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Review of Trigonometry

Angles

Angles can be measured in degrees or radians
a complete revolution contains 360°, which is

Example 1
(a) Find the radian measure of 60°.

Solution

(a) From Equation 1 or 2 we see that to convert from de
by 7/180. Therefore

=

arrad = 180°

lrad = (18—0> ~ 57.3° 1° =
T

(b) Express 5r/4 rad in degrees.

w T
60(@) = g ra

(abbreviated as rad). The angle given by
the same as 27r rad. Therefore

rad = 0.017 rad

grees to radians we multiply
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(b) To convert from radians to degrees we multiply by 180/ 7. Thus

Y

57 Sa (180\ _ ...
—Z— rad = —4* (-ﬂ—_—) = 225

In calculus we use radians to measure angles except when otherwise indicated. The
following table gives the correspondence between degree and radian measures of SO
common angles. ' :

Degrees | 0° | 30° ' 120° | 135° | 150°

. 2 37 S
Radians 0 Y x 3

Figure 1 shows a sector of a circle with central angle 6 and radius r subtending an uf
with length a. Since the length of the arc is proportional to the size of the angle, ang

since the entire circle has circamference 277 and central angle 27, we have

9 __a
20 2ar

Solving this equation for 6 and for a, we obtain

a=ré

Remember that Equations 3 are valid only when 6 is measured in radians.

In particular, putting @ = r in Equation 3, we see that an angle of 1 rad is the ang
subtended at the center of a circle by an arc equal in length to the radius of the ¢l
(see Figure 2).

Example 2

(a) If the radius of a circle is 5 cm, what angle is subtended by an arc of 6 cm?

(b) If a circle has radius 3 cm, what is the length of an arc subtended by a central ang
of 37/8 rad? '

Solution
(a) Using Equation 3 with @ = 6 and r = 5, we see that the angle is

0= - =12rad

(b) With r = 3 cm and 0 = 37/8 rad, the arc length is

37 97
a—r0—3<-§-) =g om

The standard position of an angle occurs when we place its vertex at the origin of &
coordinate system and its initial side on the positive x-axis as in Figure 3. A posili
angle is obtained by rotating the initial side counterclockwise until it coincides with if
terminal side. Likewise, negative angles are obtained by clockwise rotation as in Fig
4. Figure 5 shows several examples of angles in standard position. Notice that diff
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angles can have the same terminal side. For instance, the angles 37/4, —577/4, and
117r/4 have the same initial and terminal sides because

3 Sw 3 117
7 27 = 7 e + 27 = 2
and 27 rad represents a complete revolution.
y y y y y
%’ = ! 0
0 x o/ x 0 X x 0 x
3
6=-73 6=

The Trigonometric Functions

For an acute angle @ the six trigonometric functions are defined as ratios of lengths of
sides of a right triangle as follows (see Figure 6):

sin 6 = i csc @ = hyp

hyp opp

adj hyp hypotenuse opposite
cos 0 = —= sec 0 = —-

hyp adj %
tan 0 = 9—@ cot 6 = adj adjacent

adj opp |.

Figure 6

This definition does not apply to obtuse or negative angles, so for a general angle 6
in standard position we let P(x, y) be any point on the terminal side of 6 and we let 7 be
the distance |OP| as in Figure 7. Then we define

P(x,y)
sin0=X csc0=-r- ’
r y
h
coso=E se00=£ (7]
r x ™
P
tan0=z cot49=E 0
X y
Figure 7

Since division by 0 is not defined, tan 6 and sec 6 are undefined when x = 0 and csc 0
and cot § are undefined when y = 0. Notice that the definitions in (4) and (5) are consistent
when @ is an acute angle.

If @ is a number, the convention is that sin 6 means the sine of the angle whose radian
measure is 6. For example, the expression sin 3 implies that we are dealing with an angle
of 3 rad. When finding a calculator approximation to this number we must remember to
set our calculator in radian mode and then we obtain

sin 3 = 0.14112

If we want to know the sine of the angle 3° we would write sin 3° and, with our calculator
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in degree mode, we find that
sin 3° = 0.05234

The exact trigonometric ratios for certain angles can be read from the triangles it
Figure 8. For instance,

o _ 1 .om_ 1 sinw—\/g
sin ——\/5 sin ¢ = 5 37 5
T _ 1 77_\/37 cosﬂ-=1
cos 4 = -——2 cos & = 5~ 375
™ m_ 1 T _
tan4—l tan6—\/§ tan3 V3

The signs of the trigonomeﬁic functions for angles in each of the four quadrants casn
be remembered by means of the rule “All Students Take Calculus” in Figure 9.

Example 3 Find the exact trigonometric ratios for 6 = 27/3.

Solution From Figure 10 we see that a point on the terminal line for § = 27/3 {5 -
P(—l, \/5) Therefore, taking

x=—1 y=V3 r=2

in the definitions of the trigonometric ratios, we have

.27 V3 27 1 2w _

s1nT—2 cos3—2 tan3—\/3_'

cscgﬂ=-—2— secg—q=—2 cotgﬂ-=-—L -
3V3 3 3 V3 ol

The following table gives some values of sin 8 and cos @ found by the method of -
Example 3.

6 lol 7 @ | @ | 7| 2n | 37 Smo |l L3,
6 4 3 2 3 4 6 2
1 1
2 V2 2 2 V2 2
3 . 1 V3
cos 6 1 [— —1— 1 0 —l —— —_—— -1 0 |
2 V2 2 2 V2 2

Example4  Ifcos 6= % and 0 < 0 < /2, find the other five trigonometric function
of 6.

Solution Since cos ¢ = %, we can label the hypotenuse as having length 5 and thig
adjacent side as having length 2 in Figure 11. If the opposite side has length x, then the
Pythagorean theorem gives x2 + 4 = 25 and so x2 = 21, x = V21. We can now us¢
the diagram to write the other five trigonometric functions:

. V2l V21
s1n0=—5— ‘ tan0=T
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5 5 2
csc = —— sec 0= = cot = ——= .
V21 : 2 V21

Example 5 Use a calculator to approximate the value of x in Figure 12.

Solution From the diagram we see that

tan 40° = 2
X

Figure 12

@ Therefore

Trigonometric Identities

A trigonometric identity is a relationship among the trigonometric functions. The most
elementary are the following, which are immediate consequences of the definitions of
the trigonometric functions.

1 1
csc 6 = s , cot 6 = an 6

_cos @
in 0

@

For the next identity we refer to Figure 7. The distance formula (or, equivalently, the
Pythagorean Theorem) tells us that x2 + y2 = r2. Therefore

2 2 2 2 2
in2 29 =Y Xy
sin2@ + =iy 4 L = o L
n cos“0 2t ) 2 1

We have therefore proved one of the most useful of all trigonometric identities:

sin%@ + cos26 = 1

If we now divide both sides of Equation 7 by cos26 and use Equations 6, we get

tan26 + 1 = sec26

Similarly, if we divide both sides of Equation 7 by sin26, we get

1 + cot20 = csc?0

The identities sin(—@) = —sin @

cos(—8) = cos @
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show that sin is an odd function and cos is an even function. (See Section 4 of Revi
and Preview.) They are easily proved by drawing a diagram showing 6 and — @ in standu
position (see Exercise 39).

Since the angles 6 and 6 + 27 have the same terminal side, we have

sin(lf) + 2m) = sin @ cos(@ + 27) = cos @

These identities show that the sine and cosine functions are periodic with period 2,
The remaining trigonometric identities are all consequences of two basic identiti
called the addition formulas:

sin(x + y) = sin x cos y + cos x sin y

cos(x + y) = cos x cos y — sin x sin y

The proofs of these addition formulas are indicated in Exercises 85 , 86, and 87.
By substituting —y for y in Equations 12a and 12b and using Equations 10a and 10
we obtain the following subtraction formulas:

sin(x — y) = sin x cos y — cos x sin y

cos(x — y) = cos x cos y + sin x sin y

Then, by dividing the formulas in Equations 12 or Equations 13, we obtain the co
responding formulas for tan(x *+ y):

tan x + tany

tan(x +y) = [T r— ~tanxtany

tan x — tan y

tan(x —y) = l+tanxtany

If we put y = x in the addition formulas (12) we get the double angle formulas:

sin 2x = 2 sin x cos x

cos 2x = cosZx — sin?x

Then, by using the identity sin?x + cos®x = 1, we obtain the following alternate forms
of the double angle formulas for cos 2x:

cos 2x = 2 cos?x — 1

cos 2x = 1 — 2 sin?x




(17b)

(18a)
(18b)
(18¢)

(17a)
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If we now solve these equations for cos?x and sin®x we get the followihg half-angle
formulas, which are useful in integral calculus:

%

2 1 + cos 2x

cos“x =
2

. 5 1 — cos 2x

Sin‘x = ————

~ Finally we state the product formulas, which can be deduced from Equations 12 and
13. : : ‘

L

sinxcosy = %[sin(x + y) + sin(x — y)]
COS X COS y = %[cos(x + y) + cos(x — y)]

sinx siny = %[cos(x —y) — cos(x + y)]

There are many other trigonometric identities but those we have stated are the ones
used most often in calculus. If you forget any of them, remember that they can all be
deduced from Equations 12a and 12b.

Example 6 Find all values of x in the interval [0, 2] such that sin x = sin 2x.
Solution Using the double angle formula (15a), we rewrite the given equation as

sin x = 2 sin x cos x or sinx(1 —2cosx) =0

Therefore there are two possibilities:

sinx =0 or 1—2cosx=0
x=0, m 27 cosx=%
-7 7T
*T33
There are five solutions to the given equation: 0, 7/3, , 57/3, and 2. B

Graphs of the Trigonometric Functions

The graph of the function f(x) = sin x, shown in Figure 13(a), is obtained by plotting -
points for 0 < x =< 27 and then using the periodic nature of the function (from Equation i
11) to complete the graph. Notice that the zeros of the sine function occur at the integer il
multiples of 7, that is,

sinx =0 when x = n7w n an integer

Because of the identity

cos x = sin(x + %T)

(which can be verified using Equation 12a) the graph of cosine is obtained by shifting
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Figure 13

(@) f(x) = sinx

Figure 14

() gx) = cosx

the graph of sine by an amount /2 to the left [see Figure 13(b)]. Note that for bot
the sine and cosine functions the domain is (—, ®) and the range is the closed inteivil
[—1, 1]. Thus, for all values of x, we have

The graphs of the remaining four trigonometric functions are shown in Figure 14 i
their domains are indicated there. Notice that tangent and cotangent have range (—,
whereas cosecant and secant have range (—c, —1] U [1, ). All four functions
periodic: tangent and cotangent have period 7, whereas cosecant and secant have petf

2.

(b) y =cotx

y

(c) y=cscx (d) y=secx




APPENDIX B EXercises

Review of Trigonometry

In Exercises 16 convert from degrees to radians.
-1, 210° 2. 300° 3.
- 4. —315° 5./ 900° 6. 36°

An Exercises 7—12 convert from radians to degrees.

T 5w
7. 4w .- *%
87 3w
-3 11, —y 12. 5

‘:13. Find the length of a circular arc subtended by an angle of
/12 rad if the radius of the circle is 36 cm.

14, If a circle has radius 10 cm, what is the length of the arc sub-
tended by a central angle of 72°7

.. ter of the circle by an arc 1 m long?

16. Find the radius of a circular sector with angle 377/4 and arc
length 6 cm. ~

In Exercises 17-22 draw, in standard position, the angle whose
easure is given.

17. 315° 18. —150° 19. —37'” rad
T
20. 3 rad 21. 2 rad 22. —3 rad

In Exercises 23—28 find the exact trigonometric ratios for the
angles whose radian measures are given.

37 4ar Qar
23. vy 24. 3 25. >
e 5 1584
26. -5 27. 3 28. %

In Exercises 2934 find the remaining trigonometric ratios.

.. 3 ™
.smo—s, 0<0<2

T
L tama=2, 0<a< <

2
+ T
3. sec ¢ = —1.5, 5<¢<7r
1 3ar
3. = - < =
32. cos x 3 Tr<x< 2

I

B.cotB=3, w<p<2wm

34, csc6=—é 37r<0<277

3’ 2

15. A circle has radius 1.5 m. What angle is subtended at the cen-

In Exercises 35-38 find, correct to five decimal kplaces, the length
of the side labeled x.

3s. 36. d

10 cm

25 cm

35°

37.

[}
8 ¢cm

40. (a) Prove Equation 14a.
(b) Prove Equation 14b.

39. (a) Prove Equation 10a.
(b) Prove Equation 10b.

41. (a) Prove Equation 18a.
(b) Prove Equation 18b.
(a) Prove Equation 18c.

Prove the identities in Exercises 42—58.

42. cos(g - ) = gin x 43. sin(%r + x) = COS X

44, sin(m — x) = sinx 45. sin 6 cot § = cos 0
46. (sin x + cos x)*> = 1 + sin 2x

47. secy —cosy = tany sin y

48. tana — sina = tan’a sin*a

49. cot?0 + sec?6 = ‘tan20 + csc28

51. tan 20 = 12“‘“0

50. 2 csc 2t =sectcsct 1= @no

1 1
- 2
52'1—sin(9+1+sin0 2 sec®

53. sin x sin 2x + cos x cos 2x = COS X

54. sin?x — sin?y = sin(x + y) sin(x — y)

sin¢
S5. l_cos¢—csc¢+cot¢
in(x +
56.tanx+tany=§£(§——L)
COS X COS ¥

57. sin 30 + sin 6 = 2 sin 26 cos 6
58. cos 30 = 4 cos30 — 3 cos 0

é:-‘w“l“
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Ifsinx = + and secy = 3, where x and y lie between 0 and
7/2, evaluate the expressions in ﬁxercises 59-64.

59. sin(x + y) 60. cos(x + y) 61. cos(x — y)

62. sin(x — y) 63. sin 2y 64. cos 2y

In Exercises 65-72 find all values of x in the interval [0, 2] that
satisfy the given equation.

65. 2cosx—1=0
67. 2 sin?x = 1

66. 3 cot?x = 1
68. |tanx| = 1
69. sin 2x = cos x 70. 2cosx + sin2x =0
71. sinx = tan x 72. 2 + cos 2x = 3 cos x

In Exercises 7376 find all values of x in the interval [0, 2] that
satisfy the given inequality.
73. sinx < 1 74. 2cosx +1>0
75, —1l<tanx <1 76. sin x > cos x

In Exercises 77-82 graph the given functions by starting with the
graphs in Figures 12 and 13 and applying the transformations of
Section 6 of Review and Preview where appropriate.

77. y = cos(x - g)

79. y = %tan(x - %’)

78. y = tan 2x
80. y=1+ secx

81. y = |sin x| 82.y=2+ sin(x + 7—7)

4

83. Prove the Law of Cosines: If a triangle has sides with lengths
a, b, and ¢, and @ is the angle between the sides with lengths
a and b, then ‘

c?2=qa?+ b2 — 2abcos 0

y
Px, y)
}

|

b | 4
|
|

8 o
0 {a, 0) x

85.

86.

87.

(Hint: Introduce a coordinate system so that 6 is in standard
position as in the figure. Express x and y in terms of 6 and
then use the distance formula to compute c.)

In order to find the distance |AB| across a small inlet, a point
C is located as in the figure and the following measurements

were recorded: £ C = 103°, |JAC| = 820 m, |BC| = 910 m.
Use the Law of Cosines from Exercise 83 to find the required
distance.

A

Use the figure to prove the subtraction formula
cos(a — B) = cos a cos B + sin « sin B

[Hint: Compute c? in two ways (using the Law of Cosines
from Exercise 83 and also using the distance formula) and
compare the two expressions.]

y A (cos «, sin o)

- c

1 B (cos 8, sin )
1

Use the formula in Exercise 85 to prove the addition formula
for cosine (12b).

Use the subtraction formula for cosine and the identities

o™ . . o -
cos(E - ) = sin 8 sm(E ) cos 0

to prove the subtraction formula for the sine function.




