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Configuration Spaces

Let X be an arbitrary space. A configuration
of n strands on X is an unordered n-tuple of n
distinct points in X. The configuration space
of n points on X, UC"X, is the set of all pos-
sible n-strand configurations.

UC"X = (N"X\Diag)/Sn

A loop in a configuration space corresponds to
identical objects running around on X without
colliding and returning to the initial configura-
tion. An equivalence class of loops is a braid.

BnX = mUC"X



Classical and Graph Braid Groups

A classical Artin braid group is on the unit disc:

B, = mUC"D?
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A graph braid group is on a graph:

BplT = mUC"T

Graph braid groups can model motions of robots
on factory floors.



Discretizing Configuration Spaces

A graph ' has a CW-complex structure, so
M™r has a product CW-complex structure.

An open k-cell is an ordered collection of k
edges and n — k vertices of I.

Define

Diag' = {c € N"I|c N Diag % 0}.

Definition. The unlabelled discretized config-
uration space UD"™I of n strands on [ is the
quotient

UD™ := (N"\Diag’)/Sn.

Under most circumstances, the unlabelled con-
figuration space of I is homotopy equivalent to
UD™I. Specifically:



Theorem (Abrams). For any n > 1 and any
finite graph I with at least n vertices, the un-
labelled configuration space of n points on [
strong deformation retracts onto UD"[" if

1. each path between distinct vertices of de-
gree not equal to 2 passes through at least
n — 1 edges;, and

2. each path from a vertex to itself that can-
not be shrunk to a point in " passes through
at least n + 1 edges.

Such a graph is sufficiently subdivided for n.
We always assume sufficient subdivision.



Some Known Results

. (Ghrist) UC™ is a K(Bpl,1)

. (Ghrist) uc"r S X where dim X < #{v €

|deg(v) > 3}

. (Abrams) UD™I is is locally CAT(0), so
graph braid groups have solvable word and
conjugacy problems

. (Crisp, Wiest) Graph braid groups embed
nicely in right-angled Artin groups, and so
are linear, biorderable, residually finite, and
residually nilpotent



Discrete Gradient Vector Fields
Let X be a finite regular CW complex, with
K; the set of open :-cells. A discrete vector

field W on X is a sequence of partial functions
W, . K; — K;41 such that:

1. Each Wj; is injective,
2. if W;(¢) =7, then o < 7;
3. im (W;)ndom (Wi-|—1> = (.

A W-path is a sequence of p-cells og,01,...,0r
such that o;,41 # o; and o;41 < W(oy).

Definition. A discrete gradient vector field is
a discrete vector field W such that W has no
non-stationary closed W-paths.



A cell o € im W is collapsible. A cell o €
dom W is redundant. A cell ¢ € X\(im W U
dom W) is critical.

Theorem (F, S; cf. Brown; cf. Forman).
Let X be a finite regular connected CW com-
plex with a discrete gradient vector field W.
Then:

7T1(X) = <Z | R>7

where 3 is the set of positive critical 1-cells
that aren’t contained in T', and

R = {r(w)|w a boundary of a crit. 2-cell}.

If there is a unique critical O-cell (and there al-
ways will be), this presentation is unique given
W and is called the Morse presentation.



Graphs

Let [ be a finite simplicial graph. If v € VI, the
degree of v is d(v). If d(v) > 3, v is essential.
Let T be a maximal tree.

Pick x € VIT with d(x) = 1. Embed T in RZ2.
Define < on VI'= VI by numbering VT with
a clockwise traversal of T' from x.

18 17 16

Number edges adjacent to v from O in order of
traversal. Each edge numbering is a direction
from v. For v % %, the edge 0 from v is e(v).

If e € ET", the endpoints of e are «(e) and 7(e),
where (e) > 7(e). If e € '\T, e is a deleted
edge.



Defining W for a Graph

Letc e UD"l. If v € ¢, v is blocked in c if v = x
or e(v) Nc; # O for some i. Otherwise, v is
unblocked and (¢c—{v}+{e(v)}) is a reduction.

If e € ¢, eis not order-respecting if e is a deleted
edge or v is adjacent to 7(e) and 7(e) < v < «(e)
for some v € c.

Definition (F,S). For ¢ a cell of UD"T",

1. Traversing T from x, if an unblocked ver-
tex is hit before an order-respecting edge,
Wi(c) = (c —{v} 4+ {e(v)}); ¢ is redundant.

2. If an order-respecting edge is first, c € im W;
c i1s collapsible.

3. Otherwise, W(e) is undefined; c is critical.

Theorem (F,S). W is a discrete gradient vec-
tor field on UD"I .



Examples: The tree T7,,;,
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Observations

Theorem (F, S). Let ', T, W, be as before.
Let D be the number of deleted edges. With

minor assumptions, the Morse presentation for
Byl has

d(v)—1

D+ y: y: [(n-l-d(fu)—Q)_<n+d(fu)—z’—1)]

: n—1 n—1
veV (T) =2
essential

generators.

Corollary (Ghrist). If I is a radial tree - i.e.

has exactly one essential vertex, v - then B,
is free of rank

d(v)—1

Z [<n+d(fu)—2) _(n+d(v)—i—1>].

P n—1 n—1
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Theorem (F,S). Let " be a tree and ¢ a crit-
ical cell of UD"I". Let

k := min { gJ H{vel|vis essentia/}}.

Then dime < k. In particular, UD"™I" ”eﬁf X

where dim X < k.

Theorem (F, S; cf. Mautner). Let

k := min { {n + 12_X(F)J H{ver®|ovis essentia/}}.

UD" % X where dim X < k.
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Presentations

Theorem (F,S). For[ a tree, B,IT has a Morse
presentation where generators are critical 1-
cells and relators are reduced forms w(c) of
boundaries of critical 2-cells ¢, which are ex-
plicitly given....

A corner is an essential vertex A and 0 < 1 <
j < d(A).

Corners < critical 1-cells at essential vertices.

Theorem (F,S). For any I, B>IT has a Morse
presentation P, where the generators of P con-
sist of all corners plus all deleted edges, and the
relations of P are

[L(e))Au(en)] o [re)Au(e;)]

e .

g €y

J

[e(ei)nT(ej)] i [m(ej)AT(ei)]
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Examples

e BjsT,,,;, has 24 generators and relators:

1@ 1@ 1 @ 1 @\ /1 @
A c A D
0 2 0 2
)
]
]

e BgTy, where Ty is the H graph, is Fyg free
product the RAAG on:

e For I the 4-spoked wheel, B>IT = Fy (after
rewriting to eliminate existing 6 relators).
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Right-Angled Artin Groups

Definition. Let A be a finite simple graph.
The right-angled Artin group associated to A
is G(A) generated by VA, with relations com-
mutators corresponding to edges in A.

Theorem (Droms). Two graphs A and A
are graph isomorphic if and only if the groups
G(A) and G(A") are group isomorphic.

Theorem (Crisp, Wiest). For any finite graph
[ and any n, there exists a graph A such that
BnlT embeds in G(A).

Theorem (S). For every finite graph A and
any coloring C of A with n colors, there ex-
iIsts a graph I such that the right-angled Artin
group G(A) embeds into the graph braid group
Bl .
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A-halos

Definition (Halo). A connected graph I is a
A-halo if for each a; € VA, there is a simple
edge loop ~; in I (an Artin loop), such that:

e for each color ¢ € {1,...,n}, there exists

ze= (] w%un () (M%)

1C(a;)=c 1C(a;)Fc

o if (a;,a;) € E(A), then ;N~; = v for some
vertex v. If C(a;) = C(a;) then v = TC(ay);
otherwise, v is on no other Artin loop.

o if (ai,aj) € E(A), 87 ﬂ’}’j = 0.

{x1,...,zn} € UC™T is the Artin basepoint.
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Example and Sketch of Proof

3

Sketch of proof of theorem: Take the element
corresponding to a; € VA to 2.

Compose the induced map with Crisp and Wiest'’s
embedding back into right-angled Artin groups.
Show the composition is injective using HNN
structure on right-angled Artin groups and Brit-
ton’'s Lemma.
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Corollaries

Corollary (S). Let ng be the chromatic num-
ber for A. Then there exists an embedding of
G(A) into Bpy,I" for some A-halo T.
Example. Let A = G(Cg). A Cg-halo for the
2-coloring is:

1

2

Theorem (S). There exists a planar graph braid
group which contains a hyperbolic surface sub-
group, with only n = 2 strands.
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Definitions for Cohomology on Trees

Define an equivalence relation ~ on cells of
UD"T: ¢~ ¢ if

1. E(c) = E(¢), and

2. for any connected component C of T —
UeEE(c) €,

C N (AE()| =[N (\E().

Define a partial order < on classes: [¢] < [eq] if
there exists ¢ € [¢], ¢1 € [e1] such that ¢ < ¢4.

Define the cellular cocycle ¢, to be:

¢[c](5)=1 iof c~c
D] (c) =0 otherwise .
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Homology and Cohomology on Trees

Theorem (F). H;(UD™T; 7Z/27) is free abelian
with basis {c|c a critical i-cell}.

Theorem (F,S).

1. HW(UD"T;Z/27) is free abelian with basis
{c*|c a critical i-cell}.

2. For c critical, if [c] is the l.u.b. of distinct
classes [c1], ..., [¢;] of 1-cells, then, WL OG,
ci1,...,c; are critical and

ciU...Uc =c".

3. If [c1],...,][¢;] are distinct classes of 1-cells
having l.u.b. [c], then

Pley)] U+ U |91e] = 1]

Otherwise,

ey V- U || = 0.
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Example: T,
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Ghrist’s Conjecture

Conjecture (Ghrist; Abrams). Ghrist’s Con-
jecture. The (pure) braid group of any planar
graph is a right-angled Artin group.

Theorem (Abrams). BoKs and ByKz3 are
hyperbolic surface groups, and are therefore
not right-angled Artin.

Theorem (Connolly, Doig). Braid groups on
linear trees are right-angled Artin.

- There are known examples of tree braid groups
which are not right-angled Artin (Mautner).
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Exterior Face Algebras

Definition. Let K be a finite simplicial complex
with vertices {v1,...,vn} The (Z/27) exterior
face algebra A(K) on K has:

e basis {v;, . --’Uz'j|731 <<y

e relations
'vi'vj — ’Uj’vi
v2 —
=
Vi ---0;, =0 when ¢ <--- <7 and

{vigs - v} € K.

Theorem (Gubeladze). A(K) = A(K") if and
only if K = K.
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Counterexamples to Ghrist’s Conjecture

Theorem (F,S). Let T be a finite tree. The
tree braid group BpT is a right-angled Artin
group if and only if T is linear or n < 4.

Proof relies on:

e Cohomology for any RAAG is an exterior
face algebra over a flag complex.

o H*(T,,;,) is an exterior face algebra, but is
not over a flag complex.

e Embedding T,,;, into a nonlinear tree in-
duces nice maps on cohomology.
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Cohomology for B,T

Theorem (S). Let T be a tree. For n = 4,
H*(B4T; 7Z/27) is an exterior face algebra. The
simplicial complex A defining the exterior face
algebra structure is unique and 1-dimensional.

Idea of proof:. usually, if ¢; and ¢co are critical,
then

ciuch =c"

where ¢ is critical.

Take care of the 'usually’: rewrite Morse basis
SO exceptional cases no longer cup with any-
thing, and leave everything else alone.
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Rigidity for B4T

Theorem (S). Two finite trees are homeo-
morphic if and only if their 4 strand braid groups
are isomorphic.

Idea of proof: Reconstruct T° from A using
neighborhood hierarchies.

A~———H*B,T
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Neighborhood Hierarchies

Let Ny := {v' € A|(v,v") € EV} be the neigh-
borhood of v. Subset inclusion defines a pre-
order: v <y v+ 0C Ny, C N,.

For any [vg], form a <pj-hierarchy Hy,: a graph
with vertices [v] for [v] <y [vo] and edges for

largest subsets.

The graph Hy, is a tree, a subtree of T', and
Jjust needs more leaves.
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The Isomorphism Problem for B;T

Theorem (S). There exists an algorithm which,
given two four strand tree braid groups on fi-

nite trees, decides whether the two groups are
isomorphic.

Also true forn =5 or n > 47
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