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0 31
(5.24#10) Find the characteristic polynomial of A= |3 0 2
1 2 0
Answer: We have:
-2 3 1
det(A—XI) =] 3 —-Xx 2
1 2 =
=(=A)2 +3%2x14+1%3%x2—(=A)*2%x2—3%3x (=) —1x(=X)x1
= —2\3 4+ 14X + 12.
(5.2#19) Let A be an n x n matrix, and suppose A has n real eigenvalues \1,...,A,, repeated according to

multiplicities, so that
det(A=A) =M = A2 =A) ... (A = A).

Explain why det A is the product of the n eigenvalues of A.
Answer: The formula above holds for any A, so consider A = 0. In this case, det(A4) = det(4 —0I) =

MAs - A

5 .2 3 3 1 -1 1

(52#27) Let A= |3 8 3|, 51=|6|,oh=|-3|,%5=|0]|,andw=|1],
2 0 4 1 2 1 1

(a) Show that ¥, ¥, U3 are eigenvectors of A.

3 9 —.2
Answer: We have that Aty = |.6| =17, Ao = [—1.5| = .50, and Av3 = | 0 | = .205.
1 1 2

(b) Let # be any vector in R® with nonnegative entries whose sum is 1. Explain why there are
constants ¢;, ¢z, ¢z such that &o = ¢1@) + coth + c303. Compute W Ty, and deduce that ¢; = 1.
Answer: By part (a), the three vectors 71, 02, and ¥3 are eigenvectors for A which correspond
to distinct eigenvalues. Since the eigenvalues are distinct, by Theorem 2, the eigenvectors are
linearly independent and form an eigenbasis for R®. Since they form a basis, any vector in R3 -
in particular, Zj - is a linear combination of the basis vectors.

Since each entry of @ is 1, W’ % is the sum of the entries of Zy, which is 1. But then 1 = @7 %, =
Cleﬁl + CQwTﬁz + C311_;T173. Since ngl =1, u7T172 =0, and 117ng =0, we have 1 =¢; + 0+ 0.

(c) For k=1,2,..., define &} = AXF,, with %, as in part (b). Show that F — @ as k increases.
Answer: We know that Zy = ¢177 + ¢co¥s + ¢373, so We know that

-

T = ClAkﬁl + CQAk’UQ + C3Ak’l_f3 = Cl(].)k’l-}i =+ CQ(.5)k’172 + 63(.2)k173 — 1 U1.

(5.3#6) The following matrix A is factored into the form PDP~'. Use the Diagonalization Theorem to find
the eigenvalues of A and a basis for each eigenspace.

4 0 -2 -2 0 =115 0 O 0 0 1
25 4|=(0 1 2 0 5 0 2 1 4
00 5 1 0 0 0 0 4] |[-1 0 -2



Answer: By the Diagonalization Theorem, the diagonal entries of D are the eigenvalues of A, so

—2 0
the eigenvalues are 5, 5, 4. The eigenspace for the eigenvalue 5 has as a basis 0f,(1
1 0
-1
eigenspace for the eigenvalue 4 has as a basis 2
0

(5.3#21) (a) A is diagonalizable if A = PDP~! for some matrix D and some invertible matrix P.
Answer: False: D must be diagonal.

(b) If R™ has a basis of eigenvectors of A, then A is diagonalizable.
Answer: True: a basis is linearly independent, so by Theorem 5, A is diagonalizable.

(c) A is diagonalizable if and only if A has n eigenvalues, counting multiplicities. Answer:

a diagaonalizable matrix must have n linearly independent eigenvectors.

(d) If A is diagonalizable, then A is invertible.
Answer: False: there is no correlation between diagonalizability and invertibility.
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