theorem, we can get another version of
the ζ-determinant formula without the detbζD2

C+
term.
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3. The comparison, or relative invariant, problem

The comparison problem for the spectral invariants on M− can be stated as
follows: For P− ∈ Gr∗∞(D−), find formulas for the “defects”

detζD2
P−

detζD2
C−

= ? , η̃(DP−) − η̃(DC−) = ?

in terms of recognizable data. (Of course, one can consider M+ too.) For gener-
alized APS spectral projectors, the comparison problem for the eta invariant was
first solved modulo Z by Lesch and Wojciechowski [20] and Müller [31]; later, this
integer ambiguity was removed by the first author [21]. For P− ∈ Gr∗∞(D−) and
assuming the invertibility of DP− , the comparison problems for the eta invariant
and the ζ-determinant were solved by Scott and Wojciechowski [38] and Scott [37];
cf. Forman [10]. The comparison problem for the eta invariant was later solved
for P− ∈ Gr∗∞(D−) without integer ambiguities by Kirk and Lesch [18] using the
Scott-Wojciechowski comparison theorem [38]. In [25], we remove the invertibility
assumption on DP− , and we present a new and unified derivation of the comparison
formulas for both the eta invariant and ζ-determinant. For the eta invariant, we
obtain a new formulation of the integer defect, and the ζ-determinant formula con-
tains an additional term that is absent in the case of invertible DP− dealing with
ker(DP−) and the Dirichlet to Neumann map on the double of M−.

Recall that the Calderón projector C− can be written as (1.4) for a unitary
operator κ−, and P− has a similar decomposition with a unitary operator κP− .
We denote by ÛP− the restriction of UP− := κ−κ−1

P− , which is a unitary operator
over L2(Y, S−), to the orthogonal complement of its (−1)-eigenspace. We define
LP− := −P−GR−1

− GP− just as in (1.6), where P− is the orthogonal projection
onto the finite-dimensional vector space Im(C−) ∩ Im(Id − P−). Then LP− is a
positive operator on this space [25], so detLP− is a positive number. The following
theorem solves the comparison problem (there is a corresponding formula for the
comparison problem on M+).

Theorem 3.1 ([25]). The following comparison formulas hold:

detζD2
P−

detζD2
C−

= (detLP−)2 · detF

(2Id + ÛP− + Û−1
P−

4

)
,

η̃(DP−) − η̃(DC−) =
1

2πi
Log detF UP− (mod Z),

where the integer defect in the eta formula can be identified exactly in terms of
winding numbers of a specific naturally defined operator.

Assume now that M+ is an infinite cylinder as in Section 2. Recall that C+ :=
Π> + 1−σ

2 Π0 (see (2.1)) is the natural Calderón projector on the cylinder M+. This
suggests that the natural boundary projector on M− taking into consideration the
infinite cylinder should be S− := Π< + 1+σ

2 Π0, instead of the Calderón projector
C−. The projector S− is called the augmented APS spectral projector (cf. [17]).
Then S− ∈ Gr∗∞(D−), so we can define the spectral invariants of DS− on M−. The
(b-)comparison problem is to describe the “defects”

detbζD2

detζD2
S−

= ? , bη(D) − η(DS−) = ?
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in terms of recognizable data. Thus, the comparison problem in this context is the
comparison of the b-spectral invariants onM with those onM− corresponding to the
“scattering Calderón projector” S−. The following theorem solves the comparison
problem on manifolds with cylindrical ends.

Theorem 3.2 ([24]). The following comparison formulas hold:

detbζD2

detζD2
S−

= 2−
1
2 ζ

D2
Y

(0)−hY

(
detL

detL−

)−2

, bη(D) = η(DS−) (mod 2Z),

where L− is defined by (1.5) but with {Uk} an orthonormal basis for ker(DS−).

Thus, the b-eta invariant of D and the eta invariant of DS− are identical mod-
ulo 2Z, while the ζ-determinants differ by data over Y and global data. Because
ζ-determinants are highly nonlocal compared to eta invariants, one would not ex-
pect the ratio to be unity. This is indeed the case as shown in Theorem 3.2. The
ζ-determinant formula is new, and a similar formula for the eta invariants of com-
patible Dirac operators (without integer ambiguities and with the augmented APS
projector Π< + 1−σ

2 Π0) was first proved by Müller [31] using a completely different
method.

4. Brief sketch of the proof of Theorem 1.1

In this last section, we briefly sketch the proof of Theorem 1.1; we refer to Section
1 for the notation and to our preprint [25] for all the details. We remark that the
proofs of Theorems 2.1 and 3.1 are similar in spirit, but the proof of Theorem 2.1
has surprising twists due to the presence of continuous spectrum. For λ not in the
spectrum of D, the Calderón projectors of D± − λ are defined by

(4.1) P±(λ) := ±γ0±(D − λ)−1γ∗0G : L2(Y, S0) → L2(Y, S0),

where γ0± := limε→0± γε with γε the restriction map from M to {ε}×Y , and γ∗0 is
the adjoint map of γ0, the restriction to {0} × Y . We now introduce an auxiliary
model problem overN = [−1, 1]×Y . To do so, fix an involution ω over ker(DY ) that
anticommutes with G. We then impose boundary conditions Cc− = Π< + 1−ω

2 Π0 at
{1}× Y , Cc

+ = Π> + 1+ω
2 Π0 at {−1}× Y . Let us denote the operator G(∂u +DY )

with these boundary conditions by Dc. Then we can define the Calderón projectors
P c
±(λ) for the restrictions Dc

± − λ of Dc − λ to M± ∩N exactly as in (4.1). Let V
be a unitary operator on L2(Y, S0) that satisfies V (Id − C+)V −1 = C−. Then we
define operators K(λ) and Kc(λ) on L2(Y, S0) by defining their inverses as

K(λ)−1 = C+P+(λ) + (Id − C+)V −1C−P−(λ),

Kc(λ)−1 = Cc
+P

c
+(λ) + Cc

−P
c
−(λ).

(The operators on the right-hand side do turn out to be invertible.) From these
formulas, we see that K(λ) and Kc(λ) “link” the Calderón projectors of D± − λ
and Dc

± − λ, respectively. Moreover, these operators have quite remarkable prop-
erties as we shall see. First, K(λ)Kc(λ)−1 is of Fredholm determinant class, so
detF (K(λ)Kc(λ)−1) makes sense. We henceforth fix a simply connected region of
the plane consisting of the upper and lower half-planes and an interval on the real
axis and fix a corresponding logarithm log detF (K(λ)Kc(λ)−1) depending holomor-
phically on λ in this region. Let us define DC = DC+ 
DC− and Dc

Cc = Dc
Cc
+

Dc

Cc
−
.
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Then we prove that

(4.2) ∂λ log detF (K(λ)Kc(λ)−1)

= −Tr
(
(D − λ)−1 − (DC − λ)−1 − ((Dc − λ)−1 − (Dc

Cc − λ)−1)
)
.

The operator in parentheses turns out to be trace class! In fact, the auxiliary
model problem was introduced for exactly this reason: to overcome certain trace
class issues, and the fact that the gluing problem on the model problem can be
solved exactly [26]. The second remarkable property of K(λ) and Kc(λ) is that,
using (4.2) and deriving formulas for the spectral invariants in terms of resolvents,
we prove that for ν ∈ R the spectral invariants can be expressed as

(4.3)
detζ(D2 + ν2,D2

C + ν2)
detζ((Dc)2 + ν2, (Dc

C)2 + ν2)

= C · detF (K(iν)Kc(iν)−1) · detF (K(−iν)Kc(−iν)−1),

for a constant C, where detζ(D2 +ν2,D2
C +ν2) := detζ(D2 +ν2) · (detζ(D2

C +ν2))−1

with a similar formula for the operators on the model cylinder, and

(4.4) η(D,DC)

= − 1
πi

(
lim

ν→∞
(
log detF (K(iν)Kc(iν)−1) − log detF (K(−iν)Kc(−iν)−1)

)
− lim

ν→0+

(
log detF (K(iν)Kc(iν)−1)−log detF (K(−iν)Kc(−iν)−1)

))
,

where η(D,DC) := η(D) − η(DC). Third, as ν → ±∞, we prove that

(4.5) lim
ν→±∞

detζ(D2 + ν2,D2
C + ν2)

detζ((Dc)2 + ν2, (Dc
C)2 + ν2)

= 1,

(4.6) lim
ν→±∞detF (K(iν)Kc(iν)−1) = a±,

where a+ = 1 and a− = detF U , and as ν → 0+, we have

(4.7) detF (K(±iν)Kc(±iν)−1) = (±ν)hM (detL)−1 detF
( Id + Û

2

)(
1 + o(1)

)
.

Using the aforementioned properties, we can now prove the gluing formulas “in
one shot”! For the ζ-determinant, we first find the constant C in (4.3). To do so,
we take ν → ∞ on both sides of (4.3), and use the limits in (4.5) and (4.6) to
obtain C = detF U−1 = (−1)hM · detF Û−1. Substituting this value into (4.3), then
using (4.7) and simplifying, we see that as ν → 0+,

detζ(D2 + ν2,D2
C + ν2)

detζ((Dc)2 + ν2, (Dc
C)2 + ν2)

= ν2hM (detL)−2 detF
(2Id + Û + Û−1

4

)(
1 + o(1)

)
.

However, we prove that as ν → 0+, the left-hand side has the asymptotics

detζ(D2 + ν2,D2
C + ν2)

detζ((Dc)2 + ν2, (Dc
C)2 + ν2)

= ν2hM
detζ(D2,D2

C)
detζ((Dc)2, (Dc

Cc)2)
(
1 + o(1)

)
.
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Combining this expression with the previous equality, then setting ν = 0, we obtain

detζ(D2,D2
C) = detζ((Dc)2, (Dc

Cc)2) (detL)−2 detF

(2Id + Û + Û−1

4

)
.

Finally, the main result of [26] tells us that detζ((Dc)2, (Dc
Cc)2) = 2−ζ

D2
Y

(0)−hY ,
which completes the proof for the ζ-determinant.

Before proving the eta invariant formula, recall that if f(t) is a smooth nonzero
complex-valued function on an interval [a, b], then the winding number W (f) ∈ Z

of f is defined by the equality

(4.8) log f(b) − log f(a) = Log f(b) − Log f(a) + 2πiW (f),

where log f(t) is any continuous logarithm for f(t) with t ∈ [a, b] and Log denotes
the principal value of the logarithm. In view of the limits (4.6) and (4.7), by
definition of the winding number (4.8), we have, modulo 2πiZ,

lim
ν→∞

(
log detF (K(iν)Kc(iν)−1) − log detF (K(−iν)Kc(−iν)−1)

) ≡ −LogdetF U,

where the integer defect is just the winding number of detF (K(λ)Kc(λ)−1) from
−i∞ to i∞, and modulo 2πiZ,

lim
ν→0+

(
log detF (K(iν)Kc(iν)−1) − log detF (K(−iν)Kc(−iν)−1)

)
≡

{
0, hM even,
−πi, hM odd,

where the integer defect is just the winding number of detF (K(λ)Kc(λ)−1) from
−iν to iν for ν > 0 sufficiently small. Substituting these limits into (4.4) completes
the proof for the eta invariant.
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