Homework #7 Solution Set

March 30, 2006

(4.2#6) Find an explicit description of NulA by listing vectors that span the null space for

15 -4 -3 1
A= |0 -2 1 0
00 0 0 0

—

Answer: We have that

—
o
o
|
oo
—

so a general solution to AZ = 0 is

X1 —6z3 + 8x4 — x5 —6 8 -1
T2 2.’173 — X4 2 -1 0
T = 3| = I3 = 1 xr3 + 0 T4 + 0 Is
T4 T4 0 1 0
Ty Zs 0 0 i 1
Thus,
-6 8 —17)
2 -1 0
NulA = Span 11,101,103}
0 1 0
0 0 1)
b—c
(4.24#16) Find A, where Cold = { |22 ¢FH a1 caer
5¢ — 4d
d
Answer: We have that:
b—c 1 -1 0 1 —1 0
W+ce+d| | _ ) |2 1 1 : 2| |1 1
se—4d | (T3 (o] P |5 |t |4 =P o] | 5| |-4
d 0 0 1 0 0 1
Thus, one possible A is
1 -1 0
2 1 1
A= 0 5 -4
0 0 1
(4.3#14) Find bases for NulA and Col A, where
1 2 -5 11 -5 1 2 0 4 5
2 4 -5 15 2 0 05 -7 8
4= 12 0 4 5 B = 000 O -9
3 6 -5 19 -2 000 O O



and A ~ B.

1 -5 -3
Answer: A basis for Col A is the pivot columns for A, so such a basis is f , _05 , § The
3 -5 -2
general solution to AZ = 0 can be read off of an RREF form of A, so we row reduce B:
1 2 0 4 5 1 2 0 4 0
B = 0 0 5 -7 8 N 001 -7/50
{000 0 -9 000 O 1
000 0 O 000 0 O
The general solution to AZ = 0 can now be read off, and is:
1| —2x9 — 4xy4 -2 —4
T2 X2 1 0
F=|z3| = —73}4/5 =10 |z + —7/5 T4,
T4 T4 0 1
Ts5 0 0 0
2] [ —4
1 0
so0 a basis for NulA is 01,|-7/5
0 1
o] [ o
(4.3#16) Find a basis for the space spanned by the following vectors ¢, . .., Ts:
1 -2 6 5 0
0 1 -1 -3 3
ol"|-1f{"2]7|3]| |-1
1 1 -1 —4 1

(4.3#21)

Answer: We know that there must be some linear dependence relation among these vectors, as there
are 5 vectors but only 4 entries per vector Using the terminology of Section 4.5, the dimension of the
span of these vectors can be at most 4, so this set cannot be a basis. That means there is a nontrivial
solution to ¢;& + - -- + ¢5¥ = 0, which means that the matrix [0 ...Us] corresponds to a system of
linear equations which has free variables. In other words, there are nonpivot columns in [@ ... 5], so
not all of ¥1,...,7s are needed to span Col[0; ...U5] = Span{di,...,Us}. We row reduce [¢] ... T5] to
find its pivot columns and thus a basis for its column space:

1 -2 6 &5 0 1 -2 6 o5 0
[ ... 5 = o 1 -1 -3 3} |01 -1 =33
o -1 2 3 -1 0 0 1 0 2
1 1 -1 -4 1 0O 0 0 0 0

A basis for this vector space is {0, 02, U3}

(a) A single vector by itself is linearly dependent.

Answer: False: only if the vector is 0.

(b) The columns of an invertible n X n matrix form a basis for R".

Answer: True: this is the invertible matrix theorem.

(c) A basis is a spanning set that is as large as possible.

Answer: False: A basis must also be linearly independent.

(d) In some cases, the linear dependence relations among the columns of a matrix can be affected by
certain elementary row operations on the matrix.

Answer: False: linear dependence relations among columns are unaffected by row operations.



(4.3#36) Let H = Span{iiy, U2, ds} and K = Span{v, s, U3}, where

1 0 2 1 2 -1
ool2 oL 2l oL 2l L oL -2 L |4
S I T I S T It S R A (et A N I N 2 IR I

-1 1 -3 -4 -5 -2

Answer:

A basis for H = Span{ds,ds, U3} = Span[d; Uy U3] is {U1, U=}, as these are the pivot columns of

[ﬁ162ﬁ3]:
1 0 2 10 2
iy i 5] = 2 2 2 0 1 —1
Uitz usl =14 _q1 7 00 0
1 1 -3 00 0

A basis for K = Span{th, 02,03} = Span[th U, Us] is {h,U2}, as these are the pivot columns of

[171’1?2173]:
1 2 -1 1 2 -1
wma = |0 2 4 01 —2
B128%l=1g o ¢ 00 0
4 -5 -2 00 0

Since H = Span{i;, iz} and K = Span{t;,v,},
H+ K= Span{ﬁl,ﬁg,ﬁl,ﬁz} = COl[’L_[l Us U1 172]

A basis for H + K is {0, 2,71}, as these are the pivot columns of [@ Uy T U2]:

1 0 1 2 10 1 2
L 2 2 0 -2 01 -3 -3
dti =3 5 g ofl~00 2 o0

1 1 -4 -5 00 0 0



