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Abstract We study the structure and asymptotic behavior of the resolvent of elliptic cone
pseudodifferential operators acting on weighted Sobolev spaces over a compact manifold
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as well as an analytic index formula.
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1 Introduction

In this paper we study the structure and asymptotic behavior of the resolvent of elliptic cone
pseudodifferential operators acting on weighted Sobolev spaces over a compact manifold
with boundary. Our results complete (and contain) the existing descriptions of the resolvent
of a cone differential operator (on Sobolev spaces), and provide a first account on the structure
of resolvents, heat kernels, and complex powers of pseudodifferential operators on manifolds
with conic singularities.

Resolvent and heat kernel asymptotics on conic manifolds have been studied by many au-
thors since the seminal papers by Cheeger [7,8]. For certain classes of first and second order
symmetric operators there are contributions by Callias [5], Callias and Uhlmann [6], Briining
and Seeley [2,4], and Mooers [33], to mention just a few. Lesch [22] generalized the
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techniques of Briining and Seeley and obtained more general results for selfadjoint
differential operators of arbitrary order.

Following Schulze’s approach for the study of operators on manifolds with edges, see e.g.
[36], the first author developed a parameter-dependent calculus (cf. [14]) that describes the
resolvent of an elliptic cone differential operator that is not necessarily selfadjoint. In partic-
ular, he introduced the appropriate notion of parameter-dependent ellipticity that guarantees
the existence of the resolvent and provides good norm estimates. In Sect. 4 we will show that
this ellipticity condition is not only sufficient but also necessary. Later in [24-26], following
Melrose’s approach [29], the second author studied the resolvent of elliptic cone differential
operators from a more geometric viewpoint. To this end, he developed a parameter-dependent
calculus that gives a precise description of the Schwarz kernel of the resolvent, providing
a more convenient framework to analyze heat kernels, zeta functions, and other geometric
invariants, see e.g. [15].

In the setting of resolvents of close extensions of a cone differential operator, there are
recent results by Schrohe and Seiler [35], Falomir et al. [11], and Falomir et al. [10]. More
recently, Gil et al. [18] proved the existence of the resolvent and sectors of minimal growth
for the closed extensions of a general cone differential operator. To the best of our knowledge,
resolvents of elliptic cone pseudodifferential operators have not been studied before in any
setting.

In this work we consider a cone pseudodifferential operator A € x—* \I’}’f (M), where
M is a compact manifold with boundary, x is a boundary defining function for M, w is a
positive real number, and \Ilf (M) is the class of b-pseudodifterential operators of order u,
as introduced by Melrose. Our main goal is to give a precise description of the resolvent
(A — 1)~ when A satisfies the aforementioned parameter-dependent ellipticity on a sector
A C C. We obtain an asymptotic expansion in X as |A| — oo, and use it to derive heat
trace asymptotics and zeta function expansions. For this purpose, we extend the existing
pseudodifferential calculi introduced in [24,25] and define two new classes of operators
arising in the parametrix construction used to analyze the resolvent.

As in the case of a differential operator, the construction of a good parameter-dependent
parametrix of A — A is crucial to describe the fine structure of the resolvent and its asymp-
totic behavior in A. However, when the given operator is not differential but rather a genuine
pseudodifferential operator, for instance /A, the parametrix construction requires a more
delicate analytic treatment. The general idea is to design a parameter-dependent pseudodiffer-
ential calculus tailoring the new features of the operators into the geometry of their Schwartz
kernels.

To illustrate the main technical difficulty in the parametrix construction for the operator
family A — A, let us discuss the related (but much simpler) situation of an operator in the
b-calculus. Given a parameter-elliptic b-differential operator A, one can construct a
parametrix B(1) of A — X such that

(A—NBO) =1+ RO, (1.1)

where R(}) is in the calculus with bounds, of order —oo, vanishing to infinite order as
L] — oo in A. For a b-pseudodifferential operator, the error term R(A) in (1.1) can only
be made to vanish to order —1 in the calculus with bounds. Nonetheless, this decay already
implies that R(A) — 0 as |A| — oo, thus 1 + R(A) can be inverted for large A, and
consequently, the resolvent exists and belongs to the calculus.

However, when A is a cone pseudodifferential operator, the additional weight factor x ~*
in A makes the situation more complicated: One can obtain an expression similar to (1.1),
but the boundary defining function x, the spectral parameter A, and the bounds, are all
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coupled in a way that the operator 1+ R (1) is unfortunately not invertible even for large 1. A
novelty of this paper is the development of two new parameter-dependent calculi with bounds
which incorporate the coupling of the boundary defining function, the spectral parameter, and
the bounds. We introduce these operator classes and show the corresponding composition
theorems. This will allow us to further modify R(A) and get a true residual term that decays
as |A| — oo, so that 1 + R()\) can be inverted within the calculus.

Once the resolvent of an elliptic cone pseudodifferential operator is understood, we use
its structure to study the corresponding heat kernels and complex powers. In particular, the
short-time asymptotic expansion of the heat trace obtained in this paper is used to get part
of an analytic index formula consisting of two terms; a term coming from the heat trace
asymptotics of an associated operator with no boundary spectrum, and a second term that
resembles the eta invariant. This formula relies on an index formula by Piazza [34] and on a
factorization theorem proposed by Schulze and proved by Witt [42].

‘We now outline the content of this paper. We begin in Sect. 2 by reviewing various conormal
spaces of functions on manifolds with corners as introduced in Melrose’s seminal paper
[28]. With this background, in Sect. 3 we define and discuss the new parameter-dependent
pseudodifferential calculi that are needed in Sect. 4 to construct a good parametrix for a
parameter-elliptic cone pseudodifferential operator. In Sect. 5 we use the structure of these
calculi to obtain resolvent, heat kernel, and zeta function expansions. Finally, in Sect. 6, we
discuss the index of the closure of an elliptic cone operator. The material of this section is a
version of [17].

2 Manifolds with corners, asymptotics, and b-operators

An n-dimensional manifold with corners Z is a topological space with C* structure given
by local charts of the form [0, D* x (=1, "%, where k can run between 0 and n depending
on where the chart is located in the manifold. Each boundary hypersurface H is embedded
and has a globally defined boundary defining function; a nonnegative function in C*°(Z)
that vanishes only on H where it has a nonzero differential.

Asymptotic expansions Let U = [0, 1)’; x (=1, 1);_". Then for a € R¥ the space of

symbols £¢(U) consists of those smooth functions u € C OO(ﬁ) of the form
u(x,y) =xi' - xFvlx, y),

where for each « and 8, (xax)“afv(x, y) is a bounded function.
Let N be the set of positive integers and let Ng = N U {0}. An index set E is a discrete
subset of C x Ny such that

o (z,k)e E= (z,¢)e Eforall0 <{ <k,and
e givenany N € R, the set {(z, k) € E | Nz < N} is finite.

If in addition, (z, k) € E = (z + £, k) € E for all £ € Ny, then E is called a C* index set.
For simplicity, we will use the words “index set” instead of “C° index set” unless stated
otherwise. A discrete subset D C C will be referred to as an index set by means of the
identification D = {(z,0) |z € D}.

Given an index set E, a function u € X(U) is said to have an asymptotic expansion at
x1 = 0 with index set E if, foreach N > 0,

u(x,y) = Z ¥ (logx ) ue @', y) 4+ xVun(x,y) 2.1)
(z.k)€E, Rz<N
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Fig. 1 Each of these coordinates together with coordinates on Y2 define projective coordinates on M[f near ff

with uy(x, y) € T4(U) and u(; ) (x', y) € 24 (W), where a = (a1, a’), x = (x1,x'), and
u = [0, 1)];71 x (—1, 1);’,_". Furthermore, given k > 0, the function u is said to have a
partial expansion at x; = 0 with index set E of order « if u admits the expansion (2.1)
for all N < «. In fact, it is sufficient to check that (2.1) holds for N = k. Observe that a
function has an asymptotic expansion at x; = 0 with index set E if and only if it has a partial
expansion at x; = 0 with index set E of any order x > 0. Note also that if E = &, then
the expansion property (2.1) holds for N = « if and only if u# vanishes to order « at x; = 0.
Asymptotic and partial asymptotic expansions at any other boundary x; = 0 are defined
similarly.

On a manifold with corners Z one can define asymptotic expansions at a hypersurface
H with index set E by reference to local coordinates. First of all, a function u € Coo(é) is
said to be in £9(Z), if for any patch U on Z and for any ¢ € C2°(U), the function gu is an
element of °(U). Let H, ..., H,, be the hypersurfaces of Z with corresponding boundary
defining functions py, ..., pm. For a € R™ we define

2UZ) = {py" - ppr v v e 0(2)).

A function u € X%(Z) has a partial expansion at H with index set E of order «, if for any
patch U = [0, 1)y, x U on Z with HN'U = {x; = 0}, and for any ¢ € C2°(U), the function
ou has a partial expansion at x; = 0 with index set E of order « in the sense described
above.

If € is a collection of index sets € = {Ep,, ..., Eq,} corresponding to some family of
hypersurfaces Hi, ..., Hy of Z, then we denote by Af (Z) the space of functions u € £4(Z)
for some a € R™ such that for each H, u has a partial expansion at A with index set Ey of
order k. Finally, we define

A% (z) = () AL (2).

k>0

Blow-up and pseudodifferential operators Let M be a smooth manifold of dimension n
with boundary ¥ = 9 M. Then the product M> = M x M is a manifold with corners in the
above sense. The blow-up M, l% = [M?; Y?] of M? along Y 2 (cf. [29]) is then a new manifold
with corners that has an atlas consisting of the usual coordinate patches on M? \ Y2 together
with polar coordinate patches over Y2 in M?2. For instance, if M2 = [0, 00), x [0, 00),/,
then M7 is the set [0, 00), x (S' N M%)y with (r,0) = (||(x, x)||, tan~!(x/x)). In this
paper we will work with the more convenient projective coordinates (x, x") > (x, t) with
t =x"/x,or (x,x") — (s, x") with s = x/x’. The boundary hypersurfaces Ib, rb, and ff (for
“left boundary”, “right boundary”, and “front face”, respectively) of M Z together with the
projective coordinates are shown in Fig. 1.
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Resolvents of cone pseudodifferential operators 69

Henceforth we fix a b-measure m on M and we denote by m’ the lift of m to M? under
the right projection M2 3 (x,x’) — x’ € M.

Definition 2.2 For u € R, the space \IJZ‘ (M) of b-pseudodifferential operators consists
of operators A on C®°(M) that have a Schwartz kernel K 4 satisfying the following two
conditions:

e Given g € Cfo(Mg \ Ap), the kernel 9K 4 is of the form k - m’, where k is a smooth
function on M, ,3 that vanishes to infinite order at the boundaries /b and rb.

e Given a coordinate patch of MZ overlapping A, of the form U, x R such that A, =
U x {0}, and given ¢ € C°(U x R"), we have

(9K 4) :/eiz'éa(y,f)dé-m’,

where y > a(y, &) is smooth with values in S('ffe (R™); the space of classical symbols of
order jt.

The space Diff} (M) of totally characteristic differential operators of order m is clearly
contained in W' (M).

3 Parametric pseudodifferential calculus

The spaces of parametric symbols and pseudodifferential operators discussed in this section
are intended to describe operator families of the form B(A — A)~!, where A and B are both
cone pseudodifferential operators on an compact manifold M, and A is a spectral parameter
living on a sector A C C. Our symbol calculus is somewhat related to the weakly parametric
calculus from Grubb and Seeley [20], see also [41].

Symbol spaces For i, p € R and d > 0 we define 74 (R"; A) as the space of functions
a € C®°(R" x A) such that

18200 a6, )| < Cap(1+ [ENAPTI (1 4 |g] + [a]1/d)p=dIBl,

The space Sﬂ’p’d(R”; A), p/d € Z, consists of elements a € SH-p-d (R A such that if we
set

a,z) =z, 1/2),
then a(&, z) is smooth at z = 0, and
0g 00 a(&, 2)| < Cop(1 + [ENHPTIHAIPL(L 4 |15 4)P/d=1P] 3.1
uniformly for |z| < 1. Further let Sféf’d(R"; A) be the space of elements a € SP¢(R"; A)

that, for every N € N, admit a decomposition

N—-1

a,r) = ZX(S)GM—,'(E,A)+FN(E,A), (3.2)

Jj=0

where ry € SLV PR A), x € CO(R™) with x (€) = 0 for |&] < L and x(&) = 1 for
|&] > 1, and where each a;, (£, 1) has the following properties:

o a,_;(88,890) = 8" Ja,_;(, ) forevery § > 0,
° zp/daﬂ_j(s, 1/z) is smooth at 7 = 0.
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Kd X Mb2 ‘J'd
Too Ir

Fig. 2 The manifold J; near infinity. Here, roc = 0 defines the boundary at |A| =

Example 3.3 Let a(£) be a homogeneous function in & € R” of degree ;t € R that never
takes values in a sector A for & # 0, and let b(&) be a homogeneous function of degree
u' € R. Given £ € Ny, set

q(E, 1) =bE)(aE) — 1"

Then, x(£)g(A, &) € S;’“Cze“’fe“’“(R”; A). Here, the cut-off function x (&) is needed
because a(£) and b(&) are, in general, not smooth at £ = 0.

Parameter-dependent operators We first review some spaces of parameter-dependent
pseudodifferential operators used to capture resolvents of cone differential operators (see
[24,25]). Henceforth we shall fix a boundary defining function o for ff. Recall that m’ denotes
the fixed h-measure m lifted to M? under the right projection M? 5 (x,x’) > x’ € M.

Definition 3.4 Given 11, p,d € R with p/d € Z and d > 0, the space W""”*(M; A)
consists of parameter-dependent operators A (X) that have a Schwartz kernel K 43 satisfying
the following two conditions:

e Giveng € C"O(M2 \ Ap), the kernel K 4(;,) is of the form k(o?x, q)-m', where k(%, q)
is a smooth function of (A, q) € A x M 2 that vanishes to infinite order in ¢ at the sets
Ib and rb, and is such that if we define k(z q) = zp/dk(l/z q), then k(z g) is smooth
atz =0.

e Given a coordinate patch of MZ overlapping A, of the form U, x R? such that A;, =
U x {0}, and given ¢ € C°(U x R"), we have

9K ag) = / ¢ a(y. £ 0N dE ),

where y — a(y, &, 1) is smooth with values in S’L D d(R” A).

Let [A; {0}] be the sector A blown-up at at the origin; that is, A with polar coordinates
taken at A = 0, let A denote the stereographic compactification of [A; {0}] in the Riemann
sphere. Coordinates on A near the blown-up origin are pg = || and & = A/|A|; near A = 00
the coordinates are poo = |A|™' and @ = A/|A|. Letd > 0 and let Ay = AV x e A)
so that the radial coordinates on Ay are ry = |A|'/? near the origin and 7o = |A|~1/4 near
infinity.

We consider (see Fig. 2)

= [Ad x Mj: {re = 0} X ffy]. (3.5)
the blow-up of Ay x Mg along {roo = 0} X ff;,, where ff}, is the front face of Mg.
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Resolvents of cone pseudodifferential operators 71

The blown-up manifold T, has eight boundary hypersurfaces, five of which are illustrated
in Fig. 2, namely, fi (face at infinity), bi (boundary at infinity), and the three hypersurfaces
b, rb, and ff, induced by the corresponding boundaries of the manifold M g. The other three
hypersurfaces are {ro = 0} and the endpoints of the angular variable 8. Because we are
interested in asymptotics for |A| near infinity, these three hypersurfaces will play only minor
roles.

Assumption 3.6 From now on, all functions depending on A, either implicitly (as functions
on Ty, for instance) or explicity (as functions on A), are assumed to be smooth in 6 = A/|A|
and symbols of order zero at {rop = 0}.

‘We now use the notation from Sect. 2 to describe the various residual classes of pseudodif-
ferential operators with asymptotics that appear in the parametrix construction of parameter-
dependent elliptic operators.

Definition 3.7 Let & = (Ep, Ey, Ef, Ef, @) be an index family for Ty associated to
the faces (b, rb, [f, fi, bi). We denote by W, w’d’S(M ; A) the space of those parameter-
dependent operators A()) that have a Schwartz kernel of the form K, = k - m’ where
k € A€(T,). Thus k defines a function on Ty that vanishes to infinite order at bi and have
asymptotic expansions at the hypersurfaces b, rb, ff, and fi, determined by the index sets
Ep, Erp, Ef, and Ej, respectively.

Two new parameter-dependent residual classes In order to capture the resolvents of elliptic
pseudodifferential operators we need to introduce two new classes of smoothing operators
satisfying only conormal bounds. We begin by recalling the calculus with bounds (cf. [29,
Sect. 5.16]).

Definition 3.8 Leta > 0andlet & = (&, &, Np) be the index family on M[f associating the
empty sets to its left and right boundaries, and Ny to its front face. The space ¥, % (M)
denotes the class of operators A having a Schwartz kernel of the form K4 = k - m’/, with
k e Aff LM bz) for some ¢ > 0. More precisely, if p; and p, are boundary defining functions
for the left and right boundaries of Mg, then the function p,” “"Ep2 k is a symbol in
»%(M?) having a partial expansion at the front face of M} with index set No of order « + ¢.

Definition 3.9 Let N € Nand d > 0. For m € N we define \IJ,;O;’[I(M; A) as the space
of those parameter-dependent operators A(A) whose Schwartz kernel K 4(;) is of the form
k(0%x, q) - m’ with k(x, ¢) satisfying the following properties:

(a) For some ¢ > 0, ,odefspr_Nd_Sk is a symbol in SO0(A x Mg) having a partial

expansion at the face A x ff with index set Ny of order Nd + &. Again, p; and p, are
boundary defining functions for /b and rb in M, g,
(b) Foreach N’ < N,
N'—1
kOnq) = > 27 i@+ 2Nk (1. ).

J=m

where f; € A5y, 1, (M7) with€ = (2, @, No), and ky satisfies (a) with Nd replaced
by 2Nd — N'd. If m > N, then we disregard the summation and require instead
k(A,q) = 2 Nkn(r, q), where ky satisfies (a).

The next lemma relates the two parameter-dependent spaces introduced in Definitions 3.4
and 3.9; the proof follows immediately from the definitions.
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Lemma 3.10 If p/d € —N, then for any N € N,
WP M ) € W M A), m = —p/d.

Our next space of operators is a calculus with bounds version of the space W, oo.d,€ (M; A)
introduced in Definition 3.7.

Definition 3.11 Let& = (Eyp, Ep, Ef, E) be anindex family for T associated to the faces
(Ib, b, ff, fi). Then we define \IJA_,OO'd’E (M; A) as those parameter-dependent operators A (A)
that have a Schwartz kernel of the form K 4(;) = k - m’, where & is a symbol on Ty, of order
Nd at bi, that satisfies:

e Given ¢ € C*(T,) supported near fi, ¢ k is in A}%,d_’_g (T4) for some ¢ > 0.
e Given ¢y € C*®(T,) supported away from fi, ¥ k is the kernel of a parameter-dependent
operator in W;f’ﬁ,’d(M i A).

Observe that
W E (M A) = () WROCE (M ).
NeN

Lemma 3.12 We have
Wy M A) Wt (M A,

where & is the index family on Ty given by & = (&, &, Ny, Np).

Proof Let A() € W3y (M; A) and let K40y = k(g% q)m' be its kernel with all the
properties described in Definition 3.9. In particular, the operator A()) with kernel k (2., q)mw
is such that ANAV()») belongs to s0(A, \IJ}:OO’N‘I(M)). By definition, we only need to analyze
k(0?x, ¢) locally in coordinates near the face fi. By symmetry it suffices to consider the kernel
only away from one of the lateral boundaries of Mb2; for instance, away from the left boundary
Ib. Since our kernels are smooth in & = A/|A| and in the variables on the boundary, we shall
omit these variables in what follows. Thus consider the coordinates ¢ = (x,¢) € U C M?2,
with x defining ff and r = x’/x defining rb, see Fig. 1. If p = |A|, then for some ¢ > 0 we
can write
kGh,q) = 1" g (o x, 1),

where g is a symbol in £°(R, x U) that can be expanded in x at x = 0 with index set N
of order Nd + ¢. In particular, k has a partial asymptotic expansion at t = 0 with index set
E,, = @ of order Nd + «.

We now lift k(x?1, ¢) to Ty. Near ff and fi, the variable r = p~!/? defines fiand v = x/r
defines ff, and in these coordinates,

k(x¥n, q) = N g(v?, ru, 1),

The asymptotic properties of g imply that g(v¢, rv, 1) can be expanded in r and v with index
set Ng of order Nd + €. On the other hand, near fi and bi, x defines fi and w = v~ ! defines
bi, and in these coordinates,

k(xh, q) = tNFegw™4 x, 1).

Now, since ANA(2) € SO(A, ¥, N4 (7)), the function g can actually be written as
g(p,x,t) = p~Nh(p, x, 1), where h is a symbol in EO(R+ x UW). Therefore,

k(xdk, q) = tNd+8deh(w_d, x,1).
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M3

Blow up
—
corner first —

Blow up
axes next

Fig. 3 The blown-up manifold M 2 and its boundary hypersurfaces

The asymptotic properties of g imply that #(w~¢, x, t) can be expanded in x at x = 0 with
index set Ny of order Nd + €. In conclusion, we have proven that k defines a function on
T, that vanishes to order Nd at bi and has partial expansions of order Nd + ¢ with index
sets £, = @, Efy = No and Ef = Ny. The same is true with rb replaced by [b, thus

AL € W8 (M3 A) with € = (2, @, Ny, No). o

Composition of pseudodifferential operators In order to prove essential composition prop-
erties of our new parameter-dependent spaces, we need to review how b-pseudodifferential
operators are composed. Let A and B be operators on C°°(M) with Schwartz kernels K 4
and K g, respectively, that are smooth on M? and vanish to infinite order at the boundary
Y% = 9M?. Then we know that AB is also a smoothing operator, and

Kap(u,w) = / Ka(u,v)Kg(v, w). (3.13)
veM

We can write this purely in terms of pullbacks and pushforwards of distributions as follows.
Let g, s, e : M3 — M? be the maps

arp(u, v, w) = (u,v), ws(u,v,w)=@w,w), xcu,v,w)=u,w)

(F, S, and C stand for “first’, ‘second’, and ‘composite’). Writing K4 = k4 m’ and K =
kp m’, where k 4 and kg are smooth functions on M? vanishing to infinite order at the boundary
Y2, we have

(émapKan§Kp)(u, v, w) = ka(u, v) kv, w) m@)m@v)m(w),

where on the left-hand side, m represents the fixed b-measure on M lifted to M 2 under the
left projection, that is, m(u, w) = m(u) forall (u, w) € M?.In particular, mimarKaniKp
is a density on M3 and so its pushforward to M? under ¢ is well-defined. By (3.13) and the
definition of the pushforward (¢). we get

mKap = (mc)s(mEma KA 1iKp). (3.14)

This identity shows that we can determine the Schwartz kernel of A B by analyzing pullbacks,
products, and pushforwards of the kernels K4 and K p. Now, since our operators are actually
inW lf (M), in order to get a similar identity for the Schwartz kernel of A B, we first introduce
the blown-up manifold M 2.

The manifold M g is defined by blowing-up (that is, introducing polar coordinates around)
the manifold Y3 in M?> and then blowing-up the submanifolds coming from the codimension
two corners of M3. The manifold M g along with its various faces are shown in Fig. 3. Let
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TTF.bs TS b> TC.h M,f — M,f be the maps 7 r, s, mc expressed in the polar coordinates of
M g and M g. Then we can express the composition (3.14) in terms of these new maps:

mKap = (ﬂC,b)*(nZ‘,hmn’;,bKA JT;]?KB). (3.15)

Written in this way, m, K4, Kp, and K 4p are understood to be lifted to M, 13. The formula
(3.15) is the key to proving composition properties of our parameter-dependent operators.

Composition theorems for parameter-dependent operators We begin by stating a com-
position result whose proof is almost exactly the same as the proof of [24, Theorem 4.4], so
we leave out the details.

Theorem 3.16 We have
WP R) 0 VW (M A) © T WETEPTP (.
The following theorem is proved in [25, Proposition 4.1].
Theorem 3.17 We have
WM 0 xV WM A € XV (s A
and
WP M A) o xVW (M) C xR (A,

This theorem states that the parameter-dependent spaces W,*” ’d(M ; A) are closed under
composition with cone pseudodifferential operators. We next consider how these spaces
behave under composition with the calculus with bounds and their parameter-dependent
versions. The next theorem is established by following the proof of [25, Proposition 4.2],
taking into account the bounds. To avoid reproducing the proof of loc. cit., we shall omit the
details.

Theorem 3.18 Let v, u € Randd,m, N € N. Let € = (Eyp, Evp, E¢p, Efi).
(i) \I/,;’O[f,'d(M; A) is closed under compositions with x"\IJg (M).
(i) If B € x"W}' (M) and R € Wy (M; A), then
BR € x" W (M; A) and x7"Rx" € Wy (M A,

where €, = (Ejp — v, Epp +v, Efp, Efi).
(iii) Let p/d € —N. For any N > 0, we have

W, 2NV ) o WP (M A) € W (M A,
WP M A) o w2V by w0 (M A,
where m = —p/d;
W25 (M3 A) 0 WET (M A) € W, (M ),
,0.d —00, —00,
WM A) 0w, S (M A) € L N (M A,

where m = min{m', —p/d}.
(iv) \IJA_,OO’d‘S(M; A) is closed under composition with \I/f’p‘d(M; A), for instance,

WEPAM: A) 0 W E (M A) € W E (M .
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s rb

T

rb W

Fig. 4 Projective coordinates and projections on U

We next consider composition in our first new parameter-dependent calculus.

Theorem 3.19 We have

d

—o0o.d —o0o.d —
W, N (M A) oW, UM A) C W, T (M A,

m

where N = min{N1, N»}.

Proof Since W, v (M: A) € W, (M: A) and ‘I’ﬁ?v’f (M: A) € W, 25" (M; A), which
follows from the definition of these spaces, we may assume that N = N; = N,. Thus given
Aew, V(M A)and B € W, % (M; A), we need to show that AB € W, % | (M: A).
To simplify the notation, we assume that M = [0, 1), and A = R;. The argument in the
general case is basically the same, the main difference being the appearance of the tangential
variables on Y that make the proof notationally more complicated. We will use projective
coordinates (see Fig. 1).

In the following, we denote by x, x’, x” the coordinates on the left, middle, and right factors
of M3 = [0, 1)? and we assume that m = |dx /x|. To show that AB € \Dn:fn;‘,i’N(M; A), we
use the formula (3.15) above. To do so, we will assume that the lifted kernel né’ pm 71; »Ka
7§, Kp is supported in a neighborhood U C M 2 of the intersection of mb, ff, and Fb (see
Fig. 3). On U we introduce projective coordinates as follows. First, we blow-up the origin
in M3 and define, away from the hypersurface {x” = 0}, the coordinates (s, s’, x”") with
s = x/x” and s’ = x'/x”. Next, we blow-up the x”-axis to get Mg, and define on U the
coordinates (s, ¢, x"") with t = s’ /s = x’/x. In conclusion, we get the projective coordinates

x/

(5,6,x") €U with s = — and =~ (3.20)
X X

By definition, 7 (s, £, x”) is the image of wr(x, x’, x”) = (x, x") written in coordinates
(x,x'/x) on sz. Similarly, s 5 (s, z, x”') is the image of wg(x, x’, x”) = (x', x”") written
in coordinates (x’/x”, x”"). The appropriate choice of projective coordinates on M b2 for the
images of 7 and 7y is illustrated in Fig. 4. By means of (3.20) we finally get

mEp(s, 1, x") = (sx", 1), wsp(s, 1, x") = (st,x"). (3.21)
Let Uy = mr ,p(U). In the coordinates (x, t) € U; (see Fig. 4), the kernel of A is of the

form K4 = kl(xdk, x,t)|dx’/x'|, where for some & > 0, I_Nd_gkl(k, X, t) is a symbol in
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YO(R, x Uj) that can be expanded at x = 0 with index set Ng of order Nd + . Moreover,
foreach N/ < N,

N'—1
ki x. = > a7 i )+ 2V k(o x 0, (3.22)
j=m
where all the coefficients satisfy the properties listed in Definition 3.9.

Let Uy = 755 (W). In the coordinates (s',x”) € U, (Fig. 4), the kernel of B is of the
form Kp = ko((x”)4%, s, x") |dx" /x"|, where for some &€ > 0, (s") Y9 ¢ky(A,s’, x") is a
symbol in (R, x Uy) that can be expanded at x” = 0 with index set Ny of order Nd + ¢.
The function k(1 s”, x") also admits an expansion similar to (3.22) with the obvious change
of variables. Using the formulas for g ;, and 7F 5 in (3.21), it follows that on U,

dsdtdx”

md " 1I\d "
e pmap , Kamg , Kp =ki((sx”) A, sx”, 1) ka((x")*, st, x") -

stx

Furthermore, 7¢ (s, £, x”) is the image of 7¢(x, x, x”") = (x, x”") written in coordinates
(x/x",x") on sz, thus
mep(s, 1, x") = (s, x").

By the definition of pushforward,

dsdx”

Sx//

(mep)s(m ymmf , Kamwh ,Kp) = k3((x")n, s, x")

3

where d
t
ka(h, s, x") = /k1 (s%x, sx”, 1) kz(k,st,x”)T

From the properties of A and B it follows easily that s V9 ~¢k3(A, s, x”) is a symbol in
2R, x Us) having a partial expansion at x”” = 0 with index set Ny of order Nd + e.
Moreover, the formula (3.22) corresponding to k (denoting the coefficients by g; instead of
f;) implies that given N’ < N,

N'—1
. dt
- d
ka(h, s, x") = E At /kl(s Aosx”, 1) gj(st, x") ’

j=m

/ dt
+A7N /kl(sdk,sx”,t)kz,N/(A,st,x”)7.

Now for each j, expanding k{ (X, x, r) in A up to order N’ — j, we find that

N'—1
ksGusoxy = D 27 )+ 27V ko (s ), (3.23)
j=m+m'

where
j—m

. dt
—(j—0)d
hj(s,x") = E s—0=0 /fj_g(sx”,t)gg(st,x”)—t

t=m'
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z" z" t
b b b
m Fb Fb il
’ ’
S €T
S/ F ¢t s f s/ Cb
u A% W
i ati ins 3
Fig. 5 Three representative coordinate patches on M}
and
N'—1 dt
k3 (h, s, x") = Z s~ 7")d/k1’N/_j(sd)»,s,x”) gg(sl,x”)T
j=m'

dt
+/k1(sdk,sx”,t) kz,N/(A,sz,x”)T.

It remains to verify that the coefficients in the expansion (3.23) have the properties required
in part (b) of Definition 3.9. For the £ ;’s this follows from the corresponding properties of the
functions f;j_, and g¢. In particular, expanding these functions at x” = 0 according to (2.1)
we get the required expansion for /. Notice that these expansions are partial expansions
with index set No of order 2Nd — jd + {¢d for f;_, and 2Nd — £d for g¢, which are both of
order greater than 2Nd — jd. Therefore, the resulting asymptotic expansion for & (s, x”) at
x” = 0 is of the same type. The properties of k3 y(%, s, x”") follow in a similar manner. O

Remark 3.24 In the previous proof, we restricted ourselves to a neighborhood U C M 2 =
[0, 1)2 of the intersection of the faces mb, ff , and F'b (see Fig. 3). Butin fact, in this model case,
we need six coordinate patches to cover the entire manifold. However, by symmetry, there are
only three patches that require slightly different treatments. For instance, we could choose
in addition to U a neighborhood V of the intersection of Fb, ff, and Ib, and a neighborhood
W of the intersection of ff, Cb, and Ib, to complete a set of representative local coordinates,
see Fig. 5. Since the calculations on V and W are similar in nature, and in order to avoid an
overloading of technical computations, we decided to skip them. Nonetheless, to demonstrate
these different treatments without repeating our arguments, in the proofs of Theorems 3.27
and 3.29 we will work on V and W, respectively.

For index sets E and F, we define the extended union of these sets by
EUF=EUFU{(z,k+¢+1]|(z,k) € E, (z,£) € F}. (3.25)

Given & = (Epp, Eyp, Ep, Ef) and T = (Fjp, Fyp, Fy, Fy), we define the index family
&6F = (G, Grp, G, Gy) as follows:

G1b=E1bU(EﬁL+FIb)7 Grb=(Erb+Fﬂ)UFrb’
Gy = (Eg + Fp) U(Ep + Frp).  and G = Eji + Fj.

Our second new parameter-dependent space has the following properties.

(3.26)

Theorem 3.27 Provided that E,;, + Fjp, > 0, we have
W (M A 0 W T (M A) € iy ET (s A,

Proof Let A € W3¢ (M; A) and B € Wy™"7 (M; A). We will use the formula (3.15)

toshowthat AB € \P;w’d’ Sag(M; A). Asin the previous proof, we assume that M = [0, 1),
and A = R,. We also use projective coordinates near /b on the product [0, 1)12) (see Fig. 1).
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Let x, x’, x” be the coordinates on the left, middle, and right factors of [0, 1)3 and assume
that m = |dx /x|. In this proof we now assume the lifted kernel 7/ ,m 7}, K4 7 Kp tobe

supported in a neighborhood V C M, g of the intersection of Fb, ff, and Ib (see Fig. 3). On 'V
we may use the coordinates

!/
/

/ s . X X .
(s,s",x") withs = = and s = — (see Fig. 5).
X X

The projections 7r p, 7s 5, and ¢ p all map V onto a neighborhood of /b in M,f, and we
have

Tpp(s, s, x") = (s,5'x"), wep(s, s, x") = (", x"),

F.b( ")y =( ), Ts.b( ) =( ) (3.28)
mep(s, s’ x") = (ss, 1.

If r = A=/ and v’ = x'/r, thennear Ib in Ty, we can write K 4 = k{(r, s, v')|dx’/x'|, where
for some ¢ > 0, ki (r, s, v') has expansions at r = 0, v = 0, and s = 0, with index sets Eg,
Eyr,and Ejp of order Nd + ¢, respectively, andforv’ > 1,k;(r, s, v") = (v/)"Ni— skl (r,s,v")
where k| (r, s, v') is a symbol of order 0 in v’ and has expansions at r = 0 and s = 0 with
index sets E; and Ey, of order Nd + ¢, respectively. Similarly, Kp = ka(r, s, v')|dx’ /x|
where k»(r, s, v’) has analogous properties as ki (r, s, v') but with index sets given by F.
Using the formulas in (3.28), it follows that

dsds'dx”

S/x//

wlymry , Kang ,Kp =ki(r,s,s'x"/rky(r,s", x" /r)

Hence, as ¢ p (s, s', x”") = (ss’, x”"), by the definition of pushforward, we obtain

dsdx’

)
sx’

(e.p)« (ncbmﬂFbKAnSbKB) =k3(r, 5, V) | ——

where

d /
k3 (r, s, v") = /k1 (r, /' sV )ka(r, s, 0) =
N

Now the asymptotic properties of k; and k, together with Melrose’s pushforward theorem
(see [24, Appendix]) imply that k3(r, s, v") has expansions at r = 0, s = 0, and v' = 0, with
index sets Ej; + Fy, Eﬁc + Fyr, and Ey V] (Eg + Fp) of order Nd + ¢, respectively. Moreover,
forv' > 1, ka(r, s,v)) = (v')"Nd— 8k3(r s, v") where kg(r s, v) is a symbol of order 0 in v’
and has expansions at r = 0 and s = 0 with index sets E; + Fj; and Ej, u (Ef + Fp) of
order Nd + ¢, respectively. O

Finally, we consider the composition of our two new parameter-dependent spaces.
Theorem 3.29 We have
W M A) 0 WONE (M A) € WO (M ),
Wy E (M A) o W, N (M A) € WO (M .

Proof LetA € \IJm N (M' A)and B € \Ifoo'd’e(M' A). As in our previous proofs, we will

use the composition formula (3.15) to show that AB € W, o0,d,€ (M; A). Agam we consider
= [0, 1)x, A = R, and introduce the following coordmates on [0, 1)? ; (see Fig. 1):

, X x’

(s,x") near [b, and (x,t) near rb, wheres = = and t = —

X X

(3.30)
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Let x, x’, x” be the coordinates on the left, middle, and right factors of [0, 1)3 and assume
that m = |dx/x|. According to Remark 3.24, in the present proof we will assume that the
lifted kernel 5 ymm; , Ka 75, Kp is supported in a neighborhood W of the intersection
of ff, Cb, and Ib in Mg (see Fig. 3). Here, we may use the coordinates (s, x', 1) € W,
where s = x/x" and r = x”/x’ (see Fig. 5). The projections 7¢ 5 and 7F ; map W onto a
neighborhood of /b in M, g, and 7g , maps W onto a neighborhood of rb. Moreover, in the
coordinates (3.30) on M g near [b, we have

wrp(s, x', 1) = (st,x"), mep(s, x',t) = (s, x'1), (3.31)

and near rb, we have
wsp(s,x' ) = (x',1). (3.32)

Near /b in Mg, we can write K4 = ki ((x)%A, s, x")|dx’ /x|, where for some ¢ > O,
s—Nd—ep, (A, s, x’) is a symbol of order 0 in all variables that can be expanded at x” = 0 with
index set Ng of order Nd + ¢, and for each N’ < N, k; can be written in the form

N'—1
ks x) = D a7 fiGs,x) + 27V fy s, x), (3.33)

j=m

where fy/(A, s, x) satisfies the same conditions as kj (X, s, x’) but with N replaced by
2Nd — N'd, and for each m < j < N’ — 1, fj(s, x") satisfies the same conditions as
ki (X, s, x’) but with Nd replaced by 2Nd — jd; of course, without the condition (3.33). If
v = x/r where r = A~1/ then near rb in Ty, we can write Kz = ko (r, v, 1)|dx’ /x|, where
for some & > 0, k»(r, v, t) has expansions at ¥ = 0, v = 0, and ¢ = 0, with index sets Ej,
Ey, and E;;, of order Nd + ¢, respectively, and for v > 1, ka(r, v, 1) = p~Nd- Ekz(r v, 1)
where k2 (r, v, t) is a symbol of order O in v and has expansions at r = 0 and ¢ = 0 with
index sets Ej; and E;p, of order Nd + ¢, respectively. Using the formulas for 7r ; and 7
in (3.31) and (3.32), it follows that on W C M3,

dsdtdx’

i ymhy Ka i, Ks = ki ()4, st, o (r, X'/, r)‘

= k1((x /l’) st, x )k2(r X /r t)‘dsdtdx

since r = A~ Y4 Hence, as we.p(s, x', 1) = (s, x't), working out the definition of pushfor-
ward we obtain

sdx

(e, p)« (nc bmnF »Ka nS »KB) = k3(r, v s)‘

where

ka(r, v, s) = /kl((vl/t)d, st,rv)ky(r, V' /t, z)?.

Using the asymptotic properties of ky (k, s, x") given in (3.33) and the asymptotic properties
of kp(r, v, 1), one can show that k3(r, v/, s) has expansions at r = 0, v/ = 0, and s = 0,
with index sets Fﬁ, Fy, and @ of order Nd + ¢, respectively, and for v’ > 1, k3(r, v/, 5) =

(v)~Nd- 5k3 (r, v, s) where k3 (r, v/, s) is a symbol of order 0 in v" and has expansions at
r = 0and s = 0 with index sets Fy; and & of order Nd + &, respectively. O
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4 Resolvents and parametrix construction

In this section we let # > 0 and consider a cone pseudodifferential operator A € x "W Z‘ M),
where x is a boundary defining function for d M and \Ill’: (M) is the class of b-operators, cf.
Definition 2.2. It is well-known (see e.g. [29] or [37]) that A can be extended as a bounded
operator

A xYHF (M) — x*7"H, (M), @.1)

where the space Hlj (M) is defined as follows. We fix a b-measure m and let Ll%(M) be
the Hilbert space of square integrable functions with respect to m. For s € N, the space
H (M) consists of all u € Li(M ) such that Pu € L%(M ) for every differential operator
P € Diff; (M). For an arbitrary s € R, the space H; (M) can be defined by duality and
interpolation.

Remark 4.2 For s > s’ and « > o' the embedding x* H; (M) — x"‘/H[j'/(M) is continuous.
If @ > o, then it is compact if s > s’, Hilbert-Schmidt if s > s" + %, and trace class if
s >s' +n,wheren =dim M.

For A ex™" \lll’f (M) we let bau (A) be the totally characteristic principal symbol of x* A
in \Ill’f (M). The operator A is said to be b-elliptic if boM(A) is invertible on T*M \ 0,
where ?T*M denotes the h-cotangent bundle, cf. [29]. The Fredholm property of (4.1) is
determined by the indicial family (or conormal symbol) A (z) associated with A. It is defined
as the operator family

A(Z) : CO) — CO(Y) : u > x* AT |y,
where Y = 0M and u is some extension of u. The set
spec,(A) = {z € C|A(z) : H*(Y) — L?(Y) is not invertible}

is called the boundary spectrum of A.If A is b-elliptic, then its boundary spectrum is discrete
and we have the following result, cf. [21,29,31,37].

Theorem 4.3 IfA € x’“\lfff(M) is b-elliptic, then for every a € R suchthat spec,(A)N{z €
C |3z = —a} = @, the operator (4.1) is Fredholm for every s € R.

In order to ensure the existence of the resolvent and be able to describe it within our
calculus, we need a natural notion of parameter-dependent ellipticity that resembles Agmon’s
condition at the symbol level and takes into account the singular global behavior of the
operator near the boundary. Following [14] we will define the parameter-ellipticity with help
of a model operator A , living on the model cone Y := Ry x Y. More precisely, with A we
associate the operator

AN CO(YN) = C¥N) tu > lin})Q“KngA(WKQ_lu), (4.4)
Q—)

where «, is defined by (kou)(x, y) := u(ox,y), ¢ > 0, and where ¢ and ¢ are smooth
functions supported in a collar neighborhood of Y (= dM = dY") so that Vi, "4 and
PAWYK, 14) can be regarded as functions on both manifolds M and Y*.

On Y” it is convenient to introduce Schulze’s (cone) Sobolev spaces K**(Y ") for s, a €
R, defined as follows. Let w € C2° (Ry) withw(r) = 1 near r = 0. Then the space K**(Y")
consists of distributions u such that wu € r*H;(Y"), and such that given any coordinate
patch U on Y diffeomorphic to an open subset of S"~! and function ¢ € C 2°(U), we have
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(1 —w)pu € H*(R") where Ry x §"~! is identified with R” \ {0} via polar coordinates. By
definition, we have
KOO(Y™) = HY(Y") = Ly(¥ ™).

These spaces have been systematically considered by Schulze in his edge calculus, see e.g.
[36,37]. For A e x"‘\ll,‘f (M), the associated model operator A, extends as a bounded
operator A, : KS*(YN) — K5~ H(Y ") forevery s, a € R.

Definition 4.5 Let A € x”‘\llg (M) and let A be a sector in C containing the origin. The
operator family A — X is said to be parameter-elliptic on A with respect to o € R, if and
only if

(@) Y0, (A)(&) — Ais invertible for all £ # 0 and A € A,
(b) Ar—A:KS*(YN) — KSTHAH(YN) is invertible for every A € A sufficiently large,
and for some s € R.

These conditions imply that spec, (A) N {z € C|Jz = —a} = @.

It is worth mentioning that in Definition 4.5(b) the cone Sobolev space X*:*(Y”) cannot
be replaced by the weighted space x* H; (Y"). This is a consequence of Proposition 4.18 and
the following elementary observation.

Lemma 4.6 Let A, be as in (4.4) and let u > 0 be such that K** (Y ™) is a proper subspace
ofx“Hlf(YA).IfAA : x“Hf(YA) — Ll%(YA) is invertible, then A , : KMH(Y™) — Li(YA)
is not surjective.

Proof Letu € x* H;(Y“) \ KH-#(Y") and assume that A, is surjective. Then there exists
a function v € K" such that A,v = A u € L%(YA). Butv € x*H, (Y") and A, is
injective, so u = v € X** which contradicts the assumption on u. O

If A C C is a sector not containing the positive real axis, then every operator A €
x"HWI(M) such that A : x*Hj (M) — x*"*H, "(M) is positive and selfadjoint, is
parameter-elliptic on A with respect to «. This follows from Proposition 4.18.

Example 4.7 (cf. Example 3.3 in [15]) Let M be a compact n-manifold with boundary and
let g be a Riemannian metric on M which, near the boundary, coincides with the cone metric
dx? + x%gy, where gy is a metric on Y = M. The corresponding measure is of the form
x"m for a b-measure m. Let A, be the Laplace-Beltrami operator associated to the metric g.
This operator is symmetric on L>(M, x"m) = x—"/ 2L,27(M ) and therefore, the operator

A= —x"PTIA x4 17202 € x 2R (M) (4.8)

is symmetric on x_lLi(M ) for every real number a. For u € C°(M) supported near the
boundary, we have

Ay = x 2 (()cDx)2 — Ay + % + az) u,

where Ay is the Laplacian corresponding to gy. For a > 1 the boundary spectrum of x>A
does not intersect the strip {o € C||Jo| < 1} so that A with domain beZ(M) is positive
and selfadjoint in x‘lLi (M). In particular, A — A is parameter-elliptic with respectto o = 1
on any sector A C C contained in the resolvent set of A.

Example 4.9 Let A be the operator (4.8). If T € x! \IJ; (M) is symmetric on x! L%(M),
then the operator A+7 with domain x Hb2 (M) — th (M) is also positive and selfadjoint, and
therefore parameter-elliptic with respect to « = 1. Observe that T : Hb1 M) - x7! le) (M)
is bounded.
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We are now ready to prove that our parameter-dependent operators capture the resolvent
of a cone pseudodifferential operators. We begin by defining certain index sets that appear
in Theorem 4.11. We define

Ef(@) = {(z+r,k) |r € No, T = Fiz € spec,(A) +ip,

.
I <k+1<> ord(t —ipFif), and Nz > +(e — p)},
=0

where the order of a pole T € spec, (A) of the inverse of the conormal symbol A (t) is denoted
by ord(t). Setting E*(a) = E* (o) U E*(e) and E (o) = NU(E T () + E (), we define

&(@) = (ET (), E- (), E(a),Ny), where E¥(a) = EFX(@)UET (). (4.10)

Theorem 4.11 Let A € x_“\IJ;f(M), > 0, be such that A — A is parameter-elliptic on A
with respect to some o € R. Then for A € A sufficiently large,

A= x*Hy (M) — x*"H~"(M)
is invertible for any s € R, and
(A=) ex W T (M A) 4 xPWORE@ (M A,
where E(a) is the index family defined in (4.10). Moreover, for « = . = s we have that
(A—=n"" 1 L3(M) — x"H (M) (4.12)
is uniformly bounded in ).

Proof Let (x,y) € U = [0, ¢)x X R"~! be local coordinates near the boundary of M and
let a, (x, y, &) denote the totally characteristic principal symbol of A. Given ¢ > 0, let
x € C®(R") with x(§) =0 for |§] < ¢ and x (&) = 1 for |&]| > 2¢. Let

bop(x, 3, 1) = x(E)au(x, y, &) —x"1)~! (4.13)

Observe that (x', ', z), where z = (log(x/x’), y — y’), are coordinates on Mg near Ap.
Given ¢ € C°(U) and ¥ (z) € C°(R") where ¥ (z) = 1 on a neighborhood of z = 0,
define the Schwartz kernel of B()) by

Kpoy =o', Y)Y (2) / b, (Y ENdE -,

where m’ = |(dx’/x")dy’|. Then, by definition, B(1) € W, """ ~""(M; A) (cf. Example 3.3).
Since the principal b-symbol of Ax* is also a,,, and

(au(x,y,8) —x" W) by(x,y. &, MxE) =1+ (x &) - 1),
the composition properties of the b-calculus show that
(A—=2x"BM) = (Axt —x*0)BRL) =9 —SA) + T, (4.14)

where S(1) € W "7*(M; A), and the Schwartz kernel of T is given by

Kr =9, y) ¥ (2) / e (x(&) —d g -w.
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Since x (&) = 1 for |&] > 2¢, x(§) — 1 = 0 for |£] > 2¢, which implies that T is a
b-pseudodifferential operator of order —oo with a symbol supported in |£| < 2¢ and whose
Schwartz kernel K7 — 0 in the C* topology as a smooth function on M [f. In particular, the
mapping properties of b-pseudodifferential operators [29] imply that the Ll% norm of 7 tends
to 0 as ¢ — 0. If U is a coordinate patch on the interior of M, a similar argument shows that
given ¢ € C2°(U), thereis a B(A) € W T (M A) such that (4.14) holds.

Let {u,»}{\’: | be coordinate patches covering M such that, as in (4.14), there exists a
Bi(A) € W, (M A) satisfying (A — MDx#B; (L) = ¢; — S;(A) + T;, where S; (L) €
W TR (M A), and where ¢; is a smooth function supported in U;. Setting Bo(A) =
vazl Bi(A) € W, (M; A) and assuming that the ¢; form a partition of unity of M,
we obtain

(A—=Mx*By(A) =1 — So(A) + T, (4.15)

where T € W, (M) and So(r) € W " "**(M; A). Theorem 3.16 shows that So(1)/ €
WM ) for each j. Thus we can choose Sj(1) € WL THE A A) such that
So) ~ Z;i 1 So(A)7, where the right-hand side is an asymptotic sum. This implies that
(I = SoONU + S5(M) =1 = Ri(M), Ri(A) € W 7K (M; A).
Multiplying both sides of (4.15) by I + S,(A), we obtain
(A=Mx*Bi(A) =1-S8()+T,

where Bj (1) = Bo(A) + Bo(M)Sj(h) € W """ (M; A) by Theorem 3.16, and Sj (1) =
Ri(A) — TSH(A) € W™ 7"*(M; A) by Theorem 3.17.

By choosing ¢ > 0 sufficiently small, we may assume that / + 7 is invertible. The inverse
of I + T is of the form I + T’ where T’ € \Il;oo”g(M) for some 8 > 0 that depends on
the width of the strip on which the conormal symbol of T is invertible. Moreover, since
”T”Li — 0 as ¢ — 0, the arguments found in [29, Chap. 5] imply that 8 > 0 can be
choosing arbitrarily large by choosing ¢ > 0 smaller. Choose any N >> 0 and let ¢ > 0 be
chosen so that 77 € W, 002N (M). Then multiplying both sides of the previous displayed
equation by I + T’, we obtain

(A=2)xFBy(d) =1 — S2(M), (4.16)

where Bo(A) = Bi(A) + Bi(W)T' € W, " (M; A) + \ylfj’v"*“(M; A) by Theorem 3.18,
and S>(A) = S1(A) + SI(MT’ € \IJ;;,O’“(M; A) by Lemma 3.10 and Theorem 3.18. By
Theorem 3.19, $3(A) € W, " (M; A), which implies that Sy(1) = 305 (07 €
W V(M5 A) satisfies

(I = 50U+ $00) =1 = S50, S300) = WY € Wy (M: A).
Multiplying both sides of (4.16) by I + §}(1), we obtain
(A—)x"B3(0) =1 — S$3(3),

where B3(h) = Ba(A) + Ba(R)Sy(h) € WM A) + W T (M A) by Theo-

rems3.18and3.19, and by Lemma 3.12 we have §3 (1) € Wy y" (M: A) € W35 (M A)
where € is the index family on T, given by £ = (&, &, Ng, Np).

Finally, using the localized inverse (A, — )~ ! (which exists by condition (b) in Defi-
nition 4.5) one can modify the parametrix x* B3(A) to get a remainder term that decays as
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1/]|A]. Then, by means of a standard Neumann series argument, this new parametrix can be
further refined to obtain the exact resolvent. The difficulty is to understand the pseudodiffer-
ential structure of the resolvent which requires understanding the structure of (A, — 1)~
This analysis is rather long but can be done following the same arguments as in the proof of
Theorem 6.3 in [24]. The conclusion is that

(A =171 e xPWT TR (M A) + xS (M A) + P (M A,

where F = (Fjp, Frp, Fr, No), with Fp, > a — u, Fyp > —(a — ), and Fy > 0. Now, since
WS (M A) € WO T (M A) and WO (M A) € W™ (M A), and since
N can be chosen arbitrarily large, it follows that

-1 —[, =, . —00, i, F .
(A =27 extW_ Tl (M A) + x0T (M5 A),

According to [29, Theorem 5] or [27, Theorem 4.4], we know that for fixed A, the resolvent
(A = 2)7! has expansions at b, rb, and ff, with index sets E*(a), E’(a), and E(a),
respectively. It follows that F must equal the index set («) given in (4.10). This proves the
first statement of the theorem.

The norm estimate for (4.12) essentially follows from corresponding estimates for x** By (X)
and (A, — A)~!. First of all, observe that (A — )~! € L(L2(M), x* H} (M)) is uniformly
bounded in A if and only if ||(A — 21 ”L(Lﬁ(M)) =0O(r|7") as [A] = oo.

That ||XMBO()“)||L(L§(M)) =0O(r"Has|A| > ccisa consequence of the fact that the

Schwartz kernel of By() is locally given by the symbol (4.13). On the other hand, the norm
estimate for (A, —A)~! on L% (Y") is a direct consequence of its k-homogeneity properties.
More precisely, for every o > 0 we have

(An =071 =0y (An = 0" W) k.
Setting ¢ = |A|~'/# and using that Ko is an isometry on Li(YA), this gives
AN =2 Mg @zwny = AN = D e @2y
Hence |[(Ax — )~} ez = O(r"Y as || = oo. o

Composing the resolvent with itself N times, we obtain
(A - )\-)_N [S XNM\I—’C_NM’_NM’M(M; A) + le’L\IjC_OO»M»SN(OK) (M; A)

where the index family €y (o) is defined inductively from the index family &€(«) using
the composition Theorems 3.16, 3.18, and 3.27. For instance, for N = 2 we can choose
e2(a) = (o) Ue(ar), Ue(a),0e(a), where e(a),, is the shifted index family from Theorem
3.18. Further, composing (A — 1)~V with a b-pseudodifferential operator B and using again
Theorems 3.17 and 3.18, we obtain the following corollary.

Corollary 4.17 Let A € x‘“ll-'g (M), i > 0, be such that A — A is parameter-elliptic with

respect to some o on A. Then given any B € x_”\lf;:/(M), v, W €R, for A € A sufficiently
large, we have for any N € N,

B(A — 1)~ e xNuovgt' =N =N (pp. gy 4 xNRv gm0t En@ Ay,

We finish this section showing that the invertibility condition (b) in Definition 4.5 is
necessary for the resolvent to be uniformly bounded, cf. [18, Theorem 4.1]. Although we do
not discuss here the condition on bau (A), it can be proved (as in the case of a regular operator
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on a smooth compact manifold, cf. [40]) that (a) is also a necessary condition. It implies that
Ap — A KSH(Y D) — KS~H2= 1 (YN) is Fredholm, so its image is closed.

Proposition 4.18 Let A € x”‘\ll;f(M), u > 0, be such that A — X\ : x“HlﬁL — le, is
invertible for all . € A with |A| > R for some R > 0. If the resolvent

(A=n"" 1 L3(M) — x"H (M)
is uniformly bounded in A, then A, — A : KHH(YN) — L%(YA) is invertible for every
A e A\ {0}
Proof The assumptions on A — X and (A — 1)~ ! imply that, if u € x“HéL(M), then
(A = Mullo = Cllullu (4.19)

for some constant C > 0, where || - ||, denotes the norm in x" Hy (M). From this estimate
we will derive the injectivity of A, — A : KK (Y) — L}%(YA).

Letv € CSO(IO/A) and pick Uy C M suchthatUy = [0, ¢) x Y forsomee > 0.Leto > 0
be small enough so that Kg’lv € KH*H(Y") is supported in [0, €) x Y, so it can be regarded
as a function in x“Hé‘(M) supported in Uy. Let ¢, ¥ € C2°(Uy) be such that ¢y = 1 on
supp(/cg_lv) and gy = 1. We have

l(@"kop APy = Mvllo = 0"l (9A — 0 MYk, 'wllo
= 0" l(pA =0 MY, o
> 0"(A — 0 * 1 vl — " (1 — @) Ay wllo
since k, is an isometry on L}% and ¢ = 1 — (1 — ¢). Note that (1 — @)A1y is a smoothing

operator, so the second norm on the right-hand side of the inequality is uniformly bounded
in o. On the other hand, for o < 1 we can apply (4.19) and get

1A — 01Ky " vllo = Cllky vl = Co™ [[v]] -

Thus, for o small,
||(Q“I<g</>z‘\1ﬁlcg_1 —Mllo = Cllvll, + 0(").

Taking the limit as o — 0, by (4.4) we get
[(AA = Mvllo = Cllvll, (4.20)
for every v € CSO(IO/A). Since this space is dense in K*#(Y"), (4.20) also holds for every
v € XK*H(Y") and we get the injectivity of A, — A on KHH(Y").
Finally, note that the invertibility assumption on A — A implies the invertibility of the
formal adjoint A* — A : Lg(M ) = x"HH, " (M). By the previous argument, this implies

the injectivity of A% — A : LI%(Y Ny — KX~H~H(Y"), and consequently, the surjectivity of
Ap =Lt KHE(YN) — LEYM). o

5 Asymptotic expansions

To obtain an asymptotic expansion of B(A — 1)~ we will use the following known lemmas
whose proofs can be found in [25, Appendix A].
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Lemma 5.1 Suppose that u(x, y) is a compactly supported on [0, 1)* with expansions at
x = 0and y = 0 given by index sets not necessarily C* Ejp and E,p, respectively. Then the
function v(x) defined by

1 1

d d
v(x) =/u(X/y,y)7y =/u(y,X/y)7y,
0

0

can be expanded at x = 0 with index set Ej,UE, .

This lemma is a special case of the “Pushforward Theorem” due to Melrose [28]. As
discussed in [19], this theorem is related to the “Singular Asymptotics Lemma” due to
Briining and Seeley [4].

Lemma 5.2 Let f € C*(Ry) vanish to infinite order as x — 00 and suppose that for some
a € C, we have
(xdx —a) f(x) = gx), (5.3)

where g(x) can be expanded at x = 0 with index set E, not necessarily a C*™ index set. Then
f has an expansion at x = 0 with index set E U {a}.

We are now ready to prove our main result concerning asymptotic expansions of resolvents
of pseudodifferential cone operators.
Theorem 5.4 Let A € x”‘lIJ,f(M), u > 0, be such that A — X\ is parameter-elliptic on A
with respect to some . Then, given any B € x P \I/;f (M) with B, i’ € R, for N sufficiently

large, B(A — AN xTHH (M) — x“*“*ﬁH,‘j_”/(M) is trace class for every s € R,
and

o0
TrBA -0 ~ijoe D {ak + bi log A + cx (log A)2} AW Fn=k)/u=N
k=0

o0 o0
+ Z [dk + ex logA]A(ﬂ_k)/“_N + Z fir TN (5.5
k=0 k=0
Moreover, by = 0 unless k € (Ng + ' +n — B) U (uNg + u/ + n); ¢ = 0 unless
ke uNoN Ny — B) +u + n; and e = 0 unless k € uNy + B.

Proof By Corollary 4.17, for & € A sufficiently large, we can write
B(A =) =F()+ G,

where F e xNu=Byl NNt yr Ay and G e xNe—PumEN@ (1. Ay Hence
F() € xVi=Bwl Vi (pry and G(1) € xNi=Bw, 2 EN@ (1) for every . Thus by their
mapping properties and Remark 4.2, the operators F (1) and G(A) are both trace class if
N is large enough. We assume u' — N < —n. The expansion (5.5) will be achieved by
expanding Tr F (1) and Tr G(1).

Step 1: We begin by showing that, as |.| — oo in A, we have

o
TrG(L) ~ ZakN—")/M—N, ap € C. (5.6)
k=0
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If A = M is the diagonal in M2, then TrG(L) = fM KGoyla. By the definition of
xN“_ﬂlIJC_OO’“’SN(a)(M; A), on the interior of A, Kg(;)la vanishes to infinite order as
[A] = o0o. Thus we may assume that K )|a is supported in a neighborhood [0, 1), x Y of
M near Y. Let r = |A|"'/# and @ = A/|A|. Then, integrating out the variables on ¥, we can
write (forr < 1)

1/r
_ dx
/KG(A)|A = /XN“ 'SG(KQ,X/”)Y
M 0

1
d
= rN”_ﬁ/xN“_ﬁG(r,O,x)—x (x = rx),
X
0

where G(r, 0, v) is a function smooth in » up to r = 0, smooth in 6, can be expanded at
v = 0 with index set Ey g(a) > 1 — N, and vanishes to infinite order as v — 0. Since
G(r,0,v) is smooth at r = 0, as r — 0T we have

o0
Tr G ~ D g(0) rVe P
k=0

for some gx (8), smooth in 6. Since r = |A|~'/# and G (1) is holomorphic in A, this expansion
is really an expansion in X (cf. [25, Proposition 5.1]), which proves (5.6).

It remains to prove an asymptotic of Tr F(A) as [A| — o0o. If ¢ € C*° (M) vanishes near
the boundary Y, then the trace of ¢ F'(1) can be analyzed using techniques similar to [20],
for instance. The result is

o0 oo
Tr@F(A) ~pioroe D fa + bilog i) A0 FH—0MN 4 37 ko,
k=0 k=0
where by =Ounless k € (Nog+ ¢/ +n — B) U (uNg + 1’ + n).

Thus it suffices to assume that F (1) is supported in a collar [0, 1), x Y. By taking a
partition of unity of Y, we may assume that F (1) is supported in a coordinate neighborhood
in the Y factor. Also, as with the expansion for Tr G (1), we only need to prove an expansion
of the form (5.5) with A replaced by r —# and coefficients that depend smoothly on 8 = A/|A|.
In other words, we will prove the expansion

o0
Tr F(A) ~rot z {ak(Q) + bi(9) logr + cx(8)(log r)2} pNu—p =ntk
k=0

+ > ® + @ togr | VAL ST f@)r R (5.7)
k=0 k=0

Note that 6 appears only as a parameter, so we may assume without loss of generality that
A = [0, o). We will complete our proof in two more steps.
Step 2: We reduce (5.7) to an application of Lemma 5.1. Using the definition of

xN“*ﬁ\I/f‘LLN“’fN"’“(M; A) and integrating out the Y factor of [0, 1) x Y, we can write

1
Tr F() ://xN“*ﬂa(x,é,x"k)dS%x,

0 R"
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where a(x, £, 1) € C([0, 1), S*; VNI (RE: A)). By assumption, i/ — N < —n,

r,cl
so the integral in £ is absolutely convergent. If r = A~!/#  then

1

dx
TrF(A):/A(x,r/X)T,
0

where A(x, z) = xVi—F fR" a(x,&,z7")dE. Let ¢ € C®°(R,) be such that ¢(z) = 1 for
z <land ¢(z) =0 for z > 2. Then, forr <1,

1 1/r

Tr F(A) = /go(r/x) Ax, r/x)a;—x + /(1 —@(r/x)) Ax, r/x)ci—x. (5.8)
0

0

We analyze the asymptotics of each integral as r — 0. For the second integral, we make
the change of variables x +— rx, which gives

1/r 1

dx dx
/(1 —o(r/x)) Alx, r/X)7 = /(1 —o(1/x)) A(rx, 1/x)7. (5.9
0 0

Since A(rx, 1/x) = rx0)N*F [o,a(rx, &, x*)d & and Nu — B > 0, the integral (5.9)
converges absolutely. Moreover, since a(x, &, 1) is smooth at x = 0, (5.9) has an expansion
at r = 0 with index set Nu — B + Np. Thus the second integral in (5.8) contributes an
expansion of the form given by the second sum in (5.7).

It remains to analyze the asymptotics of the first integral in (5.8). Note that A(x, z) has an
expansion at x = 0 with index set Nu — B + Ny since a(x, &, A) is smooth at x = 0. Thus,
as ¢(z) A(x, z) is compactly supported in z and x, we can apply Lemma 5.1: if A(x, z) has
an expansion at z = 0 with some index set E, then the first integral in (5.8) has an expansion
asr = A~V — 0% with index set EU(Nu — B + No) (see (3.25) for the definition of U).
In the following step we will show that

E = (uN + puNo)U(Np — p' — n 4+ No).

Step 3: Since the asymptotics of A(x, z) at z = 0 do not depend on x, we may omit the x
variable. Thus it suffices to determine the asymptotics of

AQz) = /a(é,z_“)d‘é atz =0,
Rn
where a(&, 1) € s;f;;N“**N“’“(R"; A). Let x(£) € C°(R") be such that x (§) = 0 near
& =0 and x (&) = 1 outside a neighborhood of 0. Then, given L € N, expanding a(A, ) in
its homogeneous components, we can write

L—1
A@R) =D Ar@) + RL(2).
k=0
where for each k,
Ar(2) Z/X(S)ak(é,f”)dé (5.10)
Rn

@ Springer



Resolvents of cone pseudodifferential operators 89

with ai (&, 1) anisotropic homogeneous of degree u' — Nu — k, and where Ry (z) =
[rE. 27" d & with rp(E,2) € SETVHTLINII R AY Tn particular, ry (8, z7H) =
ZMNF (€, ) where 7 (£, w) is smooth at w = 0 and satisfies estimates of the form (3.1).
These estimates imply that Ry (z) can be expanded to higher and higher order at z = 0
with index set uN 4+ uNp as L is chosen larger and larger. Thus it suffices to analyze the
asymptotics of each Ay (z) atz = 0.

Recall that ax (&, A) has the following properties:
o ap(8&,8M0) = s Ni—kg (&, 1) for § > 0,
o ap(&, 77 = 7MNa (&, 7) with @i (€, w) smooth at w = 0.

Now, making the change of variables £ > z7'£ in (5.10) and using the homogeneity
properties of a;, we get

M) = e ae nds,
]er
Lety = Nu—u' —n+k. Since (z(‘)Z — y)zy =0and z9; x(§/2) = —(§ - 9¢ x)(§/2) where
& - 0g = > &j0g;, we have

(20 — ) Ax(2) = —zy/(s e E/D aE D E
R"

—/(Sﬁgx)(é)ak(é,zf“)dé

R

_ —z*‘”/@ ) () (€, M) d &
R”l

by means of the change & — z& and due to the properties of ay. Since the function (& -9¢ x ) (§)
is supported in a compact subset of R” \ {0}, the last integral is absolutely convergent and
so it can be expanded at z = 0 with index set u N + uNy. Hence, Lemma 5.2 implies that
A (z) can be expanded at z = 0 with index set (uN + uNo)U(Nu — ' — n + k). Thus, as
A(z) is an asymptotic sum of the A;’s, A(z) itself can be expanded at z = 0 with index set
(WN + uNo)U(Nu — ' — n + Np). This completes the proof of the theorem. ]

Let A be a sector of the form
A={,eClegy <arg(r) <2m —gp forsome 0 < g9 < 1/2}.

LetAex™# \D,’)L(M ), > 0, be such that A — A is parameter-elliptic on A with respect to
some «. Then the heat operator of A can defined as the Cauchy integral

2w
T

A = L/e*“ (A—2)"dx, (5.11)

where T is an counter-clockwise contour in A of the form
YT=a+{LeC|arg(h) =45or arg(A) =2mr — 6}, a<0, g¢g <é<m/2.

Integrating by parts N — 1 times, we can rewrite (5.11) as

—tA i (_[)_N+l —tA —N
= ﬂm/e (A—=2""VdAx. (5.12)
T
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The asymptotic analysis from [1, Sect. 4.6] applied to the expansion (5.5) induces the
following theorem.

Theorem 5.13 Let A € x™* \Ilff (M), u > 0, be such that A — X\ is parameter-elliptic on

A with respect to some «. Then, given any B € x# lI/;f (M) with B, i/ € R, the operator
Be A is trace class for t > 0, and

o0
TrBe ' ~ ot D {Olk + B logt + yi(log t)z} k='=m/n

k=0
o0 o0
+> [ak e 1ogz]t<k—ﬂ>/“ + > etk (5.14)
k=0 k=0

Moreover, B, = 0 unless k € (Ng + ' +n — B) U (uNg + u' + n); yx = 0 unless
ke uNoN Ny — B) +u +n; and g = 0 unless k € uNy + B.

Now suppose that (A — 1) ! exists on a neighborhood of A. Then as in [15] one can show
that the complex power A® of A exists and defines an entire family of b-pseudodifferential
operators satisfying AAY = A*™¥ for z,w € C. Using the following formula for the
complex powers in terms of the heat operator

1 7 d
t
A? = /fze”A —, Nz <<O,
I'(=2) t
0

we can write

1
7)) =TrA*= ——M —2),
NE) Fe M
where M(f)(z) is the Mellin transform of the function f(r) = Tr(e '4). Applying the
results on the poles of Mellin transforms found in [1, Sect. 4.3], using the expansion (5.14) of
Tr(e_’A) as t — 0, plus the fact that 1/ I"'(—z) vanishes for z € Ny, we obtain the following
theorem that generalizes Seleey’s results, cf. [39].

Theorem 5.15 (Analyticity of the Zeta function) The zeta function {4 (z) is holomorphic for
Nz < —n/p and extends to be meromorphic on C, with (possible) simple poles on the set
{k%” |k e Ng} and (possible) triple poles on the set {ﬁ | k € No, ﬁ o4 No}.

6 Properties of the index

At last we consider the problem of finding the index of the closed extensions of a b-elliptic
differential cone operator A and give a formula for the index of its closure. To this end we
first prove that, for the purpose of index calculations, some significant simplifications can
be made. In fact, one can reduce the problem to the case where the operator has coefficients
independent of x near d M, and even more, one can assume D nin (A) to be a weighted Sobolev
space. These results show that simplifying assumptions made by various authors in the past
can indeed be used without lost of generality.

Invariance properties of the index Let M be a smooth compact manifold with boundary.
Let A € x " Diff}! (M) be b-elliptic, & > 0. We regard A as an unbounded operator
A:CP(M) C x"Li (M) — x”Li(M) and denote by Dpin (A) the domain of the closure of
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A. It is convenient to assume v = —u/2; we can always reduce to this case by conjugation
with xV+#/2 Tt is known (cf. [16,22]) that every closed extension Ap of A on x‘“/ng (M)
is Fredholm with index

ind Ap =ind Ap_;, + dim D /D ;.

Note that dim D /D, is completely determined by the boundary spectrum of A. In this
section we will give an analytic formula for the index of Ap_,, using the heat trace asymptotics
obtained in the previous section.

We shall need the following lemma which also establishes the notation.

Lemma 6.1 On Dy (A), for e > 0 small enough, the operator norm
lulla = Nell =gz + WAl w22
and the norm
lullae = Netll e 2 + AU 22
are equivalent.

Proof Recall that the embedding x*/2—¢ Lg s x~W 2le7 is continuous for ¢ < p. The

equivalence of the norms follows from the continuity of (Din(A), || - |4) — xH/2—e Lg
which is a consequence of the closed graph theorem. O
Write D, = —i %. The operator A = x~* P is said to have coefficients independent of

x near the boundary if (x Dy)P = P(xDy) near M. Write A = Ag + xA; with Ag having
coefficients independent of x near M. Let ¢ € C°(R), ¢ = 1 near 0. Furthermore, for
T > 0let o = ¢(x/7) and let

Airp = @rAo+ (1 — ¢r)A.
Clearly, A and A[;] have the same conormal symbol (indicial family).
Proposition 6.2 For small enough t > 0 the operator Ay is also b-elliptic and therefore
Dmin(A[r]) = Dmin(A). Moreover, as T — 0, Ajz] — A in the graph norm of A. Thus, on
D min (A),

ind A[T] =ind A

for every small T > 0.

Proof Let %o,,(A) denote the totally characteristic principal symbol of A. Then,

Pom(Are) = ¢c "o (Ao) + (1 = ¢r) "o (A)

= ¢: "o (A) + (1 = 90) "om(A) — xg; Yo (A1)

= Yo (A) — 1: "o (A1)
with ¢; = (x/7)@(x/7). Since ¢ is bounded, T ¢ is small for t small, and thus the invert-
ibility of %o, (A) implies that of %o,,(A) — t; %0, (A1) for such t. Hence Ajy) is b-elliptic
too. Since A and A[;] have the same conormal symbol, we have from [16, Proposition 4.1]
that Dmin(A[r]) = Dmin(A).

Further, from the b-ellipticity of A it follows that there is a bounded parametrix Q :

xVHy — xV+“Hlf+”’ such that

R=1—-QA:x"H; — x"Hy°
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is bounded for all s and y. Write
A — A =x9 Al = x9: A1QA + x9 AR
=190; A1 QA+ xp:AIR.
Now, A;Q : x#/2L7 — x~*/2L? is bounded, 50 if u € Din(A), then
@ A1 QAull -2y < c Tl AUl —pp2p2 < cTllulla
Write xg: AR = 7!7¢(£)! =9, x* A| R and note that
XSAIR : xMPELE 5 x2S
in continuous. Then using Lemma 6.1 we get
e At Rull g2 < ET' llullunepz < '~ llulla

Altogether,
1A = Apepuell gz < C 7' lulla

and thus Aj;) > Aast — 0. O

Remark 6.3 Norm estimates related to those obtained in the previous proof can be found in
the book by Lesch [22, Lemma 1.3.10].

In general, Dy, is not a Sobolev space. The problem lies in the possible presence of
elements of spec,(A) along the line Jo = —u/2. However, for index purposes, one can
conveniently reduce the analysis to a slightly modified operator whose closure has a Sobolev
space as its domain.

Proposition 6.4 Let A be b-elliptic. Let A, = x* A, and regard it as an unbounded operator
on x_(“_e)/sz (M). If ¢ > 0 is sufficiently small, then

Ap 1 x WO (M) — x~ WO L)

is Fredholm, and

indA; =ind Ap_, .
Proof Write A = x™#P with P € Diff}’ (M). Let n > 0 be so small that there is no
o € spec,(A) with u/2 —n < J0 < p/2 or —u/2 < J0 < —u/2 + n. The kernel
of A on tempered distributions x "> H,~ (M) is the same as that of P, which we denote
by K (P). Recall that Dpax(A) = {u € x H/2L2 | Au € x */?L2}. The kernel Kmax(A)
of A : Dmax C x_“/zLi — x‘“/zLi consists of those elements of K (P) whose Mellin
transforms are holomorphic in J¢ > 11/2; since these elements belong to x~*/ 2le7 and
Au € x—H/ ZL%. That is, their Mellin transforms are holomorphic on Jo > /2 — . Thus
Knax(A) = Kmnax(Ag) if 0 < & < 7. On the other hand, the kernel Kpyjn(A) of A :
Dmin C xH/ zLi — x M 2L§ consists of those elements of K (P) whose Mellin transforms
are holomorphic in Jo > —u/2; indeed in [16, Proposition 3.6] it is shown show that
Dmin = Dmax N x*/>7MH™ Thus if & < 5 then Kmin(A) = Kmin(A,). Consequently,
dim Kin(A) = dim Kin(Ae).

Finally, note that the formal adjoint of A in x K 2le7 is A* = x #*P*, where P* is
the formal adjoint of P in L2, and likewise A% = x~#*¢P* Now recall that the Hilbert
adjoint of Ap,,, is A* with domain D,y (A*), so the first part of the argument yields
dim Kmax (A*) = dim Kmax (A}). O
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Index formula According to the previous discussion, we can reduce the computation of the
index of the closure of a b-elliptic differential operator A to the case where A has coefficients
independent of x near d M and such that

A xMPHM (M) — xTHPLE(M) (6.5)

is Fredholm. Under these assumptions, we will give a formula for the index of A in the spirit
of [3,9,12,13,22,23,32,34,38] that holds even when A is pseudodifferential.

Recently, Witt [42] proved a factorization theorem for operator-valued elliptic Mellin
symbols. Using his result, it follows that there is a cone pseudodifferential operator B with
empty boundary spectrum, and a smoothing Mellin operator H, such that A — B(1 + H) is
compact. This implies

ind A = ind(B(1 + H)) = ind B + ind(1 + H).

Note that %,,(A) = %o,,(B) and specy, (A) = spec, (1 + H). In other words, this formula
separates the index contributions from the totally characteristic principal symbol and the
boundary spectrum of A.

We first discuss the index of B : x“/zHé" (M) — x_“/zLi(M).

Lemma 6.6 If B € x~ /W' (M) is b-elliptic with spec, (B) = @, then

indB=Tre "8 —Tre 85" for1 >0, 6.7)
where B* is the formal adjoint of B.
Proof In general, the Hilbert space adjoint B* of B on x*/ 2L,z7 is not equal to but rather
a closed extension of the formal adjoint B*. However, since spec,(B) = @&, we also have
spec, (B*) = @ and therefore Dyip(B*) = Dpax(B*) = x“/szm. Thus B* must be equal

to B* with domain x*/>H "> 50 (6.7) is nothing but the well-known Mckean—Singer identity.
O

The identity (6.7) is not always true because B* may be different from the Hilbert space
adjoint B*. The condition on the boundary spectrum of B is what makes it work. The conse-
quence of the previous lemma is that since B* is a cone pseudodifferential operator, we can
apply our results from Sect. 5 to get an asymptotic expansion of the right-hand side of (6.7)
as t — 0, and obtain

ind B = w(B, BY),

where w (B, B*) is the constant term in the expansion.
On the other hand, it follows from Piazza [34] that

ind(1 + H) = —n,2(0, 1 + H),
where (cf. also [30,32])

N 1 d - N _
Mu20. 1+ H) = 5— / Tr (d—aH(a)(l + H(0)) 1) do.
So=—un/2
As a consequence, we obtain the following index formula.
Theorem 6.8 Let A = B(1 + H) as above. Then the index of (6.5) is given by
1 d .
indA = w(B, B*) — — / Tr (d—H(a) 1+ H(a))*l) do.
o

2mi
So=—u/2
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