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(L1#17)

(1.2#4)

Homework #1 Solution Set

January 26, 2006

Find the point of intersection of the lines 1 — 522 = 1 and 3z; — 7z2 = 5.

Answer: The point of intersection between these two lines is a common solution to both equations.
Therefore, we solve the linear system composed of the two equations. This corresponds to row reducing
the augmented matrix

1 =-5|1
s )
We have:
1 -5|1 R,=Rs—3R; -5 |1
5 5] aH
RL,=R5/8

so 1 = 9/4 and z, = 1/4 is the point of intersection.

Do the three lines 21 —425 = 1, 221 — x5 = —3, and —x1 —3x2 = 4 have a common point of intersection?
Explain.

Answer: Yes, they have a common point of intersection. A point of intersection between these three
lines is a common solution to the equations. Therefore, we solve the linear system composed of the
three equations. This corresponds to row reducing the augmented matrix

1 -4 1
2 -1|-3
-1 -3 4
We have:
1 =411 R,=R>—2R:,Ry=Rs+R 1 —4]1
2 —1|=3 | TR Lo 7| =5
-1 -3 4 0 -7] 5
RL=R3+R> Rl
— 0 7 |-5
0 010
At this point, we know we can solve for z5 (in particular, o = —5/7) and using this value for z,
we could solve for z; (in particular, 2y = —13/7). Thus, a solution exists, so there is a point of
intersection.

Row reduce the following matrix to reduced echelon form. Name the pivot positions in the RREF and
the pivot columns in the original matrix.
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Answer:

We have:

Ut O =

~ Ot W

© 3 L

— O

Ry=R,—3R;,Ry=R3—5R;
—

Rj=

Rg=R372R2
—
R,=—R3/10
R
R,=—R3/10
8 —
R1—7R3,R12:R2+12R3
f
RI:—R2/4
—

Ry=R1—3R;

SO OO HOOHOOHOOH,HOOROO -

3 5 7
-4 -8 -12
-8 —16 —34
3 5 7]
-4 -8 —12
0 0 =10
3 5 7]
-4 -8 —12
0 0 -10]
3 5 7]
-4 -8 —12
0 0 1
3 5 0
-4 -8 0

0 0 1

3 50

1 20

0 0 1

0 -1 0

1 2 0

0 0 1

The pivot positions are: row 1, column 1; row 2, column 2; row 3, column 4. The pivot columns are
the first, second and fourth columns.

(1.2413) Find the general solution of the system whose augmented matrix is:

Answer:

We have:

SO O~

-3

OO =

OO OO

Thus, the general solution is

O = O

S oo

-3 0 -1 0
1 0 0 -4
0 0 1 9
0 0 O 0
-2
1 R,=Ri+R;
4
0
R,=R1+3Rs
_)
r1 =3T5+95
To =4dxs+1
x3 is free
rs = —925+4
T5 is free

r
O OO HHOOO -

OO =

SO = O

0 0 9 |2

0 0 4|1

01 9 (4

00 010
00 =315
00 —4|1
01 9 4]
00 010

(1.2#26) Supppose the coefficient matrix of a linear system of three equations in three variables has a pivot in

each column. Explain why the system has a unique solution.

Answer:

If the 3 x 3 coefficient matrix has a pivot position in each column, then the augmented
matrix has a pivot position in the first three columns. Since there can only be as many pivots as rows,
there are only 3 pivot positions in the augmented matrix. This means there is not a pivot position in
the last column of the augmented matrix. Theorem 2 then tells us that the system is consistent and,
since there are no free variables, the solution is unique.



(1.3#17)

(1.3425)

1 -2 4
Leta, = | 4 |,d,= |—3|, and b= |1]|. For what value(s) of h is b in the plane spanned by @; and
-2 7 h

-

0/2?
Answer: The vector b is in the plane spanned by d; and d» if b is a linear combination of @; and .
Thus, we want to solve: .
T1d1 + x2da = b.
This vector equation has the same solution set as the system of linear equations corresponding to the

-

augmented matrix [d@;d2|b], so we row reduce this matrix:

1 -214 R)=R,—4Ry,R,=R3+2R 1 -2 4
4 -3|1 S G 0 5 | —15
-2 7 |h 0 3 |h+8
R,=Rs—3R2/5 =2 4
— 0 5 —15
0 0 |h+17

The system corresponding to this matrix is consistent if and only if h + 17 = 0 - i.e. if and only if
h=—17.

1 0 —4 4
Let A= |0 3 —2| andb = | 1 |. Denote the columns of A by @i, d2, dz, and let W =
-2 6 3 —4

Span{&'l, 62, 63}

a Is b € {d;, d»,d3}? How many vectors are in {@;,ds,d3}?
Answer: No, bis not in {d;,ds,ds}. There are only three vectors in {d;, ds,d3} - specifically, d;,
@2, and a3 - and b is not one of them.

b Is b € W? How many vectors are in W7 Answer: Yes, b € W, because b is a linear comination of
di,ds,d3. We know b is a linear comination of @, ds, @3 because:

1 0 —4] 4 PP 1 0 —4]4
[AlD] = 0 3 —2|1 T o0 3 21
-2 6 3 |-4 06 —5|4
R,=Rs—2R, 10 —4)4

— 0 3 -2]1

00 —1]2

is consistent.
The set W is the set of all linear combinations of @1, @1, ds, and so contains infinitely many vectors.

¢ Show that @; € W.
Answer: We write d@; as a linear combination of @y, @s,ds:

a; = 1a;, + 0ds + 0as.



